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PREFACE 


This  volume  has  been  prepared  primarily  for  the  use  of  students 
in  the  Departments  of  Engineering  in  the  Massachusetts  Insti- 
tute of  Technology  and  is  intended  to  cover  the  fundamentals  of 
the  subject,  in  so  far  as  they  may  be  required  in  subsequent  work 
in  structural  and  machine  design  and  in  the  ordinary  problems  of 
engineering  practice. 

As  preparation  a  student  should  have  a  knowledge  of  Differ- 
ential and  Integral  Calculus,  the  principles  of  Statics  and  Dy- 
namics and  the  methods  of  determining  Centers  of  Gravity  and 
Moments  of  Inertia  of  areas  and  solids. 

Considerable  attention  has  been  given  to  the  logical  develop- 
ment of  the  subject  and  care  has  been  taken  to  point  out  the 
limitations  of  the  different  theories;  emphasis  being  laid  on  the 
divergence  of  the  conditions  met  in  practice  from  the  ideal  con- 
ditions, under  which  the  theoretical  formulas  are  deduced,  and 
on  modifications  necessary,  or  advisable,  when  the  formulas  are 
used  under  ordinary  working  conditions. 

The  methods  of  the  Calculus  have  been  employed  throughout 
the  text,  when  these  furnish  the  most  direct  method  of  analysis, 
and  in  the  more  difficult  parts  of  the  subject  the  derivation  of 
equations  has  been  given  in  detail,  for  the  benefit  of  the  student 
who  may  understand  the  principles  employed  but  may  not  have 
acquired  facility  in  the  solution  of  the  differential  equations  in- 
volved. 

Graphical  methods  of  solution  and,  particularly,  graphical 
representations  of  results,  such  as  diagrams  of  load  intensities, 
shearing  forces,  bending  moments,  normal  and  shearing  stresses, 
have  been  freely  employed.  A  considerable  number  of  problems, 
involving  the  application  of  each  of  the  theories  discussed,  have 
been  included  in  the  text  and  solutions  have  been  given  in  detail 
wherever  it  has  appeared  that  these  would  be  an  aid  to  a  clear 
understanding  of  the  subject. 
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IV  PREFACE 

While  the  text  is  intended  to  include  the  material  required  for 
a  fairly  comprehensive  knowledge  of  the  subject,  the  chapters 
have  been  arranged  in  such  a  manner  that  the  more  difficult 
parts  appear  at  the  end;  and  hence,  for  a  briefer  course  the  latter 
parts  of  certain  chapters  and  in  some  cases  the  entire  chapter 
may  be  omitted  without  destroying  the  continuity  in  the  presen- 
tation of  the  subject.  For  example,  in  a  brief  course  parts  of 
Chapters  II,  III,  IV,  V,  VII,  IX  and  X,  and  the  whole  of  Chapters 
VI  and  XI  to  XIV,  inclusive,  may  be  omitted. 

Finally,  to  our  colleagues  on  the  instructing  staff  of  the  Massa- 
chusetts Institute  of  Technology  we  wish  to  express  our  appreci- 
ation of  the  helpful  suggestions  for  which  we  have  been  indebted 
to  them  dining  the  preparation  of  this  volume. 

C.  E.  F.  and  W.  A.  J. 
December,  1918. 
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CHAPTER  I. 

PHYSICAL  PROPERTIES  OF  MATERIALS. 

1.  Strength  of  Materials.  —  The  subject  entitled  Strength  of 
Materials  ordinarily  includes  the  study  of  the  strength  and  sta- 
bility, the  distribution  of  the  internal  forces  and  the.  deformations 
in  the  different  parts  of  machines  and  structures. 

The  larger  part  of  the  underlying  theory  is  based  on  the  prin- 
ciples of  Statics  and  certain  laws,  governing  the  elasticity  of 
materials,  which  are  determined  by  experiment.  Where  these  are 
insufficient  to  provide  a  solution  of  a  problem,  purely  empirical 
formulas,  based  on  the  results  of  experiments  or  the  experience  of 
practice,  are  used. 

The  subject  may,  therefore,  be  considered  as  comprising  two 

parts:   the  mathematical,  based  on  the  principles  of  Statics  as 

applied  to  rigid  bodies;  and  the  experimental,  by  which  the  laws 

governing  the  deformation  of  elastic  bodies  and  the  strength  of 

different    materials    are    determined.    The    elasticity    and    the 

strength  of  different  materials  vary  to  a  wide  extent  and  in  many 

cases,  particularly  the  different  metals,  these  properties  are  very 

considerably  affected  by  external  conditions  and  by  treatment  in 

the  process  of  manufacture.    Hence  it  will  be  found  that  the 

mathematical  and  experimental  parts  of  the  subject  are  practically 

inseparable  and  that,  in  applying  the  formulas  deduced  by  the 

theory,  different  constants  must  be  obtained  to  suit  each  particular 

case  as  it  arises.    This  makes  practically  all  the  derived  formulas 

semi-empirical  at  least,  and  in  the  choice  of  the  different  constants 

required,  the  judgment  and  experience  of  the  engineer  must  play  an 

important  part. 
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The  larger  part  of  this  volume  will  necessarily  deal  with  the 
theoretical  side  of  the  subject  and  we  shall  be  obliged  to  restrict 
the  illustrations  of  its  application  to  a  few  of  the  more  common 
materials  which  are  used  in  engineering  work.  In  order  to  obtain 
a  thorough  facility  in  the  practical  application  of  the  formulas 
which  are  to  be  deduced,  a  comprehensive  knowledge  of  the  physi- 
cal properties  of  materials  is  required.  Within  the  limits  of  this 
volume,  however,  it  will  be  necessary  to  confine  ourselves  to  the 
definitions  of  those  properties  and  the  discussion  of  the  methods 
of  applying  the  experimental  data  obtained  from  the  tests  of  a  few 
materials,  which  may  be  taken  as  representative  of  the  methods  to 
be  followed  in  further  applications  of  the  principles  of  the  subject. 

2.  Properties  of  Materials.  —  Whenever  a  body  of  any  ma- 
terial is  subjected  to  the  action  of  external  forces,  a  certain  amount 
of  deformation  occurs.  This  deformation  may  be  permanent  or, 
if  the  external  forces  are  removed,  the  body  may  return  partly,  or 
wholly,  to  its  original  shape  and  dimensions. 

Elasticity.  —  The  material  is  said  to  be  perfectly  elastic  if  the 
deformation  produced  by  a  system  of  forces  acting  upon  the  body 
entirely  disappears  when  the  forces  are  removed. 

Plasticity.  —  The  material  is  said  to  be  perfectly  plastic  if  the 
entire  deformation  produced  by  a  system  of  forces  acting  upon  the 
body  remains  when  the  forces  are  removed. 

Ductility.  —  A  material  is  said  to  be  ductile  when  it  can  be 
drawn  out  by  tension,  as  in  the  process  of  drawing  wire. 

Malleability.  —  A  material  is  said  to  be  malleable  when  it  can 
be  flattened  out  under  compression,  as  in  the  process  of  rolling 
plates.  This  property  is  similar  to  ductility,  but  different  materials 
do  not  possess  the  two  properties  to  the  same  degree.  Both 
properties  are  evidently  forms  of  plasticity. 

Brittleness.  —  A  material  is  brittle  when  it  lacks  toughness  and 
tenacity.  Such  a  material  breaks  easily  under  a  sudden  shock  or 
blow. 

Hardness.  — This  term  is  used  in  two  senses:  first  to  denote 
resistance  to  abrasion  and  second  to  denote  resistance  to  indenta- 
tion. The  two  kinds  of  hardness  are  more  or  less  related,  but  do 
not  differ  in  the  same  degree  for  all  materials. 

As  a  matter  of  fact,  no  solid  material  is  thoroughly  plastic,  that 
is,  absolutely  devoid  of  elasticity,  and  no  solid  material  is  perfectly 
elastic,  but  the  materials  ordinarily  used  in  engineering  construe- 


STRESS  3 

s 

tion,  such  as  iron,  steel,  wood,  stone  and  concrete,  within  certain 
limits,  possess  the  latter  property  to  a  very  marked  degree.  When 
the  recovery  of  form  of  a  body  which  has  been  subjected  to  stress 
is  only  partial  we  say  that  the  recovery  is  due  to  the  elasticity 
which  the  material  possesses  and  that  the  permanent  deformation 
after  the  stress  is  removed  is  due  to  its  plasticity.  In  the  case  of 
the  materials  mentioned  above,  however,  unless  the  forces  to 
which  they  are  subjected  exceed  certain  limits,  the  plasticity  is  so 
small  that  it  is  negligible  and  the  materials  may  be  considered  to 
be  perfectly  elastic. 

The  amount  of  ductility  and  malleability  and  the  degree  of 
hardness  and  brittleness  possessed  by  certain  materials,  the  metals 
in  particular,  will  be  found  to  be  affected  to  a  very  considerable 
extent  by  the  treatment  which  they  receive  in  the  process  of 
manufacture. 

3.  Stress.  —  We  have  defined  stress  (Vol.  I,  Art.  77)  as  the  force 
exerted  at  a  section  between  two  contiguous  bodies  or  two  parts 
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of  the  same  body,  the  section  in  most  cases  being  taken  as  a 
plane.  A  stress  may  be  simple  or  complex.  The  simple  stresses 
are:  (a)  tension,  such  as  the  stress  on  the  right  cross  section 
mn  (Fig.  1),  of  a  straight  rod  subjected  to  a  pull  along  its  axis; 


I   x\xx 


-J— 

\m 


-i-, 


Vi'V 


in 
— l-c 
Fig.  2 


->J 


(b)  compression,  such  as  the  stress  on  the  right  cross  section  mn 
(Fig.  2)  of  a  straight  bar  subjected  to  pressure  along  its  axis; 

(c)  shear,  such  as  the  stress  on  the  section  mn  (Fig.  3)  of  a  rivet 
joining  two  plates,  which  are  subjected  to  a  pull  P,  as  shown. 


4  APPLIED  MECHANICS 

Tension  and  compression  stresses  are  sometimes  called  normal  or 
direct  stresses. 

A  complex  stress,  or  oblique  stress,  is  the  resultant  of  a  normal 
and  a  shear  stress  and  can  always  be  analysed  by  resolving  into 
the  simple  stresses  which  are  its  components.    (Vol.  I,  Art.  78.) 
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A  stress  may  be  uniform,  or  it  may  be  varying.  The  intensity 
of  stress,  or  stress  intensity,  in  the  case  of  a  uniform  stress  is  the 
stress  exerted  on  a  unit  of  area;  and  hence  it  will  be  equal  to 

P 

T 

where  P  is  the  stress  on  the  area  A.  In  the  case  of  a  varying 
stress,  the  stress  intensity  at  any  point  is  the  quotient  obtained 
by  dividing  the  stress  on  a  very  small  area  at  the  point  by  the  area, 
which  at  the  limit  is  evidently  equal  to 

dP 
dA 

Units  of  Stress.  —  The  units  in  which  stresses  are  measured  are 
the  units  of  force:  the  pound,  the  ton,  etc.  The  units  in  which 
intensities  of  stress  are  measured,  or  the  unit  stresses,  as  they  are 
frequently  called,  are  the  lb.  per.  sq.  in.,  the  ton  per  sq.  ft.,  etc. 

Hereafter  tensile  and  compressive  stress  intensities  may  be 
denoted  by  the  symbols  pt  and  pc,  respectively,  or  simply  by  the 
letter  p,  and  a  shearing  stress  intensity  will  be  denoted  by  the 
letter  s. 

In  emphasizing  the  distinction  between  stress  and  intensity  of 
stress  it  frequently  adds  to  clearness  to  denote  the  former  by  the 
term  total  stress,  although,  if  we  adhere  to  the  exact  definition  of 
the  term  stress  as  heretofore  given,  the  use  of  the  word  total  is 
unnecessary.  It  is  also  frequently  true  that  a  considerable  repeti- 
tion of  terms  is  required  if  the  term  stress  intensity,  or  unit  stress,  is 
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used  in  every  case  where  a  strict  rendering  requires  it.  In  such 
cases  the  term  stress,  simply,  is  used  to  denote  intensity  of  stress, 
the  context  making  it  clear  that  the  unit  stress  rather  than  the  total 
stress  is  meant.  The  student  should  always  note,  wherever  the 
term  stress  is  used,  whether  the  total  stress  or  the  stress  intensity 
is  meant. 

4.  Strain.  —  When  a  body  is  subjected  to  the  action  of  forces 
it  undergoes  a  certain  amount  of  deformation.  In  general,  any 
two  points  in  the  body  undergo  a  relative  displacement  when  the 
deformation  takes  place.  The  displacement  may  be  such  that: 
(a)  The  line  joining  the  two  points  changes  in  length  only,  its 
direction  remaining  the  same;  (b)  the  line  changes  in  direction 
only,  its  length  remaining  the  same;  (c)  the  line  changes  in  both 
length  and  direction.  If  0  and  A  are  two  points  a  small  distance 
apart  and  AOA  represents  the  change  in  the  distance  between 

them  during  the  displacement,  the  limit  of  the  ratio  -ttt-  as  OA 

approaches  zero  is  the  strain  in  the  direction  OA.  In  a  few  com- 
mon cases  where  bodies  are  subjected  to  simple  stresses  it  is  very 
easy  to  define  and  measure  the  strains  produced,  but  in  cases 
where  the  stresses  are  complex  the  analysis  of  the  strain  becomes 
more  complicated. 

Tensile  Strain.  — A  bar  of  uniform  section  and  material  which  is 
subjected  to  a  uniform  tensile  stress  P  (Fig.  1)  may  be  taken  as  an 
illustration  of  a  case  in  which  the  strain  can  be  easily  determined. 
All  lines  within  the  bar  which  are  parallel  to  its  axis  will  undergo  a 
change  in  length,  the  increase  in  the  length  of  each  line  being 
proportional  to  its  length  in  the  unstrained  state. 

If  I  is  the  distance  between  any  two  points  on  the  axis  of  the  bar 
before  the  stress  is  applied,  this  distance  will  be  increased  by  a 
small  amount  a,  when  the  bar  is  under  stress.  The  .ratio  obtained 
by  dividing  the  increase  a  by  the  original  length  I  is  called  the 
tensile  strain  in  the  bar.  We  shall  denote  this  strain  by  the  symbol 
et't  hence 

*=r « 

Since  the  ratio  y  is  the  same,  whatever  the  original  distance  be- 
tween the  points,  the  strain  is  uniform  throughout  the  length  of  the 
bar.    If  the  bar  were  not  of  uniform  section  and  material,  the 
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strain  would  vary  from  point  to  point  and  the  value  of  et  at  any 
point  would  evidently  be  represented  by  the  expression 

e<  =  di (2) 

Compressive  Strain.  —  If  a  bar  of  uniform  section  and  material 
is  subjected  to  a  uniform  compressive  stress  under  a  load  P,  applied 
along  the  axis  (Fig.  2),  the  distance  I,  between  two  points  on  the 

axis,  will  decrease  by  an  amount  c.    In  this  case  the  ratio  j  is 

called  the  compressive  strain  in  the  bar.  As  in  the  case  of  tension 
this  ratio  is  the  same  whatever  the  distance  I  may  be  and  the 
strain  is  uniform.    We  will  denote  this  strain  by  the  symbol 

*-f (3) 

For  a  bar  of  non-uniform  section  or  material  the  expression  for 
the  strain  at  any  point  would  evidently  be 

e*  =  m (4) 

Units  of  Strain. — It  should  be  noted  that  tensile  and  compressive 
strains  are  ratios  of  the  change  in  length  of  a  line  joining  two  points 
to  its  original  length  and  hence  the  units  in  which  the  quanti- 
ties are  expressed  are  numbers  only.  When  a  bar  is  subjected  to 
a  uniform  tensile,  or  a  uniform  compressive,  stress,  it  is  obvious  that 
the  strain  produced  is  numerically  equal  to  the  extension,  or  con- 
traction, per  unit  of  length;  but  the  magnitude  of  the  strain  is 
expressed  in  numbers  and  not  in  linear  units. 

Hereafter  we  shall  frequently  use  the  letter  e}  simply,  to  denote 
either  a  tensile  or  a  compressive  strain,  the  sign  of  e,  where  neces- 
sary, being  taken  plus  for  tension  and  minus  for  compression. 

In  both  of  the  preceding  cases  the  strains  along  the  axis  of  the  bar 
are  accompanied  by  lateral  strains  in  directions  at  right  angles  to  the 
axis,  the  tensile  stress  producing  a  contraction  and  the  compressive 
stress  an  extension  in  that  direction.  A  discussion  of  the  relations 
between  these  strains  will  follow  later.     (Art.  5.) 

Simple  Extension.  —  Both  tensile  and  compressive  strains  may 
be  designated  by  the  term  extension,  the  extension  being  positive 
in  the  case  of  a  tensile  strain  and  negative  in  the  case  of  a  com- 
pressive strain.    In  either  of  the  cases  represented  by  Figs.  (1 
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and  2)  the  lateral  strains  accompanying  the  strain  in  the  direc- 
tion of  the  axis  of  the  bar  could  be  prevented  by  the  application 
of  forces  at  right  angles  to  the  axis  uniformly  distributed  over 
the  surface  of  the  bar.  If  this  were  done  the  resulting  strain  in  the 
direction  of  the  axis  would  be  known  as  a  simple  extension. 

Shearing  Strain.  — We  shall  not  be  able  to  give  a  simple  prac- 
tical illustration  of  this  case,  as  a  deformation  of  this  kind  nearly 
always  occurs  either  in  combination  with  an  elongation  or  a  con- 
traction, or  in  cases  where  the  amount  of  the  distortion  varies 
from  point  to  point  through  the  body  under  strain.  The  following 
may  be  given,  however,  as  an  hypothetical  illustration. 

Suppose  the  opposite  faces  of  a  rectangular  prism  (Fig.  4)  to  be 
subjected  to  the  equal  and  opposite  uniform  shearing  stresses  P 
parallel  to  the  face  mnop.  Under  the  action  of  these  stresses  the 
prism  will  tend  to  distort  into  the  shape  mnoipi.  * 


Other  forces  acting  on  the  prism  will  be  required  to  maintain 
equilibrium,  but  with  these  we  need  not  be  concerned.  All  points 
along  the  line  po  will  be  displaced  the  same  amount  along  that  line, 
and  any  line  ab,  parallel  to  mp,  will  be  displaced  to  the  position 
abi,  parallel  to  mp\. 

A  distortion  such  as  this  is  known  as  a  simple  shear.  It  may  be 
considered  to  be  the  result  of  the  sliding  of  elementary  layers 
parallel  to  the  faces  mn  and  op  under  the  action  of  the  shearing 
forces  P. 

Units  of  Strain.  —  The  change  in  inclination  y  of  the  perpendicular 
ab,  expressed  in  radians,  will  be  the  numerical  measure  of  the  strain, 
and,  since  this  is  always  small,  the  value  of  y  may  be  expressed  as 

»-? w 
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The  prism  mnop  may  be  considered  to  be  a  portion  of  a  body 
distorted  in  simple  shear,  and,  if  all  portions  are  distorted  the  same 
amount,  the  shear  may  be  said  to  be  uniform.  If  the  amount  of 
the  shear  in  different  portions  of  the  body  varies,  the  value  of  y 
will  evidently  be  given  by  the  expression 

7  =  d? (6) 

The  foregoing  description  of  a  simple  shear  affords  a  definition 
of  an  elementary  type  of  shearing  strain.  It  should  be  noted  that 
the  volume  of  the  prism  is  unchanged  by  the  shear  and  that  the 
shear  is  measured  by  the  change  in  inclination  of  two  lines  origi- 
nally at  right  angles. 

5.  Change  of  Volume  under  Stress.  —  As  stated  in  Art.  (4), 
a  tensile  strain  is  accompanied  by  contraction  and  a  compressive 
strain  by  extension  in  all  directions  at  right  angles. 

For  example,  a  bar  of  elastic  material,  subjected  to  a  uniform 
tensile  stress,  undergoes  a  uniform  contraction  in  all  directions  at 
right  angles  to  the  axis  of  the  bar.  If  this  contraction  is  expressed 
in  strain  units,  it  will  be  found,  in  the  case  of  a  bar  of  iron  or  steel, 

to  be  between  ^  and  -j  of  the  strain  in  the  direction  of  the  axis. 

6  4 

While  this  ratio  between  the  two  strains  varies  for  different  ma- 
terials, and  different  grades  of  the  same  material,  it  is  practically 
constant  for  all  bars  of  the  same  grade  of  any  one  material.  It  is 
customarily  called  Poisson's  ratio  and  may  be  denoted  by  the 

symbol  — .    Hence  the  lateral  strain  in  all  directions  at  right  angles 

to  the  axis  of  a  bar  subjected  to  tension  (Fig.  1)  will  be  equal  to 

_  eJL 
m 

the  negative  sign  indicating  that  this  strain  is  of  the  opposite 
character  to  the  strain  et  in  the  direction  of  the  axis. 

Similarly,  in  the  case  of  a  bar  subjected  to  a  uniform  compres- 
sive stress  (Fig.  2),  a  lateral  strain  is  produced  in  all  directions  at 
right  angles  to  the  axis,  which  will  be  equal  to 

m 

the  value  of  m  in  this  case  being  practically  the  same  as  when  the 
bar  is  subjected  to  tension. 
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To  determine  the  proportionate  change  in  volume  in  a  bar 
subjected  to  a  tensile  stress  we  may  assume  the  bar  to  be  of  square 
section,  the  dimensions  of  which  in  the  unstrained  state  are 
aX  a,  the  original  length  being  I  The  volume  of  the  bar  in  the 
unstrained  state  will  then  be  equal  to 

7  =  la* (1) 

If  et  is  the  tensile  strain  in  the  direction  of  the  axis  of  the  bar, 
its  length  after  straining  will  be  equal  to 

I  +  etl  -  I  (1  +  et)  (Art.  4) 

and  the  dimension  of  the  side  of  the  square  cross  section  will  be 

et           L      et\ 
a a  =  all )• 

The  volume  of  the  strained  bar  will,  therefore,  be  equal  to 
F,-I(H-*)^(l-2)' 

The  change  in  volume  due  to  the  strain  will  be  equal  to 

.;_.=^,(^)_«,,(^i)+£].  .  (3) 

The  strain  et  is  such  a  small  quantity  that  all  terms  containing 
higher  powers  of  et  than  the  first  may  be  neglected  without  intro- 
ducing an  appreciable  error;  and  an  inspection  of  equation  (3) 
shows  that  if  the  value  of  m  is  greater  than  2,  the  volume  is  slightly 
increased  when  the  bar  is  subjected  to  a  tensile  stress.  Hence  the 
density  will  be  correspondingly  less. 

A  similar  analysis  in  the  case  of  a  bar  subjected  to  compression 
would  show  a  slight  decrease  in  volume  and  increase  in  density  due 
to  the  stress. 

6.  Elastic  Limits.  —  As  previously  stated  (Art.  2)  the  metals 
and  other  materials  used  in  construction  are  very  nearly  elastic 
provided  the  forces  to  which  they  are  subjected  are  not  too  great. 

It  will  be  found  in  the  case  of  all  the  materials  mentioned, 
however,  that  if  loads  sufficient  to  produce  stresses  above  certain 
limits  are  applied,  a  permanent  deformation,  or  set,  as  it  is  called, 
will  remain  after  the  load  is  removed. 
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The  greatest  stress  intensity  to  which  a  body  of  any  given  material 
can  be  subjected  without  the  occurrence  of  a  permanent  set  when 
the  load  producing  the  stress  is  removed  is  called  the  elastic  limit  of 
the  material.  The  definition  will  apply  in  the  case  of  each  of  the 
simple  stresses;  thus  we  speak  of  the  elastic  limit  in  tension,  the 
elastic  limit  in  compression  and  the  elastic  limit  in  shear. 

It  is  frequently  the  case  that  when  a  material  undergoes  a  stress 
below  the  elastic  limit  for  the  first  time  a  very  slight  permanent  set 
will  remain  on  the  removal  of  the  stress,  but  succeeding  applica- 
tions of  the  same  stress  produce  no  additional  permanent  defor- 
mation. Such  a  material  can  be  considered  to  be  perfectly  elastic 
for  all  practical  purposes,  the  slight  permanent  set,  caused  by  the 
first  application  of  stress,  being  probably  due  to  overcoming  cer- 
tain initial  strains,  as  they  are  called,  which  are  set  up  during  the 
process  of  manufacture. 

In  the  case  of  most  of  the  materials  used  in  construction,  the 
strains  produced,  when  stresses  below  the  elastic  limit  are  applied, 
are  proportional  to  the  stress  intensities.  This  law  is  commonly 
known  as  Hooke's  law.  It  leads  to  a  definition  frequently  given 
for  the  elastic  limit,  viz. :  The  elastic  limit  of  a  material  is  the  limit 
of  stress  intensity  above  which  the  intensity  of  stress  ceases  to  be  pro- 
portional to  the  strain.  While  this  definition  is  practically  correct 
for  some  of  the  materials  mentioned,  it  is  not  strictly  true  that  the 
stress  intensity  is  proportional  to  the  strain  for  all  elastic  materials, 
and  hence  the  first  definition  given  for  the  elastic  limit  is  a  more 
correct  one. 

When  a  body  is  subjected  to  a  stress  exceeding  the  elastic  limit 
the  ratio  between  the  stress  and  the  strain  is  less  than  that  between, 
stresses  and  strains  below  the  elastic  limit.  In  other  words,  the 
strain  increases  more  rapidly  than  the  stress  after  the  elastic  limit 
is  exceeded  and,  as  a  rule,  the  rate  of  increase  in  the  strain  becomes 
greater  and  greater  in  proportion  to  the  increase  in  stress,  until  the 
breaking  point  of  the  material  is  reached. 

The  foregoing  statement  of  the  relations  between  stresses  and 
strains  is  true  in  general  for  each  of  the  simple  stresses,  except  that, 
as  we  shall  see  later,  a  slight  modification  will  be  necessary  in  the 
case  of  certain  materials,  when  subjected  to  compressive  stresses. 

7.  Moduli  of  Elasticity.  —  For  any  elastic  material  which 
follows  Hooke's  law  the  ratio  of  the  tensile  stress  intensity  to  the 
strain  produced  by  that  stress  is  called  the  tensile  modulus  of 
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elasticity.  We  shall  denote  its  value  by  the  symbol  Et.  Hence, 
following  the  notation  previously  adopted, 

*.-? a) 

Similarly,  the  ratio  of  the  compressive  stress  intensity  to  the 
strain  produced  is  called  the  compressive  modulus  of  elasticity  and 
will  be  denoted  by  the  symbol 

E<  =  * (2) 

The  metals  and  most  of  the  other  materials  with  which  we  have 
to  deal  follow  the  law  of  proportionality  of  stress  and  strain  quite 
closely,  if  not  exactly,  below  the  limits  of  stress  to  which  they  are 
ordinarily  subjected;  and  it  is  customary  to  assign  values  for  the 
modulus  of  elasticity  of  each  of  these  materials,  even  if  the  stress 
to  strain  ratio  is  not  quite  constant.  In  the  cases  where  this  ratio 
is  not  exactly  constant  the  values  usually  given  for  the  moduli  of 
elasticity  are  the  averages  obtained  for  low  limits  of  stress. 

For  all  elastic  materials  the  values  of  the  tensile  and  compressive 
moduli  of  elasticity  are  practically  the  same  and  it  is  customary 
to  denote  both  quantities  by  the  letter  E,  hence 

E  =  Et  =  Ec (3) 

This  quantity  is  also  commonly  known  as  Young's  modulus,  after 
Dr.  Thomas  Young,  who  was  the  first  to  define  it. 

The  ratio  of  the  intensity  of  a  shearing  stress  to  the  shearing 
strain  for  an  elastic  material,  following  Hooke's  law,  is  called  the 
shearing  modulus  of  elasticity ,  or  the  modulus  of  rigidity.  We  shall 
denote  it  by  the  symbol  G;  hence,  following  the  notation  pre- 
viously adopted, 

G  =  - (4) 

y 

The  modulus  of  rigidity  in  general  has  a  different  value  from  the 
tensile  modulus  of  elasticity,  the  relation  between  the  values  in  the 
case  of  steel,  for  example,  being  approximately 

G  =  \e (5) 

Units  ofE  and  G.  —  The  units  in  which  the  values  of  E  and  G  are 
expressed  are  the  same  as  the  units  of  stress  intensity,  viz.:  lbs. 
per  sq.  in.,  lbs.  per  sq.  ft,  etc.    Since  a  strain  is  always  expressed  by 
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a  number,  which  is  the  same  whatever  system  of  linear  units  is 
used,  it  is  evident  that  the  units  in  which  the  ratio  of  stress 
intensity  to  strain  is  expressed  must  be  the  same  as  the  unit 
stresses.  This  fact  may  possibly  be  made  clearer  by  the  following 
modification  of  the  original  definition  given  by  Young  for  the 
quantity  we  call  the  modulus  of  elasticity,  viz.: 

The  modulus  of  elasticity  is  the  weight,  which,  if  applied  along 
the  axis  of  a  bar  of  a  unit  cross  section,  would  produce  an  elonga- 
tion equal  to  the  original  length  of  the  bar,  provided  the  ratio  of 
stress  to  strain  could  remain  constant  during  the  distortion. 

8.  Relation  of  Tensile  Stresses  to  Strains  above  the  Elastic 
Limit.  —  If  a  straight  bar  of  very  ductile  steel,  or  soft  steel,  as  it  is 
called,  is  subjected  to  an  increasing  load  in  tension,  the  tensile 
strain  in  the  bar  will  increase  in  direct  proportion  to  the  load,  very 
nearly,  until  the  elastic  limit  is  reached.  After  passing  the  elastic 
limit  the  rate  of  increase  in  the  strain  becomes  greater  than  the 
rate  of  increase  in  the  stress. 

When  the  stress  intensity  has  reached  a  value  a  little  higher  than 
the  elastic  limit,  a  sudden  yielding,  or  stretching,  of  the  bar  takes 
place  without  any  increase  in  load;  in  fact,  this  yielding  may 
continue  at  a  stress  slightly  below  that  at  which  it  begins  and  the 
bar  will  elongate  a  very  considerable  amount  before  any  further 
increase  in  the  load  is  made. 

Yield  Point.  —  The  stress  intensity  at  which  this  action  occurs 
is  called  the  yield  point  of  the  material  in  tension.  At  this  point 
there  is  apparently  a  partial  breaking  down  of  the  structure  of  the 
metal  which  results,  as  will  be  shown  later,  in  a  marked  change  in 
some  of  its  properties.  While  very  fine  measurements  are  neces- 
sary to  determine  the  stretch  in  the  bar  at  lower  loads,  the  elonga- 
tion at  this  point  is  easily  discernible  by  the  eye. 

After  passing  the  yield  point  an  increase  in  stress  is  required 
to  produce  a  further  increase  in  strain,  but  the  proportion  between 
the  increase  in  strain  and  the  corresponding  increase  in  stress 
becomes  greater  as  the  load  is  increased. 

For  loads  below  the  yield  point  the  diminution  in  the  cross 
section  of  the  bar,  due  to  the  lateral  strain  (Art.  5),  can  be  deter- 
mined only  by  very  accurate  measurement,  but  above  this  stress 
it  is  easily  discernible.  The  ratio  between  the  lateral  and  the 
longitudinal  strain  is  not  the  same  as  for  stresses  below  the  elastic 
limit  (Art.  5),  but  increases  as  the  load  increases. 
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After  the  load  reaches  the  maximum  required  to  break  the  bar, 
the  stretching  continues  to  a  very  considerable  extent  until,  just 
before  fracture,  a  local  reduction  in  the  cross  section  takes  place 
as  indicated  at  A  (Fig.  5).    As  this  reduction  increases, 
the  load  required  to  continue  the  stretching  becomes 
less  until  at  the  point  of  fracture  the  total  stress  is 
considerably  less  than  the  maximum  required  to  break 
the  bar. 

Stress-Strain  Diagram.  —  If  we  plot  the  results  of  a 
tensile  test,  like  the  one  just  described,  with  the  ordi- 
nates  representing  stress  intensities  and  the  abscissae  the 
corresponding  strains,  the  smooth  line  drawn  through 
the  points  thus  obtained  is  called  a  stress-strain  diagram. 
Such  a  diagram  for  a  bar  of  soft  steel  tested  in  tension 
is  shown  by  the  curve  marked  C  (Figj,  6). 

In  computing  stress  intensities  it* is  customary  to 
divide  the  total  stress  by  the  original  area  of  the 
cross  section  of  the  bar  before  undergoing  strain,  and 
hence  above  the  yield  point  the  stress-strain  diagram  C  Fig.  5. 
does  not  show  the  actual  stress  intensities,  but  only  the 
arbitrary  values  obtained  on  the  assumption  that  the  area  of  the 
cross  section  remains  unchanged. 

Breaking  Strength.  —  The  maximum  stress  intensity-,  computed 
in  the  above  manner,  which  the  bar  sustains  before  breaking,  is 
called  the  breaking  strength,  or  ultimate  strength,  of  the  material  in 
tension,  or,  simply,  its  tensile  strength.  An  inspection  of  the  plot 
C  (Fig.  6)  will  show  that  the  breaking  strength  of  the  soft  steel  bar 
is  50,000  lbs.  per  sq.  in.  and  that  the  yield  point  is  between  33,000 
and  34,000  lbs.  per  sq.  in. 

The  curve  marked  c  (Fig.  6)  is  obtained  by  plotting  the  actual 
stress  intensities  as  ordinates.  For  stresses  below  the  yield  point 
this  line  practically  coincides  with  the  curve  C  but  diverges  more 
and  more  from  it  as  the  breaking  point  is  approached.  Such  a 
plot,  when  compared  with  the  stress-strain  diagram  C,  shows  the 
difference  between  the  stress  intensity,  figured  in  the  usual  way, 
and  the  actual  stress  intensity,  but  is  of  no  practical  value. 

Elastic  Limit.  —  In  order  to  indicate  the  elastic  limit  clearly  it 
is  necessary  to  plot  the  strains  to  a  larger  scale  than  that  used  in 
Fig.  6.  The  diagram  marked  C  (Fig.  7)  is  made  by  plotting  the 
strains  in  the  soft  steel  to  a  scale  25  times  as  large  as  that  used  in 
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Fig.  6.  From  this  diagram  it  may  be  seen  that  the  elastic  limit  of 
the  steel  is  between  24,000  and  25,000  lbs.  per  sq.  in.  It  is  evi- 
dently impossible  to  represent  any  strain  beyond  the  yield  point 
within  the  limits  of  the  plot. 
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Fig.  6. 


Modulus  of  Elasticity.  —  A  computation  of  the  ratio  of  stress 
intensity  to  strain  for  any  point  below  the  elastic  limit  will  give 
30,000,000  lbs.  per  sq.  in.  as  the  value  of  the  modulus  of  elasticity 
of  the  material. 

Similar  diagrams  for  two  other  grades  of  steel,  for  cast  iron, 
copper  and  aluminum  are  shown  in  Fig.  6.  The  plots  marked 
with  the  large  letters  are  made  with  the  stress  intensities  computed 
in  the  ordinary  way  and  those  marked  with  the  small  letters  repre- 
sent the  actual  stress  intensities.  In  Fig.  7,  the  same  diagrams 
are  plotted  with  strains  to  the  larger  scale. 

The  curves  marked  B  and  b  are  plotted  from  the  results  of  a 
test  on  a  bar  of  what  is  usually  called  "medium"  steel  and  those 
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marked  A  and  a  from  a  test  on  a  bar  of  a  still  harder  grade  of 
"machinery"  steel,  so  called. 

The  elastic  limits,  yield  points  and  breaking  strengths  may 
easily  be  determined  from  an  inspection  of  the  plots,  and  it  will 
also  be  seen  that  the  values  of  the  moduli  of  elasticity  of  the  three 
grades  of  steel  are  the  same. 
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Fia.  7. 

The  curves  marked  D  are  plotted  from  the  results  of  a  tensile 
test  on  a  bar  of  cast  iron  of  ordinary  grade.  An  inspection  of  these 
plots  shows  that  cast  iron  does  not  follow  Hooke's  law  exactly, 
even  for  low  stresses,  the  stress-strain  diagram  being  a  curve 
throughout.  There  is  no  marked  elastic  limit  and  no  yield  point, 
and  the  reduction  in  the  area  of  the  cross  section  is  so  slight  that 
the  curve  D,  for  which  the  stress  intensities  are  figured  from  the 
original  area  of  the  section,  gives  very  nearly  the  actual  stress 
intensities  also.  Although  the  ratio  of  stress  to  strain  is  not 
constant  it  is  customary  to  assign  a  value  for  the  modulus  of 
elasticity  of  cast  iron,  calculated  from  the  values  of  the  stress 
intensity  and  strain  at  a  low  load;  the  value  in  the  case  illustrated 
being  about  11,000,000  lbs.  per  sq.  in. 

The  curves  marked  E  and  e  represent  the  results  of  a  tensile 
test  on  a  piece  of  copper  trolley  wire  and  those  marked  F  and  /  the 
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results  of  a  tensile  test  on  a  piece  of  rolled  aluminum  rod.  An 
inspection  of  the  diagrams  (Fig.  7)  shows  that  while  the  material 
in  these  specimens  did  not  follow  Hooke's  law  exactly,  the  ratio 
of  stresses  to  strains  for  low  loads  was  more  nearly  constant  than 
in  the  case  of  cast  iron.  The  elastic  limits  are  not  definitely 
marked;  in  fact,  there  are  none  if  the  second  definition  of  the 
elastic  limit  (Art.  6)  is  strictly  adhered  to.  An  inspection  of  the 
plots  (Fig.  6)  shows  that  there  is  no  yield  point  similar  to  that 
obtained  on  a  steel  specimen,  no  marked  yielding  occurring  until 
the  breaking  point  is  nearly  reached.  As  in  the  case  of  cast  iron 
the  moduli  of  elasticity  may  be  computed  from  the  stress  intensity 
to  strain  ratios  at  low  loads,  the  value  for  the  copper  trolley  wire 
being  very  nearly  18,000,000  lbs.  per  sq.  in.  and  that  for  the 
aluminum  12,000,000  lbs.  per  sq.  in. 

The  foregoing  results  have  been  cited  to  illustrate  the  variation 
in  the  physical  properties  of  a  few  of  the  metals.  If  other  ma- 
terials are  investigated  a  much  wider  variation  will  be  found. 
Other  tests  might  be  cited  to  show  that  the  same  materials  when 
subjected  to  different  treatment  show  marked  variations  from  the 
results  given. 

Load-Deformation  Diagrams.  —  In  ordinary  experimental  work  it 
is  not  customary  to  plot  the  stress-strain  diagrams  as  illustrated, 
but  instead  to  use  the  values  of  the  total  tensile  load  on  the  bar 
as  ordinates  and  the  total  elongations  in  a  given  length,  called  the 
gaged  length  as  abscissae.  A  diagram  plotted  in  this  way  is  called 
a  load-deforrnaiion  diagram  and,  if  the  scales  are  properly  chosen, 
it  will  be  very  similar  to  the  stress-strain  diagram  in  form. 

9.  Measure  of  Ductility.  —  In  addition  to  determining  the 
physical  properties  of  a  material  as  given  in  Art.  8  it  is  customary 
to  measure  its  ductility  when  subjected  to  tension  in  one,  or  both, 
of  two  ways. 

First  Method:  By  determining  the  total  amount  a  certain 
gaged  length  of  a  test  bar  elongates  before  fracture  occurs.  The 
result  is  expressed  as  a  percentage  ratio  between  the  increase  in 
the  gaged  length  and  its  original  value  before  the  bar  is  subjected 
to  strain  and  is  commonly  called  the  percentage  of  ultimate  elonga- 
tion. The  values  obtained  from  the  tests  on  the  three  grades  of 
steel  (Art.  8)  were,  respectively,  for  A,  24.4  per  cent;  for  B,  31.4 
per  cent  and  for  C,  37.5  per  cent.  The  value  obtained  for  cast 
iron  was  very  small,  viz.,  for  D,  0.6  per  cent.    The  values  obtained 
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from  the  teste  on  the  copper  and  aluminum  were,  respectively,  for 
E,  6.5  per  cent  and  for  F,  6.8  per  cent.  These  values  may  be  easily 
verified  from  the  diagrams  (Figs.  6  and  7).  The  gage  length  in 
each  case  was  8  inches. 
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Second  Method:  By  dividing  the  difference  in  the  area  of  the 
smallest  cross  section  at  the  time  of  fracture  and  the  original  area 
before  the  stress  is  applied  by  the  original  area  and  expressing  the 
ratio  in  per  cent.  The  result  is  called  the  percentage  qf  reduction 
of  the  area  of  the  cross  section.  Designating  the  materials  by  the 
letters  on  the  plots  (Figs.  6  and  7),  the  values  obtained  from  the 
tests  quoted  were,  respectively:  machinery  steel,  A,  51.4  percent; 


18 


APPLIED  MECHANICS 


medium  steel,  B,  66.4  per  cent;  soft  steel,  C,  73.3  per  cent;  cast 
iron,  D,  0.6  per  cent;  copper  trolley  wire,  Ef  52.3  per  cent;  rolled 
aluminum  rod,  Fy  67.8  per  cent. 

10.  Effect  of  Shape  of  Test  Piece  on  Tensile  Properties.  — 
The  most  common  form  of  test  piece  for  determining  the  proper- 
ties of  a  material  in  tension  is  circular  in  section  and  of  uniform 
diameter,  either  throughout  its  entire  length  (Fig.  9  a)  or  through- 
out the  middle  portion  of  its  length  (Figs.  9  b  and  9  c). 
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Fig.  9. 


The  straight  cylindrical  piece  (Fig.  9  a)  is  suitable  for  a  ductile 
material  but  in  the  case  of  a  less  ductile  material  there  is  a  liability 
of  breaking  the  piece  at  the  points  at  which  it  is  held  by  the  grips 
of  the  testing  machine.  For  the  latter  material  the  test  piece 
(Fig.  9  6)  is  better  suited,  where  it  is  evident  that  the  break  must 
occur  in  the  straight  portion  between  the  large  ends  to  which  the 
grips  are  applied.  For  brittle  material,  like  cast  iron,  the  form 
Fig.  9  c  is  used.  This  is  a  modification  of  Fig.  9  b,  the  ends 
being  threaded  to  fit  suitable  holders,  which  should  be  made  with 
spherical  bearings  to  ensure  a  correct  alignment  of  the  pull  on  the 
test  piece. 

In  determining  the  tensile  properties  of  any  material  it  will  be 
found  that,  provided  the  length  of  the  straight  portion  of  the  test 
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piece  is  four  diameters  or  more,  the  values  obtained  for  the  elastic 
properties  and  for  the  breaking  strength  of  the  material  are  not 
affected  to  any  appreciable  extent  by  varying  the  size  of  the  piece. 
It  will  be  found,  however,  that  the  measurements  of  ductility  will  be 
affected  by  varying  either  the  diameter  or  the  length  of  the  test 
piece.  Both  the  percentage  of  the  reduction  of  area  and  the  ulti- 
mate elongation  will  decrease  as  the  diameter  of  the  piece  is  in- 
creased, and  for  any  given  diameter  the  percentage  of  the  ultimate 
elongation  will  diminish  as  the  gaged  length  of  the  piece  is  in- 
creased. 

It  is,  therefore,  apparent  that  comparative  values  of  the  tensile 
properties  of  different  materials,  particularly  of  their  ductility, 
can  be  obtained  only  by  using  test  pieces  of  the  same  dimensions. 

The  test  piece  of  the  form  (Fig.  9  d)  is  given  as  an  example  of 
a  form  which  gives  incorrect  results.  It  is  evident  that  the  frac- 
ture must  occur  at  the  section  at  the  bottom  of  the  groove  and 
that  it  would  be  impossible  to  measure  the  elastic  properties  or  the 
ductility  of  the  material  in  the  ordinary  way.  Moreover,  the 
breaking  strength  obtained  from  such  a  specimen  will  be  from  3  to 
30  per  cent  higher  than  the  value  obtained  from  the  cylindrical 
test  piece  of  a  length  of  four  diameters  or  over,  the  amount  of  the 
variation  depending  on  the  ductility  of  the  material. 

In  determining  the  properties  of  sheet  metal,  flat  plates  and 
certain  rolled  sections  it  is  customary  to  use  a  test  piece  of  rec- 
tangular cross  section  of  the  form  (Fig.  9  e),  cut  to  certain  standard 
dimensions,  the  thickness  of  the  piece  being  uniform  throughout. 

11.  Relation  of  Compressive  Stresses  to  Strains  above  the 
Elastic  Limit.  —  A  cube,  a  short  cylinder,  or  a  prism,  of  a  brittle 
material  when  subjected  to  an  increasing  compressive  stress  will 
finally  fail  by  breaking  down  along  certain  lines  of  cleavage, 
making  angles  in  the  neighborhood  of  30  degrees  with  the  direction 
of  the  line  of  pressure,  as  indicated  by  the  sketch  (Fig.  10  a). 

A  similar  piece  of  a  ductile  material  when  subjected  to  the  same 
treatment  will  squeeze  out  into  a  form  similar  to  that  illustrated 
(Fig.  10  b).  After  a  certain  pressure  is  reached,  longitudinal  cracks 
similar  to  those  indicated  in  the  sketch  will  appear  at  the  circum- 
ference, but  the  piece  will  continue  to  flatten  out  and  sustain  a 
continually  increasing  load. 

Hence  a  brittle  material  will  have  a  definite  breaking  strength  in 
compression,  but  in  the  case  of  the  ductile  material  no  breaking  or 
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ultimate  load  is  reached.  Under  lower  pressures,  however,  both 
the  brittle  and  the  ductile  materials  exhibit  properties  very 
similar  to  those  shown  when  they  are  subjected  to  tension  and  the 
elastic  limits  and  yield  points  in  compression  agree  very  closely 
with  those  shown  in  tension. 

The  plots  Ai,  etc.  (Fig.  7),  show  the  compressive  stress-strain 
diagrams  for  short  cylinders  cut  from  the  same  pieces  from  which 
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Fig.  10. 


were  taken  the  tensile  test  pieces  for  which  the  diagrams  A,  etc. 
(Fig.  7),  were  made.  In  each  case  the  letter  on  the  compression 
diagram  is  the  same  as  that  for  the  same  material  on  the  tension 
diagram  with  the  subscript  added. 

A  comparison  of  the  diagrams  Ah  Bh  d  with  the  diagrams  A, 
B,  C  will  show  that  for  each  of  the  three  grades  of  steel  the  moduli 
of  elasticity,  the  elastic  limits  and  the  yield  points  are  very  nearly 
the  same  in  compression  as  in  tension.  A  comparison  of  the  dia- 
grams Ei,  Fi  and  E,  F  will  show  that  for  the  stresses  within  the 
limits  of  the  plots  the  properties  of  the  copper  and  aluminum  are 
very  nearly  the  same  in  both  compression  and  tension.  The 
diagram  D\  for  cast  iron  shows  that  there  is  not  nearly  as  rapid  a 
decrease  in  the  stress-strain  ratio  in  compression  as  there  is  in 
tension,  that  the  breaking  strength  in  compression  is  much  higher 
than  in  tension  and  that,  as  in  tension,  there  is  no  definite  elastic 
limit  and  no  yield  point. 

The  plots  shown  (Fig.  8)  represent  the  compressive  stress-strain 
diagrams  for  the  same  materials  with  the  strains  measured  to  a 
small  enough  scale  to  enable  the  stress-strain  relations  above  the 
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yield  points  of  the  ductile  materials  to  be  shown.  As  in  the 
case  of  the  tensile  tests,  the  stress  intensities  were  computed  by 
dividing  the  total  load  on  the  test  piece  by  the  area  of  the  original 
cross  section.  The  plots  of  these  intensities  are  shown  by  the  full 
lines  Ai,  etc.,  and  may  be  compared  with  the  corresponding  tensile 
stress  intensities  to  a  similar  scale  (Fig.  6).  The  dotted  lines  ah 
etc.  (Fig.  8),  represent  the  actual  stress  intensities  computed  by 
dividing  the  load  by  the  area  of  the  greatest  cross  section  at  the 
time  the  load  was  sustained.  The  plots  are  of  interest  as  they 
show  the  relation  between  the  nominal  stress  intensity  computed 
from  the  original  area  and  the  actual  stress  intensity  on  the 
greatest  cross  section,  but  otherwise  are  of  no  practical  value. 

With  the  exception  of  the  cast  iron  shown  by  the  plots  Di  and 
d\  no  breaking  or  ultimate  strengths  were  obtained  and  the  dia- 
grams might  have  been  continued  indefinitely  beyond  the  limits 
shown. 

The  breaking  strength  of  the  cast  iron  in  compression  was 
98,000  lbs.  per  sq.  in.,  nearly  4.5  times  the  breaking  strength  in 
tension  (Fig.  7). 

If  cylinders,  or  prisms,  of  moderate  length  were  used  for  test 
pieces,  instead  of  the  short  pieces  from  which  the  foregoing  results 
were  obtained,  it  would  be  found  that  the  stress-strain  diagrams 
below  the  elastic  limits  for  the  ductile  materials  would  be  nearly 
identical  with  those  shown;  but  that,  at  stresses  very  little  greater 
than  the  yield  points,  the  test  pieces  would  buckle  in  the  manner 
indicated  (Fig.  10  c),  after  which  the  loads  which  they  sustained 
would  gradually  diminish.  Hence,  with  such  test  pieces,  maxi- 
mum values  of  stress  intensities,  or  ultimate  strengths  in  com- 
pression, would  be  obtained.  Even  a  brittle  material  like  cast 
iron  when  tested  in  this  manner  would  fail  by  buckling  with  an 
ultimate  strength  much  less  than  that  obtained  with  the  short 
test  piece. 

If  the  test  pieces  were  made  extremely  long  in  comparison  with 
the  dimensions  of  the  cross  sections  they  will  be  found  to  bend 
and  fail  to  sustain  an  increase  in  load  before  the  stress  intensity 
has  reached  the  elastic  limit  of  the  material. 

Hence  the  ultimate  strength  of  a  material  in  compression  depends 
on  the  relation  between  the  length  and  the  cross  section  of  the  piece 
which  is  subjected  to  pressure.  A  more  complete  discussion  of  this 
relation  will  follow  later  under  the  theory  of  columns. 
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12.  Stress-Strain  Relations  in  Shear.  —  It  is  Impracticable  to 
determine  the  stress-strain  relations  in  shear  by  direct  measure- 
ments as  in  the  case  of  tensile  or  compressive  stresses.  An  indirect 
method  of  doing  this  will  be  discussed  later  under  the  theory  of 
torsion. 

To  determine  the  ultimate  or  breaking  strength  in  shear,  a 
piece,  such  as  a  rivet  or  a  bolt  joining  two  plates  together,  may  be 
broken  in  shear  along  the  cross  section  between  the  plates  by 
applying  a  pull  in  the  manner  indicated  in  Fig.  3,  means  being 
used  at  the  same  time  to  prevent  the  bending  of  the  plates  due  to 
the  lines  of  pull  on  the  two  not  coinciding.  The  ultimate  strength 
of  such  a  piece  in  shear,  or  the  shearing  strength  as  it  is  usually 
called,  is  computed  by  dividing  the  greatest  load  which  the  piece 
sustains  before  failure  by  the  area  of  its  original  cross  section. 
The  shearing  strengths  of  other  materials  may  be  determined  in 
a  similar  manner. 

When  the  material  is  in  the  form  of  a  flat  plate,  another  method 
of  determining  its  shearing  strength  is  to  find  the  pressure  neces- 
sary to  force  a  hole  through  the  plate  by  means  of  a  punch  and  die 
and  to  divide  this  pressure  by  the  original  area  of  the  section  of  the 
metal  cut  through.  Owing  to  the  fact  that  the  amount  of  dis- 
tortion before  failure  is  generally  less  in  this  case  than  when  a 
bolt  or  rivet  is  broken  in  shear,  the  value  of  the  shearing  strength 
of  a  material  determined  in  this  way  is,  as  a  rule,  higher  than  the 
value  obtained  by  testing  a  bolt  or  rivet. 

13.  Strains  and  Stresses  due  to  Changes  in  Temperature.  — 
All  materials  undergo  small  deformations  with  changes  in  tem- 
perature unless  restrained  by  the  action  of  external  forces.  When 
free  from  stress  the  amount  of  the  deformation,  or  strain,  due  to  a 
change  in  temperature  depends  not  only  on  the  material  but  also, 
to  a  slight  extent,  on  the  treatment  it  has  received  during  the 
process  of  manufacture. 

Practically  all  the  materials  with  which  we  have  to  deal  expand 
equally  in  all  directions  under  an  increase  in  temperature  and  the 
ratio  of  the  increase  in  any  linear  dimension  of  a  body,  under  a 
change  in  temperature  of  one  degree,  to  the  original  value  of  the 
dimension  is  called  the  coefficient  of  linear  expansion  of  the  material 
of  which  the  body  is  composed. 

•  In  the  case  of  a  straight  rod  the  coefficient  of  linear  expansion 
would  evidently  be  equal  to  the  change  in  length  of  a  unit  length 
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of  the  rod  under  a  change  in  temperature  of  one  degree.  In  other 
words,  the  coefficient  of  linear  expansion  is  the  extension  due  to  a 
unit  change  in  temperature,  and  its  value  for  any  material  will 
depend  on  the  scale  of  temperature  used. 

If  a  body  is  constrained  so  that  it  is  not  free  to  expand  or  con- 
tract, stresses  will  be  set  up  by  a  change  in  temperature.  If  a 
straight  rod,  for  example,  is  rigidly  held  at  the  ends,  a  compressive 
stress  will  be  set  up  by  an  increase  and  a  tensile  stress  by  a  decrease 
in  its  temperature. 

The  intensity  of  stress  on  any  cross  section  of  the  rod  due  to  a 
temperature  change  would  be  the  same  as  that  corresponding  to 
the  strain  which  would  be  induced  by  the  same  change  in  tempera- 
ture if  the  rod  were  free. 

14.  Effect  of  a  Stress  above  the  Elastic  Limit.  —  If  a  bar 
of  steel  is  subjected  to  a  tensile  stress  beyond  the  elastic  limit  and 
the  stress  is  then  gradually  removed  and  measurements  of  strain 
are  taken  meanwhile,  the  stress-strain  diagram  will  be  very  nearly 
a  straight  line  and  when  the  stress  is  entirely  removed  a  certain 
permanent  strain,  or  set  (Art.  6),  will  remain.  The  difference  be- 
tween this  permanent  strain  and  the  total  strain  in  the  bar  before 
the  load  was  removed  may  be  called  the  elastic  strain  at  that  load 
and  the  ratio  between  this  elastic  strain  and  the  corresponding 
stress  intensity  will  be  approximately  the  same  as  the  stress-strain 
ratio  before  the  elastic  limit  was  exceeded. 

If,  immediately  after  the  stress  has  been  reduced  to  zero,  the 
load  on  the  bar  is  again  gradually  increased  and  measurements  of 
strains  are  made,  no  definite  elastic  limit  will  be  found  until  the 
load  previously  applied  to  the  bar  has  been  very  nearly  reached. 

The  diagram  for  a  bar  of  soft  steel  which  has  been  tested  in  the 
above  manner  is  shown  by  the  plot  A  (Fig.  11).  The  original 
elastic  limit  for  this  steel  was  27,500  lbs.  per  sq.  in.  After  in- 
creasing the  stress  to  35,500  lbs.  per  sq.  in.  the  load  was  gradually 
reduced  to  zero  and  then  increased  immediately.  On  the  second 
increase  of  load  the  elastic  limit  was  found  to  be  about  35,000  lbs. 
per  sq.  in.  On  the  diagram  the  line  be  for  the  decreasing  load  and 
the  line  cd  for  the  increasing  load  very  nearly  coincide  and  differ 
very  little  from  a  straight  line  parallel  to  oa,  the  stress-strain  line 
below  the  elastic  limit.  The  permanent  set  is  represented  by  the 
abscissa  oc.  After  reaching  the  second  elastic  limit  the  load  was 
still  further  increased,  the  stress-strain  diagram  following  very 
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nearly  the  same  line  that  it  would  if  no  reduction  in  the  load  had 
been  made,  until  a  stress  of  about  46,000  lbs.  per  aq.  in.  was 
reached.  The  load  was  again  reduced  to  zero  and  immediately 
increased,  with  a  result  very  similar  to  that  obtained  before,  the 
elastic  limit  this  time  being  a  little  over  45,000  lbs.  per  sq.  in. 
The  test  was  then  completed  by  carrying  the  load  to  the  breaking 
point. 

The  diagram  marked  B  (Fig.  11)  shows  the  results  of  a  similar 
test  on  a  bar  of  medium  steel.      In  this  case  the  elastic  limits 
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Fig.  11. 

obtained  after  decreasing  the  stress  to  zero,  first  from  44,500  lbs. 
per  sq.  in.  and  then  from  57,500  lbs.  per  sq.  in.,  were  slightly  higher 
than  the  stresses  previously  sustained  by  the  bar.  A  further 
increase  in  the  values  of  these  special  elastic  limits  would  be 
obtained  if,  after  the  load  had  been  removed,  the  bar  had  been 
allowed  a  period  of  rest  before  the  load  was  again  increased.  Such 
a  period  of  rest  would  result  also  in  a  decrease  in  the  amount  of 
ductility  remaining  in  the  bar  below  the  normal,  which  would 
differ  little,  if  any,  from  that  represented  by  the  ultimate  strain 
on  the  plot.    In  other  words,  a  period  of  rest  after  the  overstrain, 
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88  it  is  frequently  called,  will  further  increase  the  elastic  limit  and 
reduce  the  ductility  of  the  material. 

If  the  lines  be,  cd,  ef,  fg  on  diagram  A  and  the  lines  kl,  lm,  np, 
pq  on  diagram  B  were  plotted  with  the  strains  to  a  much  larger 
scale  they  would  be  found  to  be  slightly  curved  instead  of  straight; 
that  is,  the  stress  intensities  are  not  exactly  proportional  to  the 
strains  below  the  new  elastic  limits  produced  by  overstraining. 
The  proportion  varies  so  little,  however,  that  the  term  elastic 
limit  is  used  to  denote  the  stress  intensity  at  which  a  distinct 
change  occurs. 

Hysteresis  of  Strain. — The  time  which  elapses  during  the  de- 
crease or  increase  of  the  load  on  the  bar  will  also  affect  the  strains 
obtained.  If  the  stress  is  quickly  decreased  and  then  held  constant 
the  strain  will  continue  to  decrease  for  a  considerable  time  after. 
The  reverse  is  true  if  the  stress  is  suddenly  increased  to  a  value 
below  the  elastic  limit,  the  strain  in  this  case  increasing  for  a  con- 
siderable time  under  a  constant  stress  until  a  state  of  equilibrium 
is  finally  reached.  This  change  in  strain  under  a  constant  stress 
is  called  the  hysteresis  of  strain.  It  may  be  measured  by  the 
difference  between  the  initial  strain  at  a  given  stress  and  its  final 
value  after  the  strain  has  become  constant.  For  stresses  below 
the  original  elastic  limit  the  hysteresis  is  barely  discernible,  but 
it  becomes  more  distinct  after  a  piece  has  been  subjected  to  a 
stress  beyond  the  elastic  limit  and  the  stress  is  then  removed. 

In  the  foregoing  discussion  the  results  of  tensile  tests  on  steel 
have  been  cited  as  illustrations.  Similar  results  would  be  ob- 
tained with  steel  under  compression  and  with  other  ductile  ma- 
terials in  a  greater  or  less  degree. 

15.  Resilience.  —  In  a  general  sense  resilience  may  be  defined 
as  the  ability,  which  a  body  under  strain  possesses,  of  returning 
to  its  original  dimensions  when  the  cause  of  the  strain  is  removed. 

In  mechanics  the  term  is  used  to  denote  the  amount  of  work 
which  a  body  under  strain  is  capable  of  doing  in  returning  to  its 
unstrained  state;  that  is,  the  resilience  is  the  potential  energy  due  to 
the  strain.  A  distinction  must  be  made  between  this  quantity  and 
the  work  done  in  producing  deformation,  which  will  be  equal  to 
the  resilience  only  when  the  body  is  composed  of  a  perfectly 
elastic  material. 

If  we  refer  to  Fig.  12,  in  which  the  first  part  of  the  stress-strain 
diagram  B  (Fig.  11)  is  reproduced  with  the  strains  to  a  larger 
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scale,  it  will  be  evident  that  the  work  done  in  producing  the  stress 
intensity  a  on  the  cross  section  of  the  bar  will  be  equal  to  the 
shaded  area  oag  multiplied  by  the  proper  factor.  Since  the  dia- 
gram is  plotted  to  represent  unit  stresses  and  strains  this  factor 
would  be  equal  to  the  product  of  the  scales  of  the  stress  intensities 
and  strains  multiplied  by  another  factor  depending  on  the  area  of 
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the  cross  section  and  the  length  of  the  bar.  In  this^ase  the  work 
done  in  producing  the  strain  is  very  nearly  equal  to  the  resilience 
at  the  stress  intensity  a,  since  practically  no  permanent  set  would 
remain  after  the  removal  of  the  load,  and  the  area  oag  would  repre- 
sent the  work  done  by  the  bar  during  the  recovery  of  its  original 
length. 

If,  however,  a  load  sufficient  to  produce  a  stress  intensity  b, 
above  the  elastic  limit,  were  applied,  the  work  done  in  producing 
the  strain  would  be  equal  to  the  area  ohkbfo,  multiplied  by  the  same 
factor  as  before.  In  this  case  the  resilience  at  the  stress  intensity 
6  would  be  equal  to  the  area  cbf,  multiplied  by  the  same  factor;  be 
being  the  stress-strain  line  under  the  decreasing  load.  It  is  evi- 
dent that  when  the  stress  intensity  is  above  the  yield  point  a  large 
part  of  the  work  done  is  used  up  in  producing  permanent  strain, 
a  very  small  portion  remaining  in  the  form  of  strain  energy. 
Similar  results  would  be  obtained  with  a  steel  bar  subjected  to 
compression  and  to  a  varying  degree  with  other  materials  sub- 
jected to  tension  or  compression. 
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In  the  light  of  the  foregoing  discussion  the  expression  represent- 
ing the  resilience  of  a  bar  of  any  material  which  follows  Hooke's 
law,  under  a  uniform  tensile  stress,  may  be  deduced  as  follows: 
Let  A  =  the  area  of  the  cross  section,  I  =  the  length  of  the  bar, 
E  =  the  modulus  of  elasticity  and  e  =  the  strain  when  the  stress 
intensity  is  equal  to  p.  The  total  stress  on  the  cross  section  of  the 
bar  will  then  be  equal  to  P=pA  and  the  total  elongation  in  the  bar 
to  a  ■«  d  and  from  the  form  of  the  shaded  portion  oag  of  the  dia- 
gram (Fig,  12),  it  is  evident  that  the  resilience  will  be  equal  to 

fi  =  |xa  =  ^XeL (1) 

But  *B1; 

hence  ^-sS-JS^-sS7-  ■  •  •  » 

where  V  »  Al,  the  volume  of  the  bar. 

In  the  case  of  a  bar  subjected  to  uniform  compressive  stress,  the 
expression  for  the  resilience  at  any  stress  intensity  p  will  evidently 
be  that  given  by  equation  (2) ;  and,  if  the  moduli  of  elasticity  in 
tension  and  compression  are  equal,  the  values  of  the  resilience  in 
tension  and  compression  will  be  the  same. 

Modulus  of  Resilience.  —  If  V  =  unity,  equation  (2)  becomes 

220  =  2B (3) 

The  quantity  Rq  is  called  the  modulus  of  resilience  of  the  material 
at  the  stress  intensity  p.  It  is  evident  that  the  resilience  of  a  bar 
of  any  dimensions  subjected  to  a  uniform  tensile  or  compressive 
stress  of  intensity  p  will  be  equal  to 

R  =  RoV, (4) 

where  Rq  =  the  modulus  of  resilience  of  the  material  at  the  stress 
intensity  p. 

Proof  Resilience. — When  the  stress  intensity  p  is  equal  to  the 
elastic  limit  of  the  material  the  value  of  R  is  sometimes  called  the 
proof  resilience  of  the  bar. 

When  the  stress-strain  lines  for  decreasing  stresses  are  approxi- 
mately parallel,  as  those  shown  in  Fig.  11,  it  is  evident  that  the 
resilience  under  a  direct  stress  above  the  elastic  limit  will  be 
approximately  represented  by  the  same  equation  (2)  as  when  the 
stress  intensity  is  equal  to  or  less  than  the  elastic  limit. 
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The  term  resilience  is  not  restricted  in  its  application  to  cases  of 
direct  stress  only,  but  is  used  to  denote  the  strain  energy  due  to 
shear  and  also  that  due  to  more  complex  stresses,  such  as  are  pro- 
duced by  bending  and  torsion.    The  deduction 
of  the  expressions  for  its  value  in  such  cases 
must  be  deferred  until  later. 

16.  Effect  of  an  Impact  Producing  a  Direct 
Stress.  —  A  tensile  stress  due  to  an  impact 
may  be  produced  by  allowing  a  sliding  weight 
to  fall  against  a  stop  on  the  lower  end  of  a  bar 
which  is  rigidly  held  in  a  vertical  position  by  a 
support  at  its  upper  end,  as  shown  in  Fig.  13. 
If  the  bar  is  perfectly  elastic  it  will  act  like  a 
spring,  stretching  a  maximum  amount  a  when 
the  blow  is  struck  and  then  oscillating  slightly 
until  equilibrium  is  restored,  the  final  elongation 
being  the  same  as  would  be  produced  by  a  gradual  application 
of  the  weight. 

If  the  bar  is  of  uniform  section  and  material,  and  I  =  its  original 
length,  A  —  the  area  of  the  cross  section,  p  =  the  maximum  stress 
intensity  produced  and  h  =  the  distance  through  which  the  weight 
falls  before  striking  the  stop,  we  may  write 


Fig.  13. 


Solving  for  p  we  obtain 

2  W  (h  +  a\  =  J2WE  (h  +  a) 


(1) 


P  = 


Al 


(2) 


_  Vl  ' 


If  we  eliminate  a,  by  substituting  its  value  a  =  ^  in  equation 
(2),  and  reduce  we  obtain 


W  ,  4  /2  WhE  ,  W* 


Al 


-3W 


2AhE 
Wl 


+  1 


]• 


(3) 


The  above  equations  are  based  on  the  assumption  that  all  of  the 
work  done  by  the  force  of  gravity  acting  on  the  falling  weight  is 
used  up  in  stretching  the  bar.  Since  neither  the  weight  nor  the 
stop  can  be  absolutely  rigid  it  is  evident  that  a  part  of  the  energy 
of  the  blow  would  be  absorbed  in  compressing  the  weight  and  the 
stop  and  hence  the  actual  value  of  p  would  always  be  somewhat 
less  than  that  given  by  equation  (2)  or  (3). 
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The  effect  of  a  weight  falling  on  a  bar  of  elastic  material  in  a 
manner  to  produce  compression  would  evidently  be  the  same  as  in 
the  case  of  tension. 

When  the  force  of  the  blow  is  great  enough  to  produce  a  stress 
above  the  elastic  limit  it  is  evident  that  the  above  equations  no 
longer  hold  true.  If  the  stress  produced  is  above  the  yield  point, 
nearly  all  of  the  energy  of  the  blow  is  used  up  in  producing  per- 
manent distortion;  and  the  greatest  stress  intensity  will  be  very 
much  less  than  that  given  by  equation  (2). 

17.  Suddenly  Applied  Load.  —  If  in  the  preceding'  case  the 
weight  W  were  suspended  so  as  to  be  in  contact  with  the  stop 
(Fig.  13),  without  exerting  any  pressure  upon  it,  and  then  were 
allowed  to  fall  we  would  have  an  illustration  of  what  is  usually 
called  a  suddenly  applied  load  in  tension;  that  is,  a  load  applied 
instantly,  but  without  any  blow,  or  shock.  Substituting  h  =  0 
in  equation  (2)  (Art.  16),  we  obtain  for  the  value  of  the  maximum 
intensity  of  stress  produced  by  a  load  applied  in  this  manner, 

P  =  -A~> (1) 

which  is  evidently  double  the  intensity  which  would  be  produced, 
if  the  load  W  were  gradually  applied  to  the  bar. 

The  same  relation  would  exist  between  the  maximum  stress 
intensity  due  to  a  suddenly  applied  load  and  a  gradually  applied 
load  in  compression. 

As  in  the  case  of  the  stress  due  to  impact  (Art.  16),  if  the  maxi- 
mum stress  intensity  p  is  above  the  elastic  limit  the  relation  ex- 
pressed by  equation  (1)  no  longer  holds  true;  and  above  the  yield 
point  the  value  of  p  due  to  a  suddenly  applied  load  will  be  very 
much  less  than  that  given  by  the  equation. 

18.  Effect  of  the  Rate  of  Application  of  the  Load  on  the  Maxi- 
mum Stress  Intensity.  —  In  Art.  17  we  have  deduced  the  relation 
between  the  maximum  direct  stress  intensity  produced  by  a  sud- 
denly applied  and  a  gradually  applied  load.  In  many  cases  in 
practice  the  load  to  which  a  piece  is  subjected  is  not  applied 
instantaneously,  but  at  a  rate  sufficient  to  produce  a  maximum 
stress  intensity  greater  than  would  be  obtained  if  it  were  grad- 
ually applied.  In  the  light  of  the  preceding  discussion  the  maxi- 
mum stress  intensity  produced  by  such  a  load  would  vary  with  the 
rate  of  application,  but  would  never  be  greater  than  in  the  case 
of  a  suddenly  applied  load. 
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A  load,  rapidly  applied  in  the  above  manner,  or  applied  so  as 
to  produce  a  shock  (Art.  16),  is  frequently  called  a  dynamic  load, 
in  distinction  from  a  stationary  or  static  load. 

On  account  of  the  uncertainty  which  usually  exists  in  practice 
in  regard  to  the  exact  rate  of  application  of  a  dynamic  load,  the 
determination  of  the  maximum  stress  intensity  produced  must  be 
largely  by  an  estimate  based  on  the  results  of  experience. 

When  the  maximum  stress  intensity  produced  by  a  dynamic 
load  exceeds  the  yield  point  the  difference  between  it  and  the 
stress  intensity  due  to  the  same  static  load  is,  as  has  already  been 
stated  (Arts.  16-17),  not  nearly  so  great  as  when  the  elastic  limit 
is  not  exceeded.  From  an  inspection  of  the  stress-strain  diagrams 
for  ductile  steel  (Figs.  11-12),  it  would  appear  that  when  the 
maximum  stress  intensity  produced  by  a  rapidly  applied  load, 
which  was  not  of  the  nature  of  a  blow,  exceeded  the  yield  point  it 
would  be  very  little  greater  than  that  produced  by  a  static  load 
of  the  same  magnitude. 

Another  factor,  not  previously  considered,  enters  into  the  case, 
however;  namely,  the  rate  at  which  a  strain  above  the  yield  point, 
or,  as  is  commonly  stated,  the  rate  at  which  the  flow  of  the  ma- 
terial above  this  point  takes  place.  Thus,  it  would  be  found  in 
the  case  of  the  steel  for  which  the  diagrams  are  shown  (Figs.  11 
and  12),  that,  if  the  load  were  very  rapidly  increased,  the  stress- 
strain  line  above  the  elastic  limit  would  be  higher  than  that  shown, 
since  time  enough  would  not  be  allowed  for  the  complete  distortion 
due  to  each  increment  of  load  to  take  place.  The  result  would  be 
that  all  of  the  stresses  corresponding  to  given  amounts  of  distor- 
tion, including  the  ultimate  strength,  would  be  higher  than  those 
obtained  with  a  gradually  increasing  load. 

The  results  obtained  with  other  materials  would  be  similar,  to  a 
greater  or  less  degree,  to  those  obtained  with  steel;  and  also,  the 
results  obtained  under  compressive  stresses  would  be  affected 
similarly  to  those  obtained  under  tensile  stresses. 

It  is  evident  from  the  above  that  in  order  to  determine  correctly 
the  properties  of  a  material  under  a  tension  or  compression  stress 
the  rate  of  application  of  the  load  must  be  slow  enough  to  allow 
the  normal  amount  of  distortion  due  to  each  increment  of  load  to 
take  place. 

19.  Effect  of  Varying  Stresses.  —  It  is  a  well  known  fact  that 
when  a  piece  is  subjected  to  a  varying  stress,  such  as  would  be 
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produced  by  a  continually  changing,  or  by  an  intermittent  load, 
failure  will  occur  when  the  maximum  intensity  of  the  varying 
stress  is  considerably  below  the  breaking  strength,  determined  in 
the  usual  way  (Art.  8),  provided  the  fluctuation  in  the  stress  is 
repeated  a  sufficient  number  of  times.  The  first  thorough  inves- 
tigation of  the  influence  of  varying  stresses  in  producing  fracture, 
and  on  other  properties  of  iron  and  steel,  was  made  by  Wohler, 
between  1860  and  1870.  Since  then  a  large  amount  of  experi- 
menting along  the  same  line  on  iron  and  steel  and  other  materials 
has  been  done  by  other  investigators. 

It  is  not  within  the  province  of  this  text  to  give  in  detail  the 
results  of  these  investigations,  but  merely  to  state  in  a  general  way 
some  of  the  conclusions  which  may  be  drawn  from  them.  These 
conclusions  follow: 

When  a  piece  is  subjected  to  a  continually  fluctuating  stress  in 
tension,  which  varies  from  zero  to  a  given  maximum  intensity,  it 
will  finally  break  after  a  certain  number  of  repetitions  of  the  varia- 
tion in  stress,  if  the  maximum  stress  intensity  is  above  the  elastic 
limit  of  the  material,  determined  in  the  usual  way  (Art.  6).  The 
number  of  repetitions  of  the  variation  in  stress  required  to  produce 
fracture  will  increase  as  the  maximum  intensity  of  the  stress  is 
decreased  to  a  value  at  which  an  indefinite  number  of  repetitions 
fails  to  produce  fracture. 

When  a  piece  is  subjected  to  a  varying  stress  which  fluctuates 
between  a  maximum  and  a  minimum  intensity,  the  latter  being 
greater  than  zero,  the  value  of  the  maximum  intensity  at  which 
the  piece  will  endure  an  indefinite  number  of  repetitions  of  the 
variation,  without  fracture,  is  greater  than  where  the  variation  each 
time  is  between  a  maximum  and  zero.  As  the  range  of  variation 
decreases  the  value  of  this  maximum  increases,  until  it  becomes 
equal  to  the  ultimate  strength  in  tension  when  the  variation  in 
stress  equals  zero. 

The  foregoing  conclusions  will  apply  to  a  limited  extent  in  the 
case  of  a  varying  compressive  stress,  but,  since  short  pieces  of  a 
ductile  material  have  no  ultimate  strength  in  compression  and 
pieces  of  moderate  length  fail  when  the  stress  intensity  is  at,  or 
near,  the  yield  point  (Art.  11),  the  effect  of  a  varying  stress  on  the 
point  of  failure  is  not  so  marked  as  in  the  case  of  a  varying  stress 
in  tension. 

When  a  piece  is  subjected  to  a  load  which  varies  in  such  a  man- 
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ner  that  the  stress  continually  fluctuates  from  a  maximum  value 
in  tension  to  a  maximum  value  in  compression,  and  vice  versa,  it 
will  fail  ultimately  at  a  lower  maximum  stress  than  when  sub- 
jected to  varying  stress  in  tension  or  compression  alone.  The  effect 
of  the  continual  reversal  of  stress  is  much  more  severe  than  that 
due  to  the  variation  of  one  kind  of  stress  and,  if  the  variation  is 
repeated  long  enough,  failure  will  frequently  occur  when  the  greater 
of  the  two  maximum  stress  intensities  is  considerably  below  the 
elastic  limit  of  the  material,  determined  in  the  usual  way. 

Most  of  the  experimental  investigation  of  the  effect  of  this  kind 
of  a  varying  stress  has  been  made  by  bending  pieces  back  and  forth, 
either  directly  or  by  rotating,  as  a  shaft,  under  a  constant  load.  In 
the  latter  case,  as  will  be  shown  later,  the  maximum  intensities  of 
the  alternate  tensile  and  compressive  stresses  are  always  the  same. 

While  the  effect  of  a  continual  reversal  of  stress  by  bending  is 
probably  not  exactly  the  same  as  that  due  to  subjecting  a  piece 
to  uniform  tensile  and  compressive  stresses  alternately,  the  results 
obtained  by  the  former  method  are  of  much  greater  practical 
value  than  those  that  might  be  obtained  by  the  latter,  and  our 
conclusions  in  regard  to  the  effect  of  continually  reversing  stresses 
are  based  on  the  results  of  experiments  with  pieces  subjected  to 
repeated  bending. 

As  in  the  case  of  a  varying  stress  of  one  kind,  it  may  be  said 
that  the  number  of  repetitions  of  the  variation  required  to  produce 
fracture  increases  as  the  maximum  stress  intensity  is  decreased, 
until  a  stress  is  reached  at  which  an  indefinite  number  of  repeti- 
tions fails  to  produce  fracture;  also,  if  the  alternate  maximum 
intensities  of  the  tensile  and  compressive  stresses  are  not  the  same, 
the  greatest  stress  at  which  a  piece  will  stand  an  indefinite  number 
of  repetitions  is  higher  than  when  the  two  maximum  intensities 
are  equal. 

Fatigue.  —  The  cause  of  failure  under  varying  stresses  when  the 
greatest  stress  intensity  is  considerably  below  the  ultimate  strength 
of  the  material  has  been  ascribed  to  the  fatigue  of  the  material  under 
repeated  or  varying  stress.  Investigations  have  been  made  to 
determine  the  nature  of  this  fatigue,  that  is,  the  change  in  the 
structure  of  the  material  under  repeated  stress,  but  the  results  of 
these  will  not  be  discussed  here. 

The  conditions  under  which  a  varying  stress  is  applied,  as  well 
as  the  nature  and  the  amount  of  the  variation,  have  a  considerable 
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effect  upon  the  stress  intensity  at  which  failure  occurs.  Thus, 
the  rate  of  the  fluctuation  of  the  stress  will  have  an  influence,  the 
maximum  stress  intensity  at  failure  being  somewhat  lower  for  the 
same  amount  of  variation  when  the  rate  is  rapid  than  when  it  is 
slow.  If  there  is  a  sudden  change  in  the  size  or  shape  of  the  cross 
section  of  the  piece  the  maximum  stress  intensity  at  failure  will  be 
considerably  lower  than  when  the  section  is  uniform  throughout. 

Certain  formulas  of  an  empirical  nature  have  been  proposed  to 
represent  the  value  of  the  maximum  stress  intensity  at  failure 
under  different  conditions  of  varying  stress,  in  terms  of  the  ulti- 
mate strength  of  the  material  and  the  range  of  the  variation  of 
the  stress.  On  account  of  the  number  of  different  conditions 
which  have  an  influence  on  the  stress  at  failure,  such  formulas  are 
of  little  practical  value  and,  as  experimental  data  sufficient  to  com- 
pletely verify  them  is  lacking  also,  they  will  not  be  quoted  here. 

As  previously  stated,  the  object  of  the  foregoing  discussion  has 
been,  not  to  quote  values  which  might  be  suitable  to  use  in  certain 
specified  cases,  but  to  emphasize  the  fact  that  under  a  varying  or 
repeated  stress  a  piece  will  fail  at  a  much  lower  stress  intensity 
than  its  ultimate  strength  under  a  static  load;  and  that  the  nature 
and  the  amount  of  the  fluctuation  in  stress,  as  well  as  the  condi- 
tions under  which  it  occurs,  will  have  a  decided  influence  on  the 
maximum  stress  intensity  which  a  piece  will  stand  an  indefinite 
number  of  repetitions. 

20.  Working  Strength.  —  Factor  of  Safety.  —  The  working 
strength  is  the  maximum  intensity  of  stress  to  which  a  member  of 
a  machine  or  structure  may  be  subjected  without  exceeding  the 
limits  of  safety.  The  term  is  applied  to  any  of  the  simple  stresses, 
tension,  compression  or  shear. 

The  factor  of  safety  is  the  ratio  between  the  breaking  strength 
under  a  static  load  and  the  value  assigned  for  the  working  strength. 
Its  value  depends  on  the  conditions  under  which  a  piece  is  sub- 
jected to  stress  and  may  be  as  low  as  2  or  3,  or  as  high  as  20  or 
more. 

The  working  load  is  the  load  required  to  produce  a  maximum 
stress  intensity  in  a  member  equal  to  the  working  strength.  The 
term  is  used  in  the  case  of  any  of  the  three  simple  stresses  and,  also, 
as  we  shall  see  later,  is  applied  to  the  load  required  to  produce  a 
maximum  stress  intensity  equal  to  the  working  strength  in  a  piece 
subjected  to  a  complex  stress. 
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The  working  resilience  is  the  resilience  of  a  piece  under  its 
working  load. 

The  determination  of  the  proper  value  of  the  factor  of  safety 
is  one  of  the  most  important  questions  with  which  the  engineer 
has  to  deal.  While  it  is  comparatively  easy,  by  assigning  small 
values  to  the  working  strength,  to  make  any  piece  strong  enough 
to  bear  any  load  to  which  it  may  be  subjected,  economy  in  the 
use  of  material  and  in  the  cost  of  a  structure  demand  that  the 
working  strength  shall  be  as  high  as  proper  considerations  of 
safety  will  admit. 

Hence,  in  the  light  of  the  discussion  in  this  chapter,  the  value 
of  the  working  strength  for  a  given  member  will  depend  on 
whether  the  piece  is  to  be  subjected  to  a  constant  or  a  varying  load 
and,  if  the  latter,  on  the  amount  and  rapidity  of  the  variation,  on 
the  liability  to  shock,  and,  to  a  certain  extent,  on  the  form  of  the 
member. 

A  satisfactory  answer  to  the  question  as  to  what  value  to  use, 
in  any  particular  case,  must  be  based  on  a  thorough  knowledge 
of  the  properties  of  the  material  of  which  the  member  is  com- 
posed and  the  results  of  long  experience  with  its  use  under 
different  conditions  in  practice.  While,  in  a  large  number  of 
cases  with  which  the  engineer  has  to  deal,  such  data  has  been 
compiled  in  forms  which  require  only  a  brief  reference  in  order  to 
obtain  proper  values  for  the  working  strength  under  different 
conditions,  new  problems  are  constantly  arising,  in  the  solution  of 
which  the  engineer  is  thrown  largely  upon  his  own  judgment  and 
resources. 

21.  Problems — Physical  Properties  of  Materials. 

Problem  1. 

From  a  tensile  test  of  a  steel  bar,  1"  diam.,  the  following  data  were  obtained: 

Maximum  load 64,000  lbs. 

Load  at  elastic  limit 38,000  lbs. 

Elongation  in  a  length  of  8"  between  loads  of  2000  lbs. 

and  30,000  lbs 0.0096" 

Total  elongation  in  8"  at  fracture 1.70" 

Average  diameter  of  smallest  section  at  fracture  .    .    .  0.72" 

Find  the  breaking  strength,  the  elastic  limit,  the  modulus  of  elasticity,  the 
percentage  of  ultimate  elongation  in  8",  the  percentage  of  the  reduction  of 
area. 
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Given  a  factor  of  safety  of  5,  find  the  working  load,  the  working  strength, 
the  working  elongation  and  resilience  in  a  section  5  ft.  in  length. 

Solution. — 

/  x   u     i  •       ±      _i.v       breaking  load       64,000      0,  _„ ,. 

(a)  Breaking  strength  -  ^^^  ^^  -  ^  -  81,600  lbs.  per  Bq.  in. 

-v   „,    ,.  ,.    ..       load  at  elastic  limit      38,000      i0inA1, 

(b)  Elastic  limit  = — — 5 -. —  niomA  ■  48,400  lbs.  per  sq.  in. 

onginal  section  0.7854  '  *     ^ 

/  \   »*  j  1   '   t  1  _*•  -x        stress  intensity 

(c)  Modulus  of  elasticity  ■» 7 — : • 

strain 

The  elongation  in  8",  produced  by  increasing  the  load  from  2000  lbs.  to 
30,000  lbs.,  is  0.0096",  hence 

E  -  £  -  0.£mS  0.<£)96  -  29'700'000  lb8'  P» "»•  "• 

(d)  Percentage  elongation. 

The  percentage  elongation  in  8"  will  be  equal  to 

1  7 

£7:  X  100  -  21.3  per  cent. 

o.U 

(e)  Percentage  reduction  of  area: 

Area  of  1.00"  circle  =  0.7854  sq.  in.  -  original  section 
Area  of  0.72"  circle  =  0.4072  sq.  in.  —  fractured  section 

Difference  =  0.3782  sq.  in.  =  reduction  of  area. 

Hence,  the  percentage  reduction  of  area  will  be  equal  to 

£!£f?  X  i00  =  48.2  per  cent. 

U.7o04 

/*\  x«r    1  •      \    a       breaking  load        64,000      loonrt„ 

(f)  Workmg  load  -  fM  q{  ^  -  -g-  -  12,800  lbs. 

(g)  Working  strength  =  Jg^^g^  -  J^gj  - 16,300  lbs.  per  sq.  m. 

or, 

w    ,.       .        .,       breaking  strength      81,500      1ftOAAlu 

Working  strength  =»    -         °f — Tt~  =  — 5 —  *"  ^'^OO  lbs.  per  sq.  in.. 

(h)  Working  elongation  =  working  strain  X  length. 

tit    1  •       *    •  working  strength  16,300         nnftrt... 

Workmg  stram  -  moduhM^dMg^y  -  89,700000  "  0000549' 

hence, 

Working  elongation  =  0.000549  X  60  =  0.0329  in. 

It  is  evident,  in  this  case,  that  the  working  elongation  may  also  be  found  by 
direct  proportion. 

(i)  Resilience. 

Since  the  load  is  gradually  applied,  the  resilience  produced  by  the  working 
load  will  be  equal  to 

R  -  working load  x  working  elongation  -  X-^~  X  0.0329  »  211  in.  lbs. 


m 
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Problem  2. 

From  a  tension  test  of  a  steel  bar  2"  diam.,  the  following  data  were  obtained: 


248,000  lbs. 
160,000  lbs. 

0.0112  in. 
1.76  ins. 
1.60  ins. 


Maximum  load      

Load  at  elastic  limit     

Elongation  in  a  length  of  8"  between  loads  of  4000  lbs. 

and  136,000  lbs 

Total  elongation  in  8"  at  fracture 

Average  diameter  of  smallest  section  at  fracture     .    . 

Find  the  breaking  strength,  the  elastic  limit,  the  modulus  of  elasticity,  the 
percentage  elongation  in  8",  the  percentage  reduction  of  area. 

If  the  factor  of  safety  equals  5,  find  the  working  load,  the  working  elongation, 
and  the  working  resilience  for  a  length  of  10  ft. 

What  suddenly  applied  load  will  produce  a  stress  in  the  bar  equal  to  the 
working  strength? 

Problem  8. 

Find  the  working  load  in  tension  for  a  steel  eye  bar,  20  ft.  long,  of  rectangu- 
lar cross  section  }"  X  5".  Find  the  resilience  of  the  bar  at  this  load.  Assume 
working  strength  of  steel  in  tension  =  15,000  lbs.  per  sq.  in.  and  E  =  29,000,000 
lbs.  per  sq.  in. 

Problem  4. 

Find  the  safe  axial  load  for  a  cast-iron  column  15  ft.  long,  of  the  cross  section 
shown  (Fig.  14) :  also  find  the  total  amount  the  column  will  shorten  under  the 
load. 

Assume  the  breaking  strength  of  a  cast-iron  column  =  30,000  lbs.  per  sq.  in., 
factor  of  safety  ■  6,  E  =  14,000,000  lbs.  per  sq.  in. 


J 

t 

15000 

B 

c 

]' 


Fig.  14. 


15000 

Fig.  15. 


Problem  6. 

A  straight  steel  bar,  1}"  diameter  and  10  ft.  long  is  held  rigidly  at  the  ends 
so  that  its  length  remains  constant  during  a  change  of  temperature  from  80°  F. 
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to  40°  F.    If  the  stress  in  the  bar  is  zero  at  80°  find  the  total  pull  exerted  when 
the  temperature  is  40°. 

Assume  the  coefficient  of  linear  expansion  of  steel  =»  0.0000067  per  degree 
Fahrenheit  and  E  =  28,000,000  lbs.  per  sq.  in. 

Problem  6. 

A  weight  of  40  lbs.  is  hung  on  a  steel  wire,  0.05"  diam.  and  20  ft.  long. 
Find  the  elongation  and  resilience  of  the  wire  under  this  load.  If  the  tempera- 
ture falls  10°  F.  after  the  weight  is  hung  on  the  wire  find  the  total  change  in 
length.  Assume  E  =  30,000,000  lbs.  per  sq.  in.  and  the  coefficient  of  linear 
expansion  =  0.0000062  per  degree  Fahrenheit. 

Problem  7. 

Two  bars  of  steel  A  and  B,  each  }"  diam.,  and  a  bar  of  copper  C,  1" 
diam.,  are  fastened  together  as  shown  (Fig.  15)  and  subjected  to  a  total 
load  of  15,000  lbs.  The  bars  are  each  30"  long.  Find  the  intensity  of  the 
tensile  stress  and  the  total  elongation  in  each  bar,  assuming  that  the  bars 
elongate  equally. 

Assume  E  =  28,000,000  lbs.  per  sq.  in.  for  steel  and  E  «  15,000,000  lbs. 
per  sq.  in.  for  copper. 

Problem  8. 

Find  the  elongation  in  a  straight  bar  of  steel  50  ft.  long  due  to  its  own  weight 
when  suspended  in  a  vertical  position  from  its  upper 

end.    Assumed- 28,000,000  lb8.  per  8q.  in.  and  the    ^f^Y™*™* 
weight  of  steel  =  0.28  lb.  per  cu.  in. 


Solution.  —  Assume  the  origin  at  the  lower  end  of 
the  bar  (Fig.  16)  and  let  I  -  the  length  of  the  bar 
(ins.);  A  =  area  of  cross  section  (sq.  ins.);  w  =  the 
weight  of  the  material  per  cubic  inch;  E  =  the  mod- 
ulus of  elasticity  of  the  material;  p  =  the  intensity 
of  stress  on  any  cross  section;  a  =  total  elongation 
of  the  bar. 

Then,  the  intensity  of  the  stress  at  any  section,  at 
a  distance  x  from  the  lower  end,  will  be 


T 
i. 


Fia.  16. 


Awx 


=  wx, 


and  the  corresponding  strain 


«  = 


wx 
E 


The  elongation  in  a  length  dx  will  be 


da=-jjrdx, 


and,  for  the  entire  rod, 


a  =  EJ0xdx  =  2B' 
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Substituting  the  values  of  w,  I  and  E,  in  this  equation,  we  obtain 

rr  *  i    i        *•  28X50X50X12X12      nnmQ. 

Total  elongation  -  a  =    100  x  2  X  28,000,000  '  "  00018  m' 

Note.  —  The  problem  might  be  solved  by  finding  the  average  strain  and 
multiplying  it  by  the  total  length  of  the  rod,  as  follows: 
The  average  stress  intensity  will  be 

28  X  50  X  12      j^., 

100x2      "  w  lbs-  P^  *!•  m- 

The  average  strain  will  be 

84  3 


28,000,000      1,000,000 

Hence,  the  total  elongation  in  50  ft.  is  equal  to 

o  X  50  X  12       ~  /w\io  • 
„  ^^  ~w*     =  0.0018  in. 
1,000,000         vwxo  "*• 

Problem  9. 

A  straight  steel  bar  10  ft.  long,  of  rectangular  cross  section,  varying  uniformly 
from  1"  X  2"  at  one  end  to  1"  X  4"  at  the  other,  is  subjected  to  an  axial  load 
of  25,000  lbs.  Find  the  total  elongation  of  the  bar,  assuming  E  =  30,000,000 
lbs.  per  sq.  in.    Find  the  resilience  of  the  bar  at  this  load. 

Problem  10. 

A  round  bar  of  steel,  5  ft.  long,  which  is  2"  diameter  for  a  length  of  3  ft.  at 
the  center  and  1"  for  a  length  of  1  ft.  at  each  end,  is  subjected  to  an  axial  load 
of  12,000  lbs.  Find  the  resilience  of  the  bar  at  this  load.  Assume  E  ■■ 
28,000,000  lbs.  per  sq.  in. 

Compare  this  value  with  that  for  a  bar  of  steel,  5  ft.  long  and  1"  diameter 
throughout,  when  subjected  to  the  same  load. 

Problem  11. 

A  steel  tube  0.5"  thick  is  fitted  loosely  on  a  solid  cast-iron  cylinder,  4" 
diameter.  The  length  of  both  tube  and  cylinder  is  25".  If  the  whole  is  sub- 
jected to  an  axial  load  in  compression  of  100,000  lbs.,  find  the  intensity  of  the 
compressive  stress  in  the  steel  and  in  the  cast  iron.  Assume  that  the  strains 
in  both  cast  iron  and  steel  in  the  direction  of  the  axis  of  the  cylinder  are  equal 
and  that  E  =  30,000,000  lbs.  per  sq.  in.  for  steel  and  E  =  14,000,000  lbs.  per 
sq.  in.  for  cast  iron. 

Problem  12. 

A  solid  cylinder  of  concrete,  8"  diameter  and  24"  long,  is  subjected  to  an 
axial  load  in  compression  of  30,000  lbs.  Find  the  maximum  intensity  of  the 
compressive  stress  at  any  point  in  the  middle  portion  of  the  cylinder. 

Find  the  amount  the  cylinder  is  shortened  if  E  »  3,000,000  lbs.  per  sq.  in. 


CHAPTER  II. 

ANALYSIS  OF  STRESS  AND  STRAIN. 

§  1.    Stress. 

22.  Analysis  of  Stress.  —  Stress  has  been  defined  (Art.  3)  as 
the  force  which  is  exerted  at  a  section  of  a  body,  the  section  being 
either  plane  or  curved,  and  being  taken  either  through  the  body 
itself,  or  forming  the  boundary  surface  with  a  contiguous  body. 
A  stress  at  any  section  of  a  body  may  usually  be  considered  to  be 
due  to  the  action  of  external  forces;  but  it  may  also  be  due  to 
internal  forces,  such  as  magnetic,  or  gravitational,  attractions  be- 
tween the  particles  of  a  body,  and  to  the  forces  between  the 
particles  due  to  unequal  expansion,  or  contraction,  of  its  parts 
caused  by  temperature  changes.  Having  defined  the  three  simple 
stresses  and  shown  that  the  stress  on  any  plane  section  can  always 
be  resolved  into  normal  and  shearing  components  (Art.  3),  we  will 
now  have  occasion  to  use  the  term  stress  in  a  still  broader  sense, 
which  is  usually  embodied  in  the  expression  stress  at  a  point. 

Whenever  the  term  intensity  of  stress  at  a  point  is  used,  some 
plane  passing  through  the  point  is  always  understood.  Since  an 
infinite  number  of  planes  can  be  passed  through  any  given  point 
and  the  stress  intensity  on  each  of  these  planes  may  be  a  different 
quantity,  the  stress  at  the  point  can  be  fully  determined  only 
when  the  resultant  stress  intensity  on  every  plane  passing  through 
the  point  is  known.  For  a  complete  determination  of  the  stress 
throughout  a  given  body  the  stress  at  every  point  in  the  body  must 
be  known. 

It  is  convenient  to  consider  two  cases:  (a)  the  case  in  which  the 
resultant  stresses  on  all  planes  passing  through  a  point  are  parallel 
to  a  single  plane;  (b)  the  case  in  which  they  are  not. 

We  shall  confine  our  attention  at  present  to  the  first  case. 

23.  Plane  Stress.  —  When  the  resultant  stresses  on  all  planes 

passing  through  a  given  point  in  a  body  are  parallel  to  a  single 

plane  the  body  is  said  to  be  subjected  to  plane  stress  and  the  plane 

to  which  the  stresses  are  parallel  may  be  called  the  plane  of  stress. 
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In  such  a  case  the  stress  on  any  plane  section,  which  is  perpendicu- 
lar to  the  plane  of  the  stress,  may  in  general  be  resolved  into  a 
normal  and  a  shearing  component  which  are  both  parallel  to  that 
plane. 

We  shall  now  deduce  certain  relations  between  the  stress  in- 
tensities on  the  different  planes  passing  through  a  given  point  in  a 
body  subjected  to  plane  stress  and  will  show  that  the  stress  at  any 
point  is  fully  determined  when  the  stress  intensities  on  any  two 
planes  passing  through  the  point  and  perpendicular  to  the  plane 
of  stress  are  known.  In  each  case  the  Z  plane  is  taken  as  the  plane 
of  stress  and  the  X  and  Y  planes  are  any  two  planes  at  right 
angles  to  each  other,  passing  through  any  point  0,  which  are  per- 
pendicular to  the  plane  of  stress. 

We  shall  adopt  the  following  notation: 

n»  =  the  intensity  of  the  normal  stress  component  on  the  X 

plane  at  the  point  0, 
8»  =  the  intensity  of  the  shearing  stress  component  on  the  X 

plane  at  the  point  0, 
px  =  the  intensity  of  the  resultant  stress  component  on  the  X 

plane  at  the  point  0, 
riy  =  the  intensity  of  the  normal  stress  component  on  the  Y  plane 

at  the  point  0, 
8y  =  the  intensity  of  the  shearing  stress  component  on  the  Y 

plane  at  the  point  0, 
fa  =  the  intensity  of  the  resultant  stress  component  on  the  Y 

plane  at  the  point  0, 
n»  =  the  intensity  of  the  normal  stress  component  on  the  A 

plane  at  the  point  0, 
sa  =  the  intensity  of  the  shearing  stress  component  on  the  A 

plane  at  the  point  0, 
pa  =  the  intensity  of  the  resultant  stress  component  on  the  A 

plane  at  the  point  0, 

where  the  A  plane  is  any  plane  through  0,  perpendicular  to  the 
Z  plane,  the  normal  to  which  makes  an  angle  a  with  the  axis  OX 
and  an  angle  0  with  the  axis  OY. 

A  normal  component  or  a  shearing  component  will  be  considered 
positive  when  the  vector  representing  the  stress  intensity  on  the  posi- 
tive side  of  any  plane  is  directed  positively  along  the  axis  which  is 
normal  to  the  plane. 
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24.  Relation  of  Intensities  of  Shearing  Stress  on  the  X  and  T 
Planes.  —  Let  the  X  and  Y  planes  (Fig.  17)  be  any  two  planes 
at  right  angles  passing  through  any  point  0  of  a  body  in  equilib- 
rium under  plane  stress  parallel  to  the  Z  plane.  Consider  a  small 
rectangular  prism  Oabc,  three  faces  of  which  are  bounded  by  the 
X,  Y,  Z  planes.  Assume  that  the  dimensions  Oa  and  Oc  are  so 
small  that  the  stress  intensities  on  opposite  parallel  faces  may  be 
considered  equal  and  uniform  and  that  the  third  dimension  of  the 
prism  is  unity.  Such  a  prism,  being  a  small  portion  of  the  entire 
body  which  is  under  stress,  must  be  in  equilibrium  under  the 
stresses  acting  on  its  six  faces.  Since  the  stresses  on  the  opposite 
faces  are  equal  and  uniform,  the  normal  components  will  balance; 
the  shearing  components  on  the  faces  Oc  and  ab  will  form  a  couple 
whose  moment  is  equal  to  —  a,  (Oc)  (Oa);  and  the  shearing  com- 


ponents on  the  faces  Oa  and  be  will  form  a  couple  whose  moment 
is  sv  (Oa)  (Oc).  To  maintain  equilibrium  these  couples  must 
balance  and  hence 

8y  (Oa)  (Oc)  -  sx  (Oc)  (Oa)  =  0, 


U«#  =s  o*» 


Therefore,  the  intensities  of  the  shearing  components  of  the 
stresses  on  the  X  and  Y  planes,  through  any  point  of  a  body 
subjected  to  plane  stress  parallel  to  the  Z  plane,  are  equal. 

25.  Stress  Intensities  on  Different  Planes  through  a  Point  in 
a  Bar  Subjected  to  Uniform  Tension.  —  Let  Fig.  (18)  represent  a 
bar  subjected  to  a  uniform  tension  P.    Let  OX  and  OY  be  a  pair 
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of  rectangular  coordinate  axes  through  any  point  0,  the  axis  OX 
coinciding  with  the  central  axis  of  the  bar;  A  =  the  area  of  a 
cross  section  perpendicular  to  OX;  B  =  the  area  of  any  oblique 
section  whose  normal  OB  makes  an  angle  a  with  OX.    Hence, 

Cos  a 

Adopting  the  notation  of  Art.  (23),  we  obtain  for  the  intensity  of 
stress  at  0  on  the  X  plane 

P 

and  for  the  intensity  of  stress  at  0  on  the  oblique  plane,  in  the 
direction  of  the  resultant  P, 

P      P 

Pb  —  jj  =  -r  cos  a  =  n9  cos  a (1) 


X      P 


Resolving  this  resultant  intensity  into  normal  and  shearing  com- 
ponents on  the  oblique  section,  we  have  for  the  normal  component 

(2) 


rib  =  Pb  cos  a  =  nx  cos*  a 


and  for  the  shearing  component 


na 


&b  =  Pb  sin  a  =  nz  sin  a  cos  a  =  -=f  sin  2  a. 


.     (3) 


Equations  (1),  (2)  and  (3)  give  the  values  for  the  resultant 
intensity  of  stress  at  the  point  0,  on  any  oblique  plane  passing 
through  0,  and  its  normal  and  shearing  components  on  that  plane, 
in  terms  of  the  intensity  of  stress  on  the  cross  section  and  the  angle 
between  the  planes. 
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Since  the  tension  is  uniform  the  same  result  might  be  obtained 
by  resolving  the  resultant  force  P  into  two  components,  one 

JV  =  Pcosa, (4) 

normal  to  the  oblique  plane,  and  the  other 

r  =  Psina, (5) 

in  the  oblique  plane.    These  components,  when  divided  by  the 

area  of  the  oblique  section,  will  give  the  same  results  as  equations 

(2)  and  (3). 

When 

a  =  90°,        W6  =  0        and        fik  =  0, 

there  being  evidently  no  stress  on  longitudinal  sections  through 
the  bar. 

26.  Stress  Intensities  on  Different  Planes  through  a  Point  in 
any  Body  Subjected  to  Plane  Stress.  —  Let  OX,  OY  and  OZ  be 
three  coordinate  axes  through  any  point  0,  the  axis  OZ  being 
perpendicular  to  the  plane  of  stress.  Let  OA  be  the  normal  to  any 
plane  through  0,  perpendicular  to  the  Z  plane,  and  let  a  and  0  be 
the  angles  between  OA  and  OX  and  OY,  respectively. 

Assume  that  all  the  stress  components  on  the  X  and  Y  planes 
are  positive  as  shown  (Fig.  19).    Consider  a  small  triangular  prism 


Fig.  19. 


Oab,  bounded  by  the  X,  Y  and  Z  planes,  with  the  face  ab  parallel 
to  the  A  plane.  Let  the  dimensions  Oa9  Ob  and  ab  be  so  small  that 
the  stresses  on  the  faces  of  the  prism  may  be  considered  uniform 
and  the  stress  intensity  on  the  face  ab  equal  to  that  on  the  A  plane. 
Let  the  length  of  the  prism  in  the  direction  OZ  equal  unity.    Since 
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the  intensities  of  the  shearing  stresses  on  the  X  and  Y  planes  are 
equal  (Art.  24),  we  may  write 

&x  =  8y  =  S«f  j 

where  s^,  =  the  shearing  intensity  on  either  the  X  or  the  Y  plane. 
It  is  evident  that  the  intensity  of  the  resultant  stresses  on  the  X 
and  Y  planes  will  be  respectively  equal  to 

Vz  =  Vnx2  +  s*,2 
and  Vv  —  Vn„2  +  8„,2. 

Since  the  prism  Oab  is  in  equilibrium  under  the  stresses  on  its  faces 
we  may  deduce  the  relations  between  na,  8a  and  pa,  the  normal, 
shearing  and  resultant  intensities  of  the  stress  on  the  face  ab,  and 
the  stress  intensities  on  the  X  and  Y  planes  as  follows: 

Resolve  all  the  stress  components  on  the  faces  of  the  prism  into 
components  parallel  and  perpendicular  to  OA.  Since  the  algebraic 
sum  of  the  components  in  the  two  directions  will  equal  zero, 

na  (ab)  =  nx  (Ob)  cos  a  +  rty  (Oa)  sin  a  +  8S  (Ob)  sin  a 

+  «y  (Oa)  cos  a, 

«o  (ob)  =  rc»  (Oa)  cos  a  —  n»  (06)  sin  a  —  ay  (Oa)  sin  a 

+  8*  (06)  cos  a. 

Substituting  Oa  =  (ab)  sin  a,  06  =  (ab)  cos  a,  8*  =  *y  =  $„,,  and 
eliminating  (a6),  we  obtain 

fto  =  nx  cos2  a  +  riy  sin2  a  +  2  8^  sin  a  cos  a,      .     .     .     (1) 
8a  =  (n?  —  nx)  sin  a  cos  a  +  8^  (cos2  a  —  sin2  a) 

=  -^ — ?sin2a  +  8„,cos2a (2) 

The  resultant  stress  intensity  on  (ab)  will  evidently  be  equal  to 

Pa  =  V^T^2, (3) 

from  which  equation  its  value  in  terms  of  the  stress  intensities  on 
the  X  and  Y  planes  might  be  obtained  by  substitution. 

The  value  of  pa  in  terms  of  these  stress  intensities  may  be  ob- 
tained more  directly,  however,  by  the  addition  of  the  stress  com- 
ponents on  the  prism  Oa6,  acting  in  the  directions  of  the  X  and  Y 
axes.  Thus,  if  we  resolve  the  resultant  stress  intensity  on  the  face 
(ab)  into  a  component  E  in  the  direction  OX  and  a  component  F  in 
the  direction  0Y9  we  shall  have 

E  (ab)  =  n,  (06)  +  8,  (Oa) 
and  F  (a6)  =  n,  (Oa)  +  8,  (06). 
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Eliminating  (oft),  (06)  and  (Oa),  as  before,  we  obtain 

E  =  nx  cos  a  +  s„  sin  a, (4) 

F  =  n^  sin  a  +  s*  cos  a (5) 

Therefore, 

pa  =  VEP  +  F2  =  VK^xCosa  +  s„sina)2 

+  (ny  sin  a  +  sx  cos  a)2], 
which  easily  reduces  to 

pa  =  v^Wx2cos2a  +  ny2sin2a  +  2Sxy(nx  +  ny)sinacosa  +  s*y2].    (6) 

The  expressions  (1),  (2)  and  (6)  give  the  intensities  of  the  normal, 
shearing  and  resultant  stresses  on  any  plane,  whose  normal  makes 
an  angle  a  with  the  axis  OX,  in  terms  of  the  intensities  of  the  nor- 
mal and  shearing  stresses  on  the  X  and  Y  planes. 

27.  Planes  on  Which  there  is  no  Shear.  —  If  we  put  equation 
(2)  (Art.  26)  equal  to  zero  and  solve  for  the  value  of  2  a  we  shall 
obtain 

=  tan  2  a (1) 


2  Sry         sin  2  a 


nx  —  n^      cos  2  a 

Since  tan  2  a  may  have  any  value  between  +  oo  and  —  oo ,  the  so- 
lution of  this  equation  will  give  real  values  for  2  a  for  all  possible 
values  of  n^,  nx  and  s*y.  Moreover,  for  every  value  of  tan  2  a 
there  are  a  series  of  values  of  2  a,  differing  by  180°,  and  hence  in 
every  case  the  solution  of  equation  (1)  will  give  two  or  more  values 
of  a,  differing  by  90°.  Therefore,  at  every  point  of  a  body  sub- 
jected to  plane  stress  there  are  two  planes  passing  through  the 
point  at  right  angles,  perpendicular  to  the  plane  of  stress,  on  which 
there  is  no  shearing  stress. 

28.  Principal  Stresses.  —  Ellipse  of  Stress.  —  The  planes  of 
no  shear  (Art.  27)  are  called  principal  planes  of  stress  and  the 
stresses  on  these  planes  are  called  principal  stresses.  We  shall  now 
show  that,  at  any  given  point  in  a  body  subjected  to  plane  stress, 
the  intensity  of  one  of  the  principal  stresses  is  greater  than,  and 
the  intensity  of  the  other  less  than,  the  resultant  stress  intensity 
at  that  point  on  any  other  plane  passing  through  it. 

In  this  case  we  will  let  the  X  and  Y  planes  represent  the  principal 
planes  of  stress  at  the  point  0  (Fig.  20).  The  expression  for  the 
resultant  stress  intensity  on  any  other  plane  through  0  may  then 
be  obtained  by  substituting  «xy  =  0  in  equation  (6)  (Art.  26),  which 
gives 

Pa  =  (nx2  cos2  a  +  rty2  sin2  a)* (1) 
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It  is  evident  from  the  construction  (Fig.  20)  that  the  vector  OM, 
representing  the  intensity  of  the  resultant  stress  pa  on  the  A  plane, 
is  a  semi-diameter  of  an  ellipse  whose  semi-major  and  semi-minor 
axes  coincide  with  OY  and  OX  and  are  equal  respectively  to  tiy  and 


Fig.  20. 


nx.  That  the  point  M  is  on  an  ellipse,  constructed  as  indicated, 
may  also  be  shown  by  the  following  simple  proof.  Let  the  co- 
ordinates of  M  be  x  =  Oa  and  y  =  Ob.  It  is  then  evident  from 
equation  (1)  that 

x  —  nx  cos  a 

and  y  =  n„  sin  a. 


Hence 


and 


a? 

— s  =  cos2  a 


2 


-2-5  =  sin2  a. 


(2) 


which  is  the  equation  of  the  ellipse  shown  in  the  figure. 

Ellipse  of  Stress.  —  The  ellipse  just  described  is  known  as  the 
ellipse  of  stress,  and  whenever  a  body  is  subjected  to  plane  stress, 
the  stress  intensities  on  all  planes  through  any  point  which  are 
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perpendicular  to  the  plane  of  stress  are  represented  by  semi- 
diameters  of  the  ellipse  of  stress  at  that  point. 

It  is  therefore  evident  that  the  intensity  of  one  of  the  principal 
stresses  at  any  point  is  greater  than,  and  of  the  other  less  than,  the 
stress  intensity  on  any  other  plane  through  the  point. 

29.  Stress  Components  on  any  Plane  in  Terms  of  the  Principal 
Stresses.  —  Let  the  X  and  Y  planes  be  the  principal  planes  of 
stress  at  any  point  0,  the  stress  intensities  on  these  planes  being 
ns  and  n„,  respectively.  Let  OA  be  the  normal  to  any  other  plane 
through  0,  perpendicular  to  the  Z  plane.  Substituting  sw  =  0  in 
equations  (1),  (2)  and  (6)  (Art.  26),  we  obtain  the  expressions 
for  the  normal,  shearing  and  resultant  stress  intensities  on  the  A 
plane, 

na  =  n,cos*a  +  n„sin2a, (1) 


riy  —  n 
2~~ 

and  pa  =  (n*2cos2a  -h  n„2sin2a)*, (3) 


sa  =  (fly  —  ns)  sin  a  cos  a  =  -?L^ — -  sin  2  a,      .     .     (2) 


pa  being  represented  by  the  vector  OM  (Fig.  20). 

The  angle  6,  between  OM  and  the  axis  OX,  may  be  determined 
from  the  expressions 

-       Oa      nxco&a  ,,x 

""-m—jr (4) 

.    _       06       ru  sin  a  /ev 

*n6=0M=K (5) 

The  angle  4>a  =  6  —  a,  between  OM  and  the  normal  OA,  is 
called  the  angle  of  obliquity  of  the  stress  on  the  A  plane.  The 
magnitude  of  <f>a  will  change  as  a  varies,  its  value  being  zero  when 
a  =  0°,  or  90°,  and  a  maximum  for  some  intermediate  value 
of  a. 

In  a  similar  manner,  by  substituting  (90°  +  a)  for  a,  we  obtain 
the  expressions  for  the  normal,  shearing  and  resultant  stress  in- 
tensities on  the  B  plane,  at  right  angles  to  the  A  plane, 

rib  =  nx  sin2  a  +  riy  cos2  a, (6) 

8b  =  (nx  —  riy)  sin  a  cos  a, (7) 

Pb  =  (n»2  sin2  a  +  n„2  cos2  a)*,    ....     (8) 

Pb  being  represented  by  the  vector  0N\  (Fig.  20). 
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Adding  (1)  and  (6)  and  reducing  we  have 

na"\"  fib  =  Ux  +  Wy- 


(9) 


That  is,  the  sum  of  the  normal  intensities  of  stress  on  all  pairs  of 
planes  at  right  angles,  passing  through  any  point  0  and  perpendicular 
to  the  plane  of  stress,  is  a  constant. 

30.  Equal  Principal  Stresses.  —  If  the  intensities  of  the  prin- 
cipal stresses  at  any  point  in  a  body  subjected  to  plane  stress  are 
equal  in  magnitude,  the  ellipse  of  stress  becomes  a  circle;  and  it 
follows  that  the  resultant  stress  intensities  on  all  planes,  passing 
through  the  point  and  perpendicular  to  the  plane  of  stress,  are  equal. 
Two  cases  may  arise:  (a)  When  the  principal  stresses  are  both  of 
the  same  sign;  (b)  when  the  principal  stresses  are  of  opposite  signs. 

(a)  In  this  case  n*  =  riy  and  equations  (1),  (2),  (3),  (4)  and  (5) 
(Art.  29)  reduce  to 

na  =  ns, (1) 

(2) 
(3) 
(4) 
(5) 

respectively;  which  shows  that  when  the  principal  stresses  at  any 
point  are  equal  and  of  the  same  sign,  the  stresses  on  all  planes 
through  that  point,  perpendicular  to  the  plane  of  stress,  are  normal 
and  of  the  same  intensity.  This  is  evidently  true  when  both 
principal  stresses  are  negative  as  well  as  when  both  are  positive. 

(b)  In  this  case  ns  =  —  rty  and  equations  (1),  (2),  (3),  (4)  and 
(5)  (Art.  29)  become 

na  =  ns  (cos2  a  —  sin2  a)  =  ns  cos  2  a,     ...  (6) 

sa  =  —2  nx  sin  a  cos  a  =  —  nx  sin  2  a,      ...  (7) 

Pa  =  nx, (8) 

cos  6  =  cos  a, (9) 

sin0  =  —sin  a, (10) 


Sa 

= 

0,     , 

Va 

= 

nx, 

COS0 

= 

COS  a, 

sin0 

= 

sm  a, 

respectively;  which  shows  that  when  the  principal  stresses  at  any 
point  are  equal  in  magnitude  and  of  opposite  sign,  the  resultant 
stress  intensities  on  all  planes  through  that  point,  perpendicular  to 
the  plane  of  stress,  are  equal,  and  the  resultant  stresses  on  all  but 
principal  planes  are  oblique. 

Equations  (9)  and  (10)  show  that  the  angle,  which  the  vector 
representing  the  resultant  stress  on  the  A  plane  makes  with  the  axis 
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OX,  is  of  the  same  magnitude  and  of  the  opposite  sign  to  that 
which  the  normal  OA  makes  with  OX. 

Equation  (6)  shows  that  when  the  angle  between  the  normal  to 
the  plane  and  the  axis  OX  is  45°  the  normal  stress  component  is 
zero,  the  resultant  stress  on  this  plane  being  a  shearing  stress  of 
the  same  intensity  as  the  principal  stresses.  The  intensity  of  this 
shearing  stress  is  evidently  a  maximum  (Art.  31). 
31.  Planes  of  Maximum  Shear  and  of  Maximum  Obliquity* 
Planes  of  greatest  shear.  —  An  inspection  of  equations  (2)  and 
(7)  (Art.  29)  will  show  that  when  a  is  equal  to  =fc  45°,  180°  ±  45°, 
etc.,  the  shearing  stress  intensities  on  the  A  and  B  planes  will 
become  equal  to 

*„  =  ±2^=_^ (i) 


and 


fix   —   Uy 


^=±'^—12!; (2) 

that  is,  the  shearing  stress  intensities  on  the  two  planes,  making 
angles  of  45°  with  the  planes  of  principal  stress  through  a  point, 
are  greater  than  the  shearing  stress  intensities  on  any  other  planes 
passing  through  the  point. 

If  positive  directions  are  assumed  along  the  axes  OA  and  OB 
and  vectors,  representing  sa  and  s&,  are  laid  off  along  the  A  and  B 
planes,  in  accordance  with  the  signs  given  by  the  solution  of  (1) 
and  (2),  the  relation  between  the  shearing  stress  intensities  on 
any  two  planes  at  right  angles  (Art.  24)  will  be  fulfilled  in  every 
case. 

If  we  compare  equations  (1)  and  (6)  (Art.  29),  it  will  be  evident 
that  when  a  =  45°,  or  135°, 

nx  +  riy 
na  =  fib  = 5 — » 

that  is,  the  normal  components  of  the  stresses  on  the  planes  of 
maximum  shear  are  always  equal  and  of  a  magnitude  equal  to  the 
mean  of  the  principal  stresses. 
Planes  of  greatest  obliquity.  —  Referring  to  Fig.  20  we  see  that 

•     .       sa        (n«  —  nx)  sin  a  cos  a  /ox 

a]flo  Pa      (nfcoa2a  +  ny*sm2a)* 

sa       (rty  -  nx)  y n  a  cos  a  ,.v 

tan  o  = —  = * — i ^-5 — ,    ....    v*/ 

^      Ua      nxco82a  +  w„sin2a 
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where  nm  and  rty  are  principal  stress  intensities.  To  determine  the 
value  of  a  for  which  0  is  a  maximum  we  may  differentiate  (4), 
place  the  derivative  equal  to  zero  and  substitute  the  value  thus 
obtained  in  (3),  as  follows: 

—  (tan 6)  =  (^  "~  n-)  (cos*"  -  sin2«) 
da  (n*  cos2  a  +  rty  sin2  a) 

(riy  —  nx)  sin  a  cos  a  n  f  *    .  n 

—  -r^ — =-=*-: ■  9    xg2  (n„  — n»)  sin  a  cos  a  =  0. 

(fix  cos2  a  +  ny  sm2  a)2    v  ^ 

Transposing  and  reducing, 
(cos2  a  —  sin2  a)  (n*  cos2  a  +  rty  sin2  a)  =  2  (riy  —  n«)  sin2  a  cos2  a. 

Substituting  cos2  a  =  1  —  sin2  a    and  solving, 

sin2«  =  — J— (5) 

fly   +   71* 

Hence  cos2a  =  1  —  sin2a= — -^ — (6) 

7iy-T  n9 

Substituting  in  (3)  and  letting  4>o  =  the  maximum  value  of  0, 

.  \7iy-|-ng/    \ny  +  nx)       ny  —  nx  ... 

sin</>o  =  /      »  g^.    \i  — T — •     •     w 


\ny  +  ng/  Vny  +  n,/    _ 
tiy  +  n*     tty  +  nj 


It  is  evident  from  equations  (5)  and  (6)  that  the  value  of  a  for 
the  plane  of  greatest  obliquity  of  stress  will  not  be  45°  and  hence 
the  plane  on  which  the  obliquity  of  stress  is  a  maximum  is  not  the 
plane  on  which  the  shearing  stress  is  a  maximum. 

It  should  be  noted  that  the  foregoing  proof  is  restricted  to  the 
case  where  the  principal  stresses  are  of  the  same  sign.  If  the 
principal  stresses  were  of  opposite  signs  the  solution  of  equation  (7) 
would  give  a  value  of  sin  <t>0  >  1. 

When  the  principal  stresses  are  of  opposite  sign  the  angle  of 
greatest  obliquity  will  be  90°,  there  always  being  in  this  case  some 
plane  on  which  the  normal  stress  intensity  is  equal  to  zero.  The 
angle  a  which  the  normal  to  the  plane  of  greatest  obliquity  makes 
with  OX  can  be  found  by  putting  the  value  of  na  (equation  1, 
Art.  29)  equal  to  zero,  and  solving  for  a  as  follows: 
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Ua  =  nt  cos2  a  +  riy  sin2  a  =  0, 
sin2  a  _      n* 
cos2  a-      n/ 

5*£-tan«-\/^, (8) 

cos  a  ▼       Uy 

which  gives  a  real  value  for  a  whenever  n*  and  riy  are  of  opposite 
signs. 

32.  Principal  Stresses  in  Terms  of  the  Stresses  on  any  Two 
Coordinate  Planes  at  Right  Angles  to  the  Plane  of  Stress.  — 
The  magnitudes  of  the  intensities  of  the  principal  stresses  at  any 
point  0  may  be  expressed  in  terms  of  the  normal  and  shearing 
stress  intensities  at  0  on  any  two  planes  at  right  angles  by  elimi- 
nating the  value  of  a  between  equations  (1)  and  (2)  (Art.  26),  as 
follows: 

For  a  principal  plane  of  stress,  equation.  (2)  (Art.  26)  may  be 

written 

(ny  —  n*)sinacosa  +  Sxy(2cosaa—  1)  =0, 

from  which 

cos2  a  =5 +  -75 — -  sin  a  cos  a;     .    .    .    .    (1) 

also, 

(fly  —  n»)  sin  a  cos  a  +  «„,  (1  —  2  sin2  a)  =  0, 

from  which 

X        7t    "—  71* 

sm2a=„ t> — -sin  a  cos  a (2) 

A  A  8xy 

Substituting  the  above  values  of  cos2  a  and  sin2  a  in  equation  (X) 
(Art.  26),  we  obtain 

—  jr-*-  (n*  —  riy)  sin  a  cos  a  +  2  s*y  sin  a  cos  a 

Z  Sxy 

n*  +  riy  .  (n»  —  riy)2  +  4  «xy2  .  /0\ 

=  — i— -*  +  - }T — -Binacofla.   ...     (3) 

Z  A  8xy 

From  equation  (X)  (Art.  27), 

tan2a  =  -^- (4) 

TlS    —    Uy 

and  hence 

tan  2  a  2  *„ 


sin  2  a  =  ±:    >  =  ± 


VX  +  tan22a  V(n,  -  riy)2  +  4 a^2 
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Substituting  in  equation  (3)  and  reducing,  we  obtain 

nm-±^±^V{nm-nJ*  +  **f,      ...    (5) 

which  gives  the  magnitude  of  both  principal  stress  intensities,  one 
value  being  obtained  when  the  second  term  of  the  right-hand  mem- 
ber is  plus  and  the  other  when  it  is  negative. 

If  we  represent  the  principal  stress  intensities  by  n\  and  n*, 
respectively,  we  have 

nx  =  tbL+ihf  +  l  V(nx  -  fip)"  +  4W.     •    •    •    (6) 
n,  =  ^^-±V(n,-n,)'  +  4^.    ...    (7) 

If  we  let  cti  and  a*  represent  the  angles  which  the  normals  to  the 
principal  planes  (differing  by  90°)  make  with  the  X  axis,  their 
magnitudes  may  be  obtained  from  equation  (4). 

If  Tiy  =  0,  that  is,  the  normal  component  of  the  stress  on  one  of 
the  coordinate  planes  is  zero,  equations  (4),  (6)  and  (7)  reduce  to 

tan2a  =  ^f (8) 

"•-^-Jv^?TW (10) 

t 

The  angles  a\  and  a*,  which  the  normals  to  the  principal  planes 
make  with  the  X  axis,  are  obtained  from  equation  (8). 

If  n*  =  0  and  nx  =  0,  that  is,  the  stresses  on  the  two  coordinate 

planes    are  shearing  stresses  only,  equations  (4),   (6)  and  (7) 

reduce  to 

tan2a=oo (11) 

rti  =  sxy (12) 

From  equation  (11),  2  a  will  equal  90°  or  270°,  hence  <*i  =  45° 
and  an  =  135°.  The  principal  stresses  are  of  equal  magnitude 
and  opposite  sign  (Art.  30). 

'  Hence  the  principal  stresses  and  therefore  the  state  of  stress  at  any 
point  in  a  body  under  plane  stress  can  be  fully  determined  when  the 
stress  components  on  any  two  planes  at  right  angles  and  perpendicular 
to  the  plane  of  stress  are  known.    (Art.  29.) 
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33.  Conjugate  Stresses.  —  If  the  vector  OM  (Fig.  20)  repre- 
sents the  resultant  stress  at  the  point  0  on  the  A  plane,  the  result- 
ant stress  at  the  point  0  on  a  plane  in  the  direction  OM  and  per- 
pendicular to  the  plane  of  stress  will  be  represented  by  the  vector 
ON.  This  may  easily  be  shown  by  applying  the  conditions  of 
equilibrium  to  a  small  prism  at  0  whose  base  is  a  parallelogram 
Omtn  (Fig.  21)  with  the  sides  Om  and  On  coinciding  with  OM  and 
ON  respectively  and  of  such  small  dimensions  that  the  stresses  on 
the  opposite  faces  may  be  considered  equal  and  of  uniform  in- 
tensity. We  will  designate  the  plane  in  the  direction  OM  as  the 
C  plane  and  let  pe  equal  the  resultant  stress  intensity  on  this  plane. 

It  is  evident  from  the  sketch  (Fig.  21)  that,  since  the  stresses  on 
the  opposite  faces  of  the  prism  Omtn  are  equal  and  uniform,  the 
resultant  stresses  on  the  faces  On  and  ml 
must  balance  and  those  on  the  faces  Om 
and  nt  must  balance  also.  But  to  satisfy 
this  condition  the  resultant  stresses  on 
the  opposite  faces  Om  and  nt  must  act 
in  the  direction  ON,  otherwise  they  will 
form  a  couple.  Since  the  intensity  of  the 
resultant  stress  on  the  C  plane  is  repre- 
sented by  a  semi-diameter  of  the  ellipse 
of  stress  (Art.  28),  it  follows  that  ON 
(Fig.  20)  represents  the  magnitude  as 
well  as   the  direction  of  the  resultant    "  pjG  2i. 

stress  p0  on  the  C  plane. 

Stresses  which  bear  the  relation  just  described  are  known  as 
conjugate  stresses:  and  two  planes  so  situated  that  the  vector  rep- 
resenting the  resultant  stress  intensity  on  one  plane  lies  in  the 
other  plane  are  known  as  conjugate  planes  of  stress. 

The  angles  of  obliquity  of  any  two  conjugate  stresses  are  evidently 
equal. 

Principal  stresses  are  conjugate  stresses,  where  the  planes  are 
at  right  angles. 

34.  Resultant  Stress  on  any  Plane  in  Terms  of  the  Principal 
Stresses.  —  This  is  a  second  solution  of  the  theorem  in  Art.  (29), 
based  upon  the  results  obtained  in  Art.  (30). 

Assume  the  X  and  Y  planes  to  be  the  principal  planes  of  stress 
at  any  point  Of  the  principal  stress  intensities  being  n*  and  riy, 
respectively,  and  let  OA  be  the  normal  to  any  other  plane,  passing 
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through  0  perpendicular  to  the  Z  plane,  and  a  =  the  angle  between 
OA  and  OX  (Fig.  22).    Then  evidently 


n*-1***! 


Fig.  22. 


and 


__  fty  +  n*  I   ft*  "~  **» 


n, 


_ny-\-nx      ny—nXm 


that  is,  the  principal  stresses  can  be  resolved  into- two  sets  of  equal 
principal  stresses  (Art.  30),  one  set  having  the  same  sigh  and  equal 
in  intensity  to 

fly  -j-  nx 

2 
and  the  other  set  having  opposite  signs  and  equal  in  intensity  to 

7ly    TtX 


The  resultant  stress  intensities  on  the  A  plane  can  be  found  by 
determining,  first,  the  component  stress  intensity  on  this  plane 
due  to  the  equal  principal  stress  components  of  the  same  sign  and, 
second,  the  component  stress  intensity  due  to  the  equal  principal 
stress  components  of  opposite  sign  and  then  finding  their  resultant. 
The  first  component  will  be  equal  to 


P*i  = 


fly  +  nx 


(1) 


and  will  be  normal  to  the  A  plane;  that  is,  the  angle  between  the 
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vector  p0l  and  OX  will  be  equal  to  a.  (Art.  30.)  The  second 
component  will  be  equal  to 

P*  =  ^ (2) 

and  the  angle  between  the  vector  p^  and  OX  will  be  equal  to  —  a 
(Art.  30).  If  we  lay  off  ON  -  pai  and  OR  =  pa,  (Fig.  22),  it  is 
evident  that  the  resultant  stress  intensity  on  the  A  plane  will  be 
equal  to 

pa  =  OM  =  [p0l2  +  po,*  -  2  pa^o,  cos  2  a]*.     .     .      (3) 

Substituting  the  values  of  pau  V<h  an(i  cos  2  a  in  equation  (3)  we 
obtain 

which  readily  reduces  to 

Pa  =  (nx2  cos2  a  +  riy2  an2  a)*, (4) 

the  value  for  p«  previously  obtained  in  Art.  (29).    The  point  M  is 
evidently  a  point  on  the  ellipse  of  stress  for  the  point  0. 
In  making  a  graphical  solution  the  point  M  may  be  located  by 

Tim  "4~  71 

laying  off  ON  =  -aL-^ — s  along  the  normal  0-4,  and  constructing 
the  angle  SNM  =  SNA,  the  line  SAT  being  drawn  parallel  to  OY, 
and  then  laying  off  NM  =  OR  =  ^  ~  n*- 

The  angle  of  obliquity  0,  of  the  stress  p«,  increases  with  the 
value  of  a,  from  zero  when  a  =  0°,  to  a  maximum;  and  then,  as 
the  value  of  a  continues  to  increase,  the  value  of  4>  decreases  again 
to  zero  when  a  =  90°. 

The  maximum  obliquity  is  evidently  obtained  when  the  angle 
OM N  is  a  right  angle  and,  if  we  let  <f>0  =  angle  of  greatest  obliquity, 

dn^  =  ?LXV(Art-31) (5) 

7fty  "f  7l9 

35.  Principal  Stresses  in  Terms  of  the  Stresses  on  any  Two 
Planes  Perpendicular  to  the  Plane  of  Stress.  —  The  following 
may  be  regarded  as  the  converse  of  the  proposition  in  Art.  34. 
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Let  OA  and  OB  be  the  normals  to  any  two  planes  through  the 
point  0  (Pig.  23),  perpendicular  to  the  plane  of  stress  and  let  p« 
and  pb  equal  the  resultant  stress  intensities  and  <t>a  and  <fr  the 
angles  of  obliquity  for  the  A  and  B  planes,  respectively.  Let  n, 
and  tty  equal  the  principal  stress  intensities  at  0,  the  X  and  Y  planes 
being  the  principal  planes  of  stress. 


Fia.  23. 


In  an  abstract  problem  it  is  evident  that  p«,  pb,  <t>a  and  <h>  cannot 
be  taken  at  random  but  must  be  chosen  in  accord  with  the  law  of 
variation  of  the  stress  intensities  on  different  planes  through  the 
point  0. 

Note.  — To  determine,  whether  or  not  the  values  chosen  for  pa  and  pb  are  con- 
sistent, we  may  proceed  as  follows:  Let  OA  and  OB  (Fig.  24)  be  the  normals  to 
any  two  oblique  planes  A  and  B  passing  through  the  point  0;  pa  and  <f>a  be  the 
magnitude  and  obliquity  of  the  stress  intensity  on  the  A  plane;  pb  and  <ft>  be 
the  magnitude  and  obliquity  of  the  stress  intensity  on  the  B  plane;  must  be 
the  cross  section  of  a  prismatic  particle  of  a  unit  length  with  its  opposite  faces 
parallel  to  the  A  and  B  planes  as  shown.  Let  the  particle  be  taken  so  small 
that  the  stresses  on  the  opposite  faces  may  be  assumed  equal,  opposite  and 
uniform. 

Resolve  each  of  the  stresses  pa  and  pb  into  two  components,  parallel  to  the 
A  and  B  planes,  respectively.  For  the  components  of  pa,  we  have  0at  parallel 
to  the  A  plane,  and  Oc  parallel  to  the  B  plane. 

For  the  components  of  pb,  we  have  Ob  parallel  to  the  B  plane,  and  Od, 
parallel  to  the  A  plane. 

Since  the  stresses  on  the  opposite  faces  of  the  particle  are  uniform  and  of 
equal  intensity  the  component  Oc  •  n*  of  the  stress  on  the  face  m  will  be  in 
equilibrium  with  the  equal  and  opposite  component  on  the  face  mi.  Like- 
wise the  component  Od  •  mn  of  the  stress  on  the  face  mn  will  be  in  equilibrium 
with  the  equal  and  opposite  component  on  the  face  sL 
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^  The  remaining  stress  components  will  form  two  couples, 

—  Oa  •  n*  •  h 
and 

06  •  tnn  •  g 

which  must  be  equal  in  magnitude  if  equilibrium  is  maintained.    Hence, 

Oa*n8»h  ■=  Ob  *  tnn  •  g. 
But 

ns  •  h  »  tnn  •  0. 
Therefore, 

Oa  =  06, 

which  is  the  condition  of  equilibrium  of  the  stresses  at  a  point  on  any  two 
planes  perpendicular  to  the  plane  of  stress. 

When  the  resultant  stress  intensities  on  the  A  and  B  planes  are 
known,  however,  the  values  of  n*  and  n,  may  be  obtained  as 
follows: 

Imagine  p«  =  OM  (Fig.  23)  to  be  resolved  into  the  components 


ON  = 
and 


fly  +  n» 


likewise,  that  p&  —  OS  (Fig.  23)  is  resolved  into  the  components 

and 

i?c[  =  ft*      ft* 

Then  from  the  triangle  OMN, 

(^j*  =  P.«  +  (^)'-2Po(^)coe*.,      (1) 

and  from  the  triangle  ORS, 

Subtracting  (2)  from  (1)  and  transposing, 

Pa2-p62  =  ^Ly^f(2p«COS0o  -2p6COS*ft),     .      .      (3) 

from  which  we  obtain 


ny  +  nx  = pa2  -  p£ 

2  2(pacos0a  —  PdC08&)# 


•    • 


W 
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The  value  of  -^ —  may  now  be  obtained  from  either  of  the 
equations  (1)  or  (2) ;  and,  from  the  equations 

„    _  Wy  +  n»  ,  Wy  —  n, 

**  =  — 2 ' 2 — ^ 

and 

^  ^n,^ -5LZ15?  (Art.  84),    ....    (6) 

the  magnitudes  of  the  principal  stresses  can  be  found. 

The  directions  of  the  principal  planes  of  stress  can  be  found 
graphically  by  constructing  either  of  the  triangles  ONM  or  ORS 
and  bisecting  the  angle  ONM,  or  the  angle  ORS.  Both  of  the 
bisecting  lines  NU  and  RV  will  be  parallel  to  OX.  An  analytical 
solution  for  the  angle  ONU  or  ORV  could  evidently  be  made  by 
solving  the  triangle  for  the  magnitude  of  the  angle  ONM  or  for  the 
magnitude  of  the  angle  ORS  and  then  obtaining  the  angle  ONU  or 
the  angle  ORV. 

When  the  A  and  B  planes  are  conjugate  planes  of  stress,  <t>a  =  fa 
(Art.  33),  and,  if  we  let  the  common  angle  of  obliquity  4>a  =  4*  = 
4>,  equation  (4)  will  reduce  to 

ny  +  nx  _  pa  +  pb 

2  2cos* ■' 

n  H-  n 
Substituting  this  value  of  -^ — -  in  equation  (1)  we  obtain 

1-2— j   "  P"  +  UwJ  "  2V2^« J*008* 
which  easily  reduces  to 


(7) 


"»-«._*  //P.  +  P»V    «„ 


(8) 


When  the  A  and  B  planes  are  at  right  angles,  the  shearing  com- 
ponents s0  and  8b  of  the  stress  intensities  on  the  two  planes  are  equal 
and,  if  we  let  na  and  nt  equal  the  normal  intensities  of  the  stresses 
on  the  two  planes  and  sa  -  s*  =  «,  we  shall  have 


also, 


Pa  =  Wo8  +  s2        and        p62  =  n*2  +  «*; 


cos  4>a  =  —        and        cos  <k>  —  —  • 

Pa  Pb 
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Substituting  these  values  in  equation  (4)  we  obtain 

Uy  +  rix  __  rib2  +  a2  —  n0*  —  a2  _  n»  +  Wo. 
2      ~        2(n«-n&)       ~       2      ' 

and  by  substituting  in  equation  (1)  we  obtain 


(») 


{-5—; =  * 


+  «*  + 


r~2~7  ~  2V — 2 — ^' 


which  easily  reduces  to 


5^p  =  V^2^) '+  * 


(10) 


ItfoUot08  that  the  principal  stresses  and  therefore  the  state  of  stress 
at  any  point  in  a  body  under  plane  stress  can  be  fully,  determined  when 
the  stresses  on  any  two  planes  passing  through  the  point  at  right  angles 
to  the  plane  of  stress  are  known  (Art.  29). 

36.  Rankine's  Graphical  Solution.  —  A  graphical  solution, 
due  to  Rankine,  affords  a  simple  solution  of  the  problem  in  Art.  (35). 
It  consists  in  constructing  the  triangles  ONM  and  ORS  (Fig.  23), 
by  superimposing  one  over  the  other  as  follows: 

Given  the  resultant  stress  intensities  pa  and  pi  on  the  A  and  B 
planes  at  any  point  0  and  the  angles  of  obliquity  <f>a  and  fy. 

Draw  a  straight  line  OC  (Fig.  25)  to  represent  the  normal  to 
either  plane  and  lay  off  OM,  making  the  angle  <f>a  with  OC  to  repre- 


Fig.  25. 

sent  the  magnitude  of  the  stress  intensity  pa  and  in  a  like  manner 
lay  off  OS  making  the  angle  fa  with  OC  to  represent  the  magnitude 
of  the  stress  intensity  pb.  Draw  TN  perpendicular  to  and  bi- 
secting MS.  The  triangles  OMN  and  OSN  are  evidently  re- 
spectively equal  to  the  triangles  OMN  and  ORS  (Fig.  23)  and ' 


and 


0N  =  ^±Ih 


MN  =  NS  =  V*-J** 
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By  drawing  NU,  bisecting  the  angle  ONM,  the  angle  ONU  be- 
tween the  normals  to  the  A  and  X  planes  is  obtained. 

In  a  similar  manner  by  bisecting  the  angle  ONS  the  angle 
between  the  B  and  the  X  planes  is  obtained. 

37.  Ratio  of  Conjugate  Stresses.  —  When  the  normal  com- 
ponents of  the  stresses  on  every  plane  passing  through  a  point  in  a 
body  under  plane  stress  are  of  the  same  sign,  that  is,  the  normal 
components  are  either  all  tension  or  all  compression,  the  ratio 
between  the  stress  intensities  on  any  pair  of  conjugate  planes  of 
stress  through  the  point  (Art.  33)  may  be  expressed  in  terms  of  the 
common  angle  of  obliquity  of  the  conjugate  stresses  and  the  angle 
of  greatest  obliquity  for  any  plane  passing  through  the  point  as 
follows: 

Let  the  A  and  B  planes  be  any  two  conjugate  planes  of  stress 
through  a  point  0  in  a  body  under  plane  stress  and  pa  and  p&  equal 
the  respective  intensities  of  the  stresses  on  these  planes/  the 
common  angle  of  obliquity  being  0.  Let  <j>0  =  the  greatest  angle 
of  obliquity  of  the  stress  on  any  plane  passing  through  0  and  let 
ny  and  nx  equal  the  principal  stress  intensities  at  0.    Then 

sin6,  =  nv7n*  (Art.  31) (1) 

ny  i—  n$ 

Dividing  equation  (8)  by  equation  (7)  (Art.  35)  we  obtain 

a^js.  =  2c^  *//&±&y  _ PaP6.   ...  (2) 

nv  +  nx      pa  +  Pb  ▼  \2cos0/ 
Combining  equations  (1)  and  (2)  and  reducing 


.     .        4/I       4  papb  cos2  <t> 
sm  4>0  =  y  1 ^^ —  " 


and  hence 


1  —  cos2  4>0  =  1  — 


(P«  +  P*)2   ' 
4  papb  cos2  <f> 

(Pa  +  Pb)2 


and 


(3) 


COS2  <f>  =  (pa  +  Pb)2 

cos2  0,         4p0p& 

By  applying  a  principle  of  proportion,  equation  (3)  can  be  trans- 
formed into 

cos2  <f>  —  cos2  fa  _  (pa  —  Pb)2m 
cos2  <f>         "  (Po  +  Pb)v 
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and  hence 


(4) 


Pa  —  Pb        VcOS2<t>  —  COS*£># 

Again  applying  a  principle  of  proportion 

pa  _  cos  #  +  Vcoa*  0  —  COS2  0, 
P6      cos  <j>  —  Vcos8  ^  —  cos2  <t>( 

where  pa  must  evidently  be  taken  to  represent  the  greater  of  the 
two  conjugate  stresses. 

When  the  conjugate  planes  are  at  right  angles,  pa  and  p&  are 
principal  stresses  and  0  =  0.    In  this  case  equation  (5)  reduces  to 


;,....      (5) 


Pa         1  +  Sin  vo  /A\ 

Pb      1  —  sin  <&, 

a  result  which  might  be  readily  obtained  by  applying  the  principle 
of  proportion  to  equation  (1). 

38.  Problems.  —  Stresses  at  a  Point 

Problem  1. 

A  steel  bar  25  ft.  long  and  5  sq.  in.  cross  section  is  subjected  to  a  pull  of 
100,000  lbs.  along  its  central  axis.  Find  the  magnitude  of  the  resultant  in 
tensity  of  stress  and  the  normal  and  shearing  components  on  an  oblique  plane 
making  an  angle  of  30°  with  the  cross  section.  Also  find  the  resultant  inten- 
sity and  the  normal  and  shearing  components  on  a  plane  at  right  angles  to 
the  oblique  plane.  Compare  the  shearing  components  on  the  two  oblique 
planes  at  right  angles  to  each  other  and  also  the  sum  of  the  normal  intensities 
on  these  planes  with  the  normal  intensity  on  the  cross  section. 

Problem  2. 

Following  the  notation  of  Art.  (23),  let  n*  —  16,000  lbs.  per  sq.  in.,  riy  «=  4000 
lbs.  per  sq.  in.  and  sxy  =  2000  lbs.  per  sq.  in.  be  the  component  stress  intensi- 
ties on  two  planes  at  right  angles  through  the  point  O  in  a  body  under  plane 
stress.  Find  the  resultant  intensity  of  stress  at  O  on  the  A  plane,  whose  normal 
OA  makes  an  angle  a  =  30°  with  the  axis  OX;  also  find  the  intensities  of  the 
normal  and  shearing  components  of  the  stress  on  this  plane. 

First  Solution.  —  The  problem  may  be  solved  by  substituting  the  known 
quantities  in  equations  (1)  and  (2)  (Art.  26)  as  follows: 

1  y/Z 

Since  a  =  30°,  sin  a  =  =,  and  cos  a  =  -=- ,  and  hence  from  equation  (1) 

we  obtain  for  the  normal  component 

w«  -  16,000  X  |  +  4000  X  \  4-  2  X  2000  X  \  X  -^  =  14,732  lbs.  per  sq.  in., 
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the  positive  sign  indicating  tension;  and  from  equation  (2)  we  obtain  for  the 
shearing  component 

8a  -  (4000  -  16,000)  X  \  X  -~ 


-f  2000  X  (|  -  j)  =  -  4196  lbs-  P6*  *!•  m- 


the  negative  sign  indicating  that  the  shear  is  in  the  opposite  direction  to  that 
shown  in  Fig.  (19)  (Art.  26). 

The  resultant  stress  intensity  can  be  obtained  by  combining  the  normal 
and  shearing  intensities  just  found,  giving 

pa  -  V(14,732)»  +  (4196)*  -  15,320  lbs.  per  sq.  in., 

or  it  can  be  found  independently  of  the  above  solution  by  substituting  in 
equation  (6)  (Art.  26)  as  follows: 

Pa  -  1(16,000)*  X  \  +  (4000)*  X  \  +  2  X  2000 

X  (16,000  +  400)  X  \  X  ^  +  (2000)*} 

=  (234,640,000)'  =  15,320  lbs.  per  sq.  in. 

Second  Solution.  —  The  resultant  stress  intensity  might  also  be  found  by 
determining  the  components  E  and  F  (equations  (4)  and  (5)  Art.  26),  and 
combining  as  follows: 

E  -  16,000  X  -y  +  2000  X  \  -  14,856  lbs.  per  sq.  in., 

F  =  4000  X  \  +  2000  X-£  =  3732  lbs.  per  sq.  in., 

and  hence  

Pa  -  V  (14,856)*  +  (3732)*  -  15,320  lbs.  per  sq.  in. 

A  sketch  showing  the  intensities  and  directions  of  the  components  on  a  small 
particle,  the  faces  of  which  are  parallel  to  the  X,  Y  and  A  planes,  is  shown  in 
Fig.  (26). 


Such  a  sketch,  or,  in  case  the  first  solution  is  used,  a  sketch  similar  to  Fig.  (19), 
is  a  very  considerable  aid  in  avoiding  confusion  as  to  the  directions  of  the 
unknown  stress  components.* 
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Problem  8* 

Given  the  intensities  of  the  normal  and  shearing  components  of  the  stresses 
on  two  planes  at  right  angles  through  a  point  0  in  a  body  subjected  to  plane 
stress,  n*  »  8000  lbs.  per  sq.  in.,  n*  =  4000  lbs.  per  sq.  in.  and  «xy  —  2000  lbs. 
per  sq.  in.,  find  the  intensities  of  the  principal  stresses  at  O;  also,  the  angles 
between  the  normals  to  the  principal  planes  of  stress  and  the  axis  OX. 

Problem  4. 

Solve  Problem  (3),  assuming  n*  »  8000  lbs.  per  sq.  in.,  n*  =  0  and  ««*  — 
2000  lbs.  per  sq.  i&. 

Problem  5. 

Solve  Problem  (3),  assuming  n*  =  8000  lbs.  per  sq.  in.,  n*  ■■  —4000  lbs.  per 
sq.  in.  and  8*y  =  2000  lbs.  per  sq.  in. 

Problem  6. 

Solve  Problem  (3),  assuming  n,  -  8000  lbs.  per  sq.  in.,  n,  =  0  and  8«*  — 
—2000  lbs.  per  sq.  in. 

Problem  7. 

Given  the  principal  stresses  rty  =  16,000  lbs.  per  sq.  in.,  fi«  =  8000  lbs.  per 
sq.  in.  at  a  point  O,  find  the  resultant  intensity  and  its  normal  and  shearing 
components  on  a  plane  passing  through  O  whose  normal  makes  an  angle  of  60° 
with  the  axis  OX.  Find  the  intensities  of  the  shearing  and  normal  stresses  on 
the  planes  of  maximum  shear  through  O. 

Problem  8. 

Solve  Problem  (7),  assuming  riy  =  16,000  lbs.  per  sq.  in.  and  n*  =  —  8000  lbs. 
per  sq.  in. 

Problem  9. 

Solve  Problem  (7),  assuming  n»  =  riy  =  8000  lbs.  per  sq.  in. 

Problem  10. 

Solve  Problem  (7),  assuming  n,  =  8000  lbs.  per  sq.  in.,  riy  =  —  8000  lbs.  per 
sq.  in. 

Problem  11. 

Find  the  maximum  obliquity  of  the  stress  in  the  case  stated  in  Problem  (7) 
and  find  the  angles  which  the  normals  to  the  planes  of  greatest  obliquity  make 
with  the  axis  OX.  Find  for  this  case  the  ratio  of  the  conjugate  stresses  whose 
common  angle  of  obliquity  <f>  =  10°. 

Problem  12. 

Find  the  maximum  obliquity  of  the  stress  in  the  case  stated  in  Problem  (8) 
and  find  the  angles  which  the  normals  to  the  planes  of  greatest  obliquity  make 
with  the  axis  OX. 

Problem  18. 

Given  two  conjugate  pressures,  pa  =  —200  lbs.  per  sq.  in.  and  pb  =  —400 
lbs.  per  sq.  in.,  having  a  common  angle  of  obliquity  4>  »  20°;  determine  the 
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magnitudes  of  the  principal  stress  intensities  n*  and  n*:  (a)  graphically  (Art. 
36),  (b)  analytically  (Art.  35). 

Problem  14. 

Determine  graphically  the  directions  of  the  normals  OA  and  OB  to  the  con- 
jugate planes  of  stress  in  Problem  (13)  with  respect  to  the  normals  OX  and  OY 
to  the  principal  planes  of  stress. 

§  2.    Strain. 

39.  Analysis  of  Strain.  —  The  elementary  types  of  strain  have 
already  been  defined  (Art.  4).  For  a  more  comprehensive  defini- 
tion we  may  state  the  following: 

The  strain  at  any  point  in  a  body  is  fully  determined  when  the 
extensions  of  all  lines  radiating  from  the  point  are  known,  the  term 
extension  being  taken  to  mean  the  ratio  of  the  change  in  the  length 
of  a  very  short  line  to  its  original  length,  the  change  being  either 
positive  or  negative. 

A  special  case  arises  when  a  deformation  is  such  that  the  exten- 
sions of  all  lines  perpendicular  to  a  given  plane  are  zero.  In  such 
a  case  the  body  is  said  to  be  subjected  to  plane  strain,  and  to  de- 
termine fully  the  strain  at  any  point  it  is  necessary  to  determine 
the  extensions  in  all  directions  parallel  to  the  plane  of  the  strain 
at  that  point. 

40.  Shearing  Strain*  —  We  will  consider  the  distortion  which 
takes  place  in  a  very  small  particle  in  a  body  which  is  subjected  to 
plane  strain.  We  will  assume  that  before  the  deformation  takes 
place  the  particle  has  the  shape  of  a  rectangular  prism  with  the  face 
Oabc  (Fig.  27)  parallel  to  the  plane  of  the  strain. 

If  this  deformation  of  the  particle  is  due  to  shear  only,  the  face 

of  the  prism  Oabc  will  be  distorted  into  a  parallelogram  Oa'b'd \  of 

the  same  area  as  the  original  rectangle.    The  shearing  strain  will 

be  measured  by  the  change  in  the  angle  of  inclination  (Art.  4)  of 

the  two  sides  of  the  prism,  Oa  and  Oc.    This  measure  will  be  equal 

to  the  difference  in  circular  measure  between  the  angle  dtOc'  and 

a  right  angle,  and,  since  the  strain  is  a  very  small  quantity,  if  we 

assume  the  original  dimensions  of  the  particle  to  be  dx  and  dy 

(Fig.  27),  and  let  du  and  dv  equal  the  displacements  of  the  point  b 

in  the  directions  of  the  axes  OX  and  OY,  respectively,  it  will  be 

sensibly  equal  to 

du  .  dv 

dy     dx 


SIMPLE  EXTENSION 
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Hence  if  the  displacement  of  the  point  6  relative  to  0  is  due  to 
shear  alone,  the  displacement  may  be  considered  equivalent  to  a 

simple  shear  (Art.  4)  in  the  direction  of  the  X  plane  equal  to  -j- 

combined  with  a  simple  shear  in  the  direction  of  the  Y  plane  equal 

to  -7-  and,  using  a  notation  similar  to  that  previously  adopted,  we 

will  express  the  measure  of  the  shear  as 

du      dv  .  m 

y«=Ty  +  di (1) 

The  quantity  7^  is  called  the  shearing  strain  at  0  in  the  direction 
of  the  X  and  Y  planes.    As  represented  in  Fig.  (27)  it  is  a  positive 


Fig.  27. 


quantity,  but  the  displacement  of  the  point  b  may  be  such  that 

the  angle  a'Od  becomes  greater  than  a  right  angle  in  which  case 

the  shearing  strain  is  negative. 

4L  Simple  Extension.  —  As  another  type,  of  plane  strain,  we 

may  cite  the  case  where  the  small  rectangular  prism  Oabc  (Fig.  28) 

is  distorted  into  a  prism  with  a  rectangular  base  Oa'b'c'.    In  this 

case  the  displacement  of  the  point  b  relative  to  0  is  evidently 

due  to  two  simple  extensions  (Art.  4);  one  in  the  direction  OX, 

du 
whose  measure  is  -7-,  combined  with  one  in  the  direction  OF, 

.  .do 

whose  measure  is  -7— 

dy 
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Following  our  previous  notation  (Art.  4),  we  will  denote  the 
extension  in  the  direction  OX  by  the  symbol 

du 


'<*  = 


dx' 


(1) 


and  that  in  the  direction  OY  by  the  symbol 

dv 


**"dv 


(2) 


It  is  evident  that  the  distortion  might  be  such  that  either  ex  or  eVf 
or  both  together,  could  be  negative.    The  increase  of  the  volume, 


Fig.  28. 


per  unit  of  volume,  due  to  the  deformation  may  be  called  the 
dilatation,  which,  in  the  case  of  plane  strain  just  cited,  will  be  sen- 
sibly equal  to 


K      du  .  dv 


(3) 


42.  Components  of  Strain.  —  We  will  now  consider  the  general 
type  of  plane  strain.  Assume  as  before  that  any  point  b  (Fig.  29) 
at  a  very  small  distance  from  any  point  0  is  displaced,  relative 
to  0,  to  the  point  b'  during  the  deformation  of  the  body,  the  line 
Ob  changing  in  both  length  and  direction.  We  will  show  that  the 
change  in  the  length  of  Ob  can  be  expressed  in  terms  of  two  simple 
extensions  (Art.  41),  along  any  two  rectangular  coordinate  axes 
OX  and  OY  through  0  and  two  simple  shears  (Art.  40)  along  the 
corresponding  X  and  Y  planes  through  0.    Let  a  equal  the  angle 
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between  OA,  which  is  the  line  Ob  extended,  and  the  axis  OX. 
Consider  a  very  small  prism  with  sides  parallel  to  OX  and  OY  and 
with  Ob  as  the  diagonal  of  the  base  Oabc.  In  general  the  rectangle 
Oabc  will  be  distorted  into  a  parallelogram  Oa'b'd  which  has  not 
the  same  area  as  the  original  rectangle. 

Let  dx  and  dy  represent  the  original  dimensions  of  the  rectangle 
Oabc  and  let  ds  the  original  length  of  the  diagonal  Ob. 

Let  du  +  dx  and  do  +  dy  represent  the  projections  of  Ob'  on  OX 
and  OY  respectively,  and  let  e  equal  the  unit  extension,  hereafter 
called  the  extension  in  the  diagonal  Ob. 


Fig.  29. 


Let  Ob"  equal  the  length  of  the  projection  of  Ob'  on  OA.  Since 
the  angle  bOV,  measuring  the  change  in  direction  of  Ob  during  the 
deformation,  is  very  small,  it  is  evident,  from  the  construction 
(Fig.  29),  that  the  component  bb"  of  the  displacement  bb'  is  equal  to 

bb"  =  dR  =  duco8a  +  dvsma;     .    .    .    .    (1) 

also,  that  the  extension  e  is  sensibly  equal  to 

dR 


e  = 


ds 


(2) 


To  determine  the  relation  between  the  strain  e  and  the  strain 
components  in  the  direction  OX  and  OY,  we  note  that,  since  the 
area  of  the  parallelogram  Oa'b'c'  is  not  in  general  the  same  as  that 
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of  the  rectangle  Odbc,  the  deformation  is  the  same  as  if  the  original 
rectangle  were  distorted  by  two  simple  extensions  into  a  rectangle 
of  the  same  area  as  Oa'Vc!  and  then  distorted  by  shear  into  paral- 
lelogram shown.  In  other  words  the  total  displacement  du  is  due 
partly  to  a  simple  extension  of  the  prism  Oabc  in  the  direction  OX 
and  a  simple  shear  in  the  direction  of  the  Y  plane.  Expressed 
analytically, 

du-g<fc  +  g* (3) 

Similarly  the  total  displacement  du  is  due  to  simple  extension  in 
the  direction  OY  combined  with  a  simple  shear  along  the  X  plane 
which  is  represented  analytically  by  the  expression 

dv=%dy+Hdx (4) 

Substituting  the  values  of  du  and  do  in  (1)  and  combining  with 
(2)  we  obtain 

dR      dudx  ,  dudy  ,  dv  dy  .        ,  dvdx  . 

e  =  —  =—  _cosa  +  -r--jLco6a  +  T-TLsina  +  r--j-sina, 
ds       dxds  dyds  dyds  _    dxds         ' 

which  evidently  reduces  to 

du      ,      ,  dv  .  .      ,  (du  .  dv\  .  /c. 

e  =  ^c08*«  +  -8in»a  +  ^  +  ^JBinaco8«,      .    (5) 

,  du 

where  ^  =  ^ 

the  component  of  the  strain  due  to  a  simple  extension  in  the  direc- 
tion 0X} 

ay'6" 

the  component  due  to  a  simple  extension  in  the  direction  OY,  and 

du  .  dv 

dy  +  di  =  y*» 

the  component  due  to  a  shearing  strain  in  the  directions  OX  and  OY. 
Substituting  these  values  in  equation  (5),  the  expression  for  the 
extension  in  any  element  making  an  angle  a  with  OX  reduces  to 

e  =  es  cos2  a  +  ey  sin2  a  +  y^  sin  a  cos  a.  .     .     .     (6) 

The  ratio  of  the  component  b"bf  of  the  displacement  of  b  (Fig.  29) 
to  01  will  be  sensibly  equivalent  to  a  simple  shear  on  the  A  plane 
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in  the  direction  OB,  at  right  angles  to  0A9  the  magnitude  of  which 
may  be  represented  by  the  expression 

*5L'  _  dQ 
Ob  "  ds' u; 

where  dQ  =  dv  cos  a  —  dw  sin  a (8) 

Substituting  the  values  of  the  total  differentials  (equations  3  and 
4)  and  combining  (8)  with  (7),  we  obtain 

dQ     dvdy  ,  dv  dx  dudx  .  dudy  . 

-j-=!T-^cosa  +  — -r-cosa  — ^-^-sma  —  -r-j^sma 
as      dyas  dxds  dzds  dyds 

(dv      du\   .  dv       4         du  .  t  /nN 

=  fe'"tojSlnaC0Sa  +  diC08a""^Slna-     •    •     (9) 

To  determine  completely  the  shearing  strain  we  must  obtain  the 
expression  for  the  component  due  to  the  simple  shear  on  the  B 
plane  in  the  direction  OA.  For  it  is  evident  that  a  small  element 
of  the  line  OB  taken  perpendicular  to  OA  before  the  strain  is  pro- 
duced will  in  general  change  both  in  length  and  direction  during 
the  deformation. 

We  may,  by  the  same  method  followed  in  deducing  equation  (9), 
determine  the  value  of  the  angular  displacement  of  OB  due  to  a 
simple  shear  in  the  direction  OA  in  terms  of  the  angle  a  between 
OA  and  OX.    The  value  will  reduce  to 

dQ'      (dv      du\  .  ,  du      i        dv  .  '  /t  AN 

■77  =  {  t — )  sm  a  cos  a  +  —  cos2  a  —  —  sin*  a.       (10) 

ds        \dy      dx)  dy  dx 

Adding  (9)  and  (10)  we  obtain  the  value  of  the  shearing  strain  in 
the  directions  OA  and  OB, 

dQ  ,  d<?'      „fdv      du\  . 


+ 


(i+^)(C082a-sin2a) 


s=  (ey  —  ex)  2  sin  a  cos  a  +  7«y  (cos2  a  —  sin2  a) 

=  (ey  —  ex)sm2a  TT*»cos2a (11) 

43.  Principal  Strains.  —  If  we  differentiate  equation  (6)  (Art. 
42),  we  shall  obtain 

■y-  =  (ey  —  ex)  2  sin  a  cos  a  +  7**  (cos2  a  —  sin  a).  .     .     (1) 
da 
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Placing  (1)  equal  to  zero  and  reducing  we  obtain 

«^  =  tan2a  =  -^- (2) 

cos  2  a  e»  —  ey ' 

which  indicates  that  there  are  two  values  of  a,  differing  by  90°,  for 
one  of  which  the  extension  6  is  a  maximum  and  the  other  a  mini- 
mum. A  comparison  of  equation  (1)  with  equation  (11)  (Art.  42) 
also  shows  that  there  is  no  shearing  strain  in  the  directions  along 
which  6  is  a  maximum  or  a  minimum. 

Therefore,  through  any  paint  0  in  a  body  subjected  to  plane  strain 
there  are  two  lines  at  right  angles  along  which  the  extensions  are 
greater  or  less  than  along  any  other  lines  through  the  point,  the  shear- 
ing strain  along  these  directions  being  zero.  These  maximum  and 
minimum  extensions  are  known  as  the  principal  strains  at  the  point 
0  and  the  coordinate  axes  in  these  directions  are  the  principal  axes 
of  the  strain. 

44.  Strain  Components  in  Terms  of  the  Principal  Strains.  — 
If  we  let  ex  and  ey  equal  the  values  of  the  principal  strains  in  the 
directions  OX  and  OF  at  any  point,  the  expression  for  the  exten- 
sion in  any  direction  OA,  making  an  angle  a  with  OX,  may  be 
found  by  substituting  y^  =  0  in  equation  (6)  (Art.  42),  giving 

e  =  6*  cos2  a  +  ey  sin2  a #  .     (1) 

Similarly,  the  expression  for  the  shearing  strain  in  the  directions 
OA  and  OB  at  right  angles  may  be  obtained  from  equation  (11) 
(Art.  42), 

y  =  (fiy  —  ex)  2  sin  a  cos  a  =  (e^.—  e»)  sin  2  a.     .     .     (2) 

An  inspection  of  equation  (2)  will  show  that  when  a  =  45°,  the 
value  of  7  is  a  maximum,  in  which  case 

y  =  ev  -  ez, (3) 

the  difference  of  the  principal  strains.  Hence,  the  directions  of 
maximum  shearing  strain  make  angles  of  45°  with  the  principal 
axes  of  strain  and  the  magnitude  of  the  maximum  shearing  strain 
is  equal  to  the  difference  of  the  principal  strains.  If  we  substitute 
90°  +  a  for  a  in  equation  (1)  we  shall  obtain  for  the  value  of  the 
extension  in  a  direction  at  right  angles  to  OA 

e'  =  es  sin2  a  +  ey  cos2  a (4) 
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Adding  (1)  and  (4)  and  reducing,  we  have 

e  +  e'  =  e,  +  6y=A; (5) 

that  is,  in  any  case  of  plane  strain  the  sum  of  the  extensions  in  any 
two  directions  at  right  angles  through  any  point  0  in  the  plane 
of  strain  is  a  constant  quantity,  known  as  the  dilatation  at  0 
(Art.  41). 

It  is  evident  that  the  state  of  strain  at  any  point  in  a  body  sub- 
jected to  plane  strain  is  fully  determined  when  the  principal  strains 
at  the  point  are  known. 

46.  Strain  Accompanying  Plane  Stress.  —  The  preceding  dis- 
cussion has  been  limited,  for  the  sake  of  simplicity,  to  the  type  of 
strain  known  as  plane  strain.  Such  a  strain  would  not  in  general 
be  produced  without  the  action  of  forces  perpendicular  to  the  plane 
of  strain.  When  such  forces  are  absent,  as  in  the  case  of  plane 
stress,  the  extensions  and  shear-strains  at  any  point  0  along  lines 
in  the  plane  of  the  stress  will  be  accompanied  by  an  extension 
at  0  in  a  direction  perpendicular  to  that  plane  (Art.  5).  We  will 
denote  the  extension  in  this  direction  by  the  symbol  eM. 

The  relations  deduced  in  Arts.  (39-44)  will  hold  true,  however, 
for  the  strain  components  at  any  point  in  directions  parallel  to 
the  plane  of  stress,  and  the  dilatation  (Art.  44)  will  be  represented 
by  the  expression 

A  =  e9  +  ey  +  e9. 

46.  Relations  between  Stresses  and  Strains.  —  The  relations 
between  extensions  and  lateral  strains  and  the  relations  between 
the  simple  stresses  and  strains  have  been  discussed  previously 
(Arts.  5  and  7). 

In  the  general  case  of  plane  stress,  the  relations  between  the 
components  of  stress  and  strain  at  any  point  in  a  homogeneous 
isotropic  body  can  be  determined  as  follows:  Assume  three  rec- 
tangular coordinate  axes  through  any  point  0  with  the  axes  OX 
and  OY  in  the  plane  of  stress.  Following  the  notation  previously 
adopted,  the  normal  stress  on  the  X  plane  will  cause  an  extension 

W 
in  the  direction  OX,  an  extension 

nx 


mE 


f 
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in  the  direction  OF,  and  an  extension 

n9 

mE 
in  the  direction  OZ. 

Similarly  the  normal  stress  on  the  Y  plane  will  cause  extensions 

fly  7iy  j  Tiy 

E'    "^B     an<1    ~^' 

in  the  directions  OF,  OX  and  OZ  respectively. 

The  resultant  extension  in  the  direction  OX  will  therefore  be 
equal  to 


and  in  the  direction  07, 


and  in  the  direction  OZ, 


*~tf      mB W 


*~~5S      m£T      •    •    •    •    •     <3> 


The  shearing  stresses  on  the  X  and  F  planes  will  produce  a 
shearing  strain  in  the  directions  OX  and  OY  which  will  be  equal  to 

7*=^ (4) 

By  solving  equations  (1)  and  (2)  we  readily  obtain  the  following 
values  of  the  normal  stress  intensities  on  the  X  and  Y  planes  in 
terms  of  the  extensions  along  OX  and  OY, 

n*  =  m^T  (me*  +  ^' '     ® 

*»  =  mr_  x  (^^  +  **) (6) 

From  equation  (4)  we  obtain 

«*v  =  0y»» (7) 

When  the  axes  OX  and  OY  are  the  principal  axes  of  strain  it  is 
evident  that  equations  (1),  (2)  and  (3)  give  the  principal  strains  in 
terms  of  the  principal  stress  intensities  and  that  Yxy  =  s*y  =  0. 

47.  Relation  between  the  Modulus  of  Elasticity  and  the 
Modulus  of  Rigidity.  —  If  we  let  ny  and  nx  equal  the  principal 
stress  intensities  at  any  point  0  and  e*  and  e.  the  principal  strains 
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at  that  point,  the  maximum  shearing  stress  intensity  at  0  (Art.  31) 
will  occur  on  the  planes  making  angles  of  45°  with  the  principal 
planes  and  will  be  equal  to 

*=^ (1) 

and  the  maximum  shearing  strain  (Art.  44)  will  be  equal  to 

7  -  ev  -  6«.    , (2) 

Substituting  in  (1)  the  values  of  nx  and  riy  from  equations  (5) 
and  (6)  (Art.  46)  and  combining  (1)  and  (2)  with  (7)  (Art.  46)  we 
obtain 

8  =  2m2-  1  ^rm%  +  e*-me,-ey)  =G(e„-  e«), 

which  reduces  to 

G-l-^jTiE, (3) 

2m  +  1    7  v  ' 

or,  tf  =  20^1 (4) 

If  we  substitute  the  value  of  E  in  equations  (5)  and  (6)  (Art.  46), 
we  obtain 

n*  =  m-  1  ^m6m  +  e**' ® 

2  C1 

n»=^Zl(mei'  +  6*)-  • (6) 

48.  Equations  of  Equilibrium.  —  In  the  discussion  of  the  stress 
at  any  point  in  a  body  subjected  to  plane  stress  we  have  been 
concerned  with  the  relations  existing  between  the  stress  compo- 
nents on  different  planes  passing  through  the  point.  If  the  stress 
is  uniform  throughout  the  body  the  state  of  stress  at  every  point 
will  be  the  same. 

In  the  case  of  a  varying  plane  stress  the  law  of  variation  of  the 
stress  from  point  to  point  in  the  plane  of  the  stress  may  be  deter- 
mined by  applying  the  conditions  of  equilibrium  to  a  small  particle 
which  has  the  shape  of  a  rectangular  prism  (Fig.  30)  with  the  face 
Oabc  parallel  to  the  plane  of  stress,  the  dimensions  of  the  particle 
being  taken  so  small  that  the  stress  over  each  face  may  be  con- 
sidered to  be  uniform.  Let  Ax  and  Ay  be  the  dimensions  of  the 
particle  in  the  directions  OX  and  OY  and  let  the  third  dimension 
equal  unity.    The  stress  on  the  face  Oabc  will  equal  zero  and  if  we 
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let  the  stress  intensities  on  the  X  and  Y  planes  at  0  equal  n*>  n,, 
and  #«y,  as  indicated  (Fig.  30),  the  stress  intensities  on  the  faces  of 
the  particle  parallel  to  the  X  and  Y  planes  will  be  equal  to 

n»  +  An*,    rip  +  An*  and  ***  +  As*,,. 

It  is  evident  that  An*,  An*  and  As*y  represent  the  changes  in  the 
stress  intensities  between  the  X  and  Y  planes  through  0  and  the 


n,+  Any 


.*«,+Aa( 


Fig.  30. 


X  and  Y  planes  through  any  point  &  at  a  small  distance  from  0. 
Applying  the  conditions  of  equilibrium,  we  have 

(n«  +  An.)  Ay  —  n*  Ay  +  (***  +  As,,,)  Arc  —  s*,,  Ax  +  X  Ax  Ay  =  0 
and 
(n*  +  An*)  Ax  —  n„  Ax  +  (***  +  As*,,)  Ay  —  **,,  Ay  +  Y  Ax  Ay  =  0, 

where  X  and  F  represent  the  components  of  any  force,  other  than 
the  stresses  on  the  faces,  which  may  act  on  the  particle.  Dividing 
by  AxAy  and  reducing  and  passing  to  the  limit  we  have 


dfix    ,  d&xy 

lx  ^y~ 

Ofly    ,  OSxy 

dy  "ax" 


+  x  =  o, 

+  F  =  0. 


(1) 
(2) 


These  equations  express  the  law  of  variation  of  stress  in  a  body  in 
equilibrium  under  plane  stress.  If  we  neglect  the  effect  of  gravity, 
or  other  similar  forces  acting  through  space,  the  components  X 
and  Y  will  equal  zero. 
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49.  General  Relations  of  Stresses  and  Strains.  —  When  the 
stress  at  a  point  is  not  confined  to  a  single  plane  the  relations  be- 
tween stresses  on  different  planes  and  those  between  the  strains  in 
different  directions  through  the  point  become  more  complex  and 
no  attempt  will  be  made  to  deduce  them  here.  It  will  be  of  in- 
terest, however,  to  state  the  following  laws  governing  the  state  of 
stress  and  strain  at  any  point  in  a  body  subjected  to  any  system  of 
forces  in  equilibrium. 

(a)  Through  any  point  there  are  three  planes  at  right  angles  on 
which  there  is  no  shearing  stress.  On  one  of  the  planes  the  normal 
intensity  of  stress  is  a  maximum,  on  another  the  normal  intensity 
of  stress  is  a  minimum,  and  on  the  third  it  has  a  value  intermediate 
between  the  other  two.  The  three  planes  are  called  the  principal 
planes  of  stress  and  the  three  stresses  are  called  the  principal 
stresses. 

(b)  Through  any  point  there  are  three  lines  perpendicular  to  the 
principal  planes  of  stress  along  which  there  are  no  shearing  strains. 
Along  one  of  these  lines  the  extension  is  a  maximum,  along  another 
a  minimum,  and  along  the  third  it  has  a  value  intermediate  between 
the  other  two.  The  lines  are  called  the  principal  axes  of  strains 
and  the  extensions  are  called  the  principal  strains. 

(c)  The  following  equations  express  the  relations  between  the 
principal  stresses  and  strains,  the  notation  being  similar  to  that 
previously  adopted: 

e*~~E      mE     mE9 w 

^"E      mE     mE' w 

5» ^* ^y  /q\ 

e*~E      mE     mE' w 

n-  =  (m  +  mm-2)Km-1)e'  +  e'  +  e-]'     '    '    (4) 
n>  =  (m  +  l)(m-2)[(OT~1)e>  +  e'  +  e-1>     '    •    (5) 

w'  =  (m  +  lHm-2)[(OT-1)e'  +  C«  +  e'1-     *    •    (6) 

(d)  If  the  stress  on  each  plane  of  any  set  of  three  planes  at  right 
angles,  passing  through  any  point  0,  is  resolved  in  a  normal  com- 
ponent and  two  shearing  components  in  the  directions  of  the  two 
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coordinate  axes  located  in  that  plane,  the  intensities  01  the  shear- 
ing components  on  any  two  of  the  planes  in  the  direction  of  the 
third  plane  will  be  equal.  If  we  depress  this  law  analytically,  using 
a  notation  similar  to  that  already  adopted,  we  have 

Sxy   =  SyX) (7) 

8yg    =  8gy, (8) 

*M  =  **. (9) 

In  these  equations  the  first  letter  of  the  subscript  indicates  the 
plane  on  which  the  shear  occurs  and  the  second  letter  the  direction 
of  the  axis  along  which  the  component  of  the  shear  is  taken. 

(e)  The  shearing  strain  will  be  made  up  of  three  component 
shearing  strains  in  the  directions  of  the  three  pairs  of  axes,  namely: 

Jm (10) 

7-, (11) 

7„, (12) 

(f)  The  relations  between  the  three  shearing  stress  intensities 
and  the  three  shearing  strains  will  be 

(?=^=^  =  ^ (13) 

7*y       7vi       7«* 

(g)  The  relations  between  the  normal  stress  intensities  and  the 
extensions  along  any  three  coordinate  axes  will  be  the  same  as  the 
relations  of  the  principal  stresses  and  strains  given  in  section  (c). 

(h)  The  equations  of  equilibrium  in  terms  of  the  stress  intensi- 
ties on  any  three  planes  at  right  angles  through  a  given  point  and 
the  components  X,  Y,  Z,  per  unit  of  volume,  of  any  force  such  as 
gravity  acting  through  space,  are  the  following: 

£+£+£+' -* <l4> 

^  +  e^  +  e^+Y  =  0>  (15) 

Sr+&+Sr+*-° (16) 


CHAPTER  HI. 

UNIFORM  STRESS  AND  UNIFORMLY  VARYING 

STRESS. 

60.  Uniform  Stress.  —  When  the  intensities  of  both  the 
normal  and  shearing  components  of  a  stress  on  any  given  plane 
section  are  the  same  at  every  point  in  the  plane,  the  stress  on  the 
plane  is  said  to  be  uniform.  In  such  a  case  the  center  of  the  stress 
coincides  with  the  center  of  gravity  of  the  Section.  (Art.  81, 
Vol.  I.)  It  follows  from  the  laws  of  equilibrium  that  in  order  to 
produce  a  uniform  stress  on  any  plane  section  through  a  body  at 
rest,  the  resultant  of  the  external  forces  acting  on  the  part  of  the 
body  on  either  side  of  the  plane  must  be  a  single  force  whose  line  of 
action  passes  through  the  center  of  gravity  of  the  section. 

51.  Axial  Tension.  —  When  a  straight  bar  of  uniform  section 
and  material  is  subjected  to  a  pull  in  such  a  manner  that  the  line 
of  action  of  the  resultant  force  acting  on  each  end  coincides  with 
the  central  axis  of  the  bar,  the  stress  on  any  cross  section,  either  at 
right  angles  to,  or  inclined  to,  the  axis  will  be  uniform.  It  is 
common  engineering  practice  to  call  the  stress  on  the  right  cross 
section  in  such  a  case  axial  tension. 

This  term  will  also  apply  in  the  case  of  a  piece  of  homogeneous 
material  of  non-uniform  section,  provided  the  axis  passing  through 
the  center  of  gravity  of  every  right  cross  section  is  a  straight  line 
and  the  line  of  action  of  the  resultant  force  acting  at  each  end  of 
the  piece  coincides  with  the  axis. 

The  intensity  of  the  stress  at  any  point  0  on  a  cross  section  at 
right  angles  to  the  central  axis  will  be  greater  than  that  on  any 
other  cross  section  through  0  and  will  be  equal  to 

*-i (1) 

where  P  =  the  resultant  force  acting  at  one  end  of  the  piece  and 
A  =  the  area  of  the  cross  section.  The  maximum  intensity  of 
stress  will  evidently  occur  on  the  right  cross  section  for  which  A  is 

a  minimum, 

77 
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The  strain  at  any  point  0  in  the  direction  of  the  axis  will  be 
equal  to 

and  the  strain  at  0  in  any  direction  at  right  angles  to  the  axis  will 
be  equal  to 

-  -  -  -  JL  m 


If  the  piece  is  of  uniform  cross  section  the  elongation  in  any 
length  will  be  equal  to 

Q  —  61  —   jp  —     A-p y± ) 

The  intensity  of  the  shearing  stress  on  any  plane  through  0 
inclined  at  45°  to  the  central  axis  of  the  piece  will  be  greater  than 
that  on  any  other  plane  through  0  and  will  be  equal  to 

«=  |  (Art.  26) (5) 

When  0  is  located  in  the  minimum  cross  section,  the  value  of  s 
will  be  the  maximum  intensity  of  the  shearing  stress  for  the  entire 
piece, 

52.  Axial  Compression.  —  Axial  compression  may  be  defined 
as  negative  axial  tension,  it  being  the  uniform  compression  stress 
on  the  right  cross  section  of  a  piece  whose  central  axis  is  a  straight 
line.  To  produce  such  a  stress  the  line  of  action  of  the  resultant 
force  acting  on  each  end  of  the  piece  must  coincide  with  the  axis, 
the  forces  being  directed  so  as  to  produce  compression. 

The  expressions  for  stress  intensities,  strains  and  elongation 
(Art.  51)  will  evidently  apply  in  this  case,  all  of  the  quantities  being 
negative  instead  of  positive. 

It  is  unnecessary  to  take  account  of  signs,  however,  in  cases 
where  the  stress  is  of  the  same  kind  throughout  the  body. 

63.  Saint-Venant's  Principle.  —  A  careful  analysis  of  either  of 
the  cases  discussed  in  Arts.  (51)  and  (52)  will  show  that,  in  order  that 
stress  on  every  cross  section  of  the  piece  shall  be  uniformly  dis- 
tributed, the  forces  acting  on  the  ends  must  be  distributed  in  the 
same  manner.  Practically,  however,  the  solutions  given  may  be 
applied  to  any  case  in  which  the  lines  of  action  of  the  resultants 
of  the  forces  acting  at  the  ends  of  the  piece  coincide  with  the  central 
axis,  the  distribution  of  the  stresses  and  strains  at  different  points 
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in  the  body  being  independent  of  the  distribution  of  the  terminal 
forces,  except  for  comparatively  small  portions  near  the  ends. 
This  statement  is  in  accord  with  a  "principle,"  first  definitely 
enunciated  by  Saint-Venant,  according  to  which  the  strains  pro- 
duced at  any  point  in  a  body  in  equilibrium  by  the  action  of  each 
of  the  individual  forces,  applied  to  small  portions  of  its  surface, 
are  of  negligible  magnitude  compared  with  the  strains  produced 
by  the  force  system  as  a  whole,  except  for  points  in  comparatively 
small  portions  of  the  body  near  the  places  at  which  the  forces  are 
applied. 

This  principle  will  be  found  to  have  a  broad  application  in  the 
theorems  which  are  discussed  later. 

64.  Thin  Hollow  Cylinder. —  When  a  hollow  circular  cylinder, 
whose  thickness  is  small  compared  with  its  radius,  is  subjected  to  a 
uniform  internal  pressure  the  stress  on  any  cross  section  through 
a  point  in  the  surface  may  be  considered  to  be  uniform.  We  will 
let  r  =  the  radius  and  t  =  the  thickness  of  such  a  cylinder  (Fig. 
31)  and  assume  that  the  ends  are  so  thick,  or  of  such  shape,  that 
the  stress  in  the  cylindrical  shell  will  not  be  affected  by  the  distor- 
tion of  the  ends.    Let  p  =  the  intensity  of  the  internal  pressure. 


O 


i 


1- 


Fig.  31. 

To  determine  the  intensity  of  stress  on  a  longitudinal  section 
OX,  through  any  point  0  in  the  surface  of  the  cylinder,  we  apply 
the  conditions  of  equilibrium  to  Obc,  a  semi-circular  section  of  the 
shell  one  unit  in  width.  The  forces  parallel  to  the  X  plane  through 
0  acting  on  this  section  will  be  the  uniformly  distributed  internal 
pressure  over  the  semi-circumference  Obc  and  the  uniform  stress 
on  the  cross  sections  at  0  and  c.    The  resultant  of  the  internal 
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pressure  may  easily  be  shown  to  be  a  force,  whose  magnitude  is 
equal  to  2  pr,  acting  through  the  center  of  the  cylinder.  Hence 
the  total  stresses  at  the  sections  0  and  c  will  be  equal  and,  if  we 
denote  the  stress  intensity  on  these  sections  by  the  symbol  /,  we 
shall  have 

and  therefore  '  ""  JT 

/-? » 

The  intensity  /  is  commonly  called  the  hoop  tension  in  the 
cylinder. 

The  intensity  of  the  stress  on  a  cross  section  OF,  perpendicular 
to  the  axis  of  the  cylinder,  may  be  determined  by  applying  the  con- 
ditions of  equilibrium  to  the  portion  of  the  cylinder  on  either  side 
of  the  section.  The  resultant  of  the  internal  pressure  on  the  part 
on  one  side  of  the  section  will  evidently  be  a  force  of  magnitude 

pm*, 

whose  line  of  action  coincides  with  the  axis  of  the  cylinder.  This 
force  will  be  balanced  by  a  stress  uniformly  distributed  around  the 
circumference  at  the  section  OY.  If  we  denote  the  intensity  of 
this  stress  by  the  symbol  /i,  we  shall  have 

from  which  we  obtain 

/i  =  |^ (very nearly)/.    ...    (2) 

The  stress  intensity  /i  is  frequently  called  the  end  tension  in  the 
cylinder.  It  is  evident  that  its  value  is  not  affected  by  a  change 
in  the  shape  of  the  ends  of  the  cylinder  provided  they  are  strong 
enough  not  to  distort  appreciably  under  the  pressure.  A  com- 
parison of  equations  (1)  and  (2)  shows  that  in  any  thin  cylinder 

/-2/i (3) 

Since  there  are  no  shearing  stresses  on  the  sections  OX  and  OY, 
f  and  /i  are  principal  stress  intensities  and  the  resultant  stress 
intensity  on  any  other  plane  through  0,  containing  the  axis  OZ, 
will  have  a  value  intermediate  between  them,  which  is  given  by 
the  expression 

p=(/1»cos*a+/2sin2a)*, (4) 

obtained  by  substituting  the  values  of  /  and  /i  in  equation  (3) 
(Art.  29). 
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The  hoop  tension  /  is  therefore  the  greatest  stress  in  the  shell  of 
the  cylinder. 

The  above  formulae  will  evidently  apply  in  the  case  of  a  thin 
hollow  cylinder  subjected  to  uniform  external  pressure,  the  outside 
radius  of  which  is  equal  to  r  and  thickness  equal  to  t,  the  normal 
stresses  on  the  different  sections  being  compression  instead  of 
tension. 

This  important  difference  between  the  two  cases  should  be 
noted,  however.  When  the  cross  section  is  not  an  exact  circle,  a 
uniform  internal  pressure  tends  to  make  the  section  circular,  while 
a  uniform  external  pressure  tends  to  increase  the  distortion  from 
the  circular  form,  collapsing  the  cylinder  completely  at  a  pressure 
intensity  much  smaller  than  the  internal  pressure  to  which  it  may 
be  subjected  without  failing. 

When  the  cylinder  is  subjected  to  uniform  internal  and  external 
pressures  simultaneously  the  stress  intensity  on  any  section  can  be 
found  by  combining  the  stresses  due  to  the  pressures  taken  sepa- 
rately. If  we  let  r  =  the  mean  radius  of  the  shell,  px  =  the  in- 
tensity of  the  internal  pressure  and  p%  =  the  intensity  of  the 
external  pressure,  the  resultant  intensity  of  the  stress  on  the 
longitudinal  section  will  be  very  nearly  equal  to 

/  =  (azp)i (5) 

and  the  resultant  intensity  of  the  stress  on  the  cross  section  per- 
pendicular to  the  axis  will  be  very  nearly  equal  to 

f  _  (pi  -  V%)  r  (  . 

66.  Thin  Hollow  Sphere.  —  When  a  spherical  shell,  whose 
thickness  is  small  compared  with  its  radius  is  subjected  to  a  uniform 
internal  pressure,  the  stress  on  any  section  through  the  shell  may 
be  considered  to  be  uniform.  The  intensity  of  the  stress  on  any 
meridian  section  of  the  shell  may  be  determined  by  applying  the 
conditions  of  equilibrium  to  the  forces  acting  on  the  hemisphere 
on  either  side  of  the  section. 

Let  r  =  the  inside  radius  of  the  sphere,  t  =  its  thickness,  p  = 
the  intensity  of  the  internal  pressure  and  /  =  the  intensity  of  the 
tension  on  a  meridian  section  through  the  shell.  The  resultant  of 
the  internal  pressure  on  the  hemisphere  may  easily  be  shown  to  be 
equal  to  p^r* 

its  line  of  action  passing  through  the  center  of  the  sphere. 
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The  total  stress  on  the  meridian  section  of  the  shell  will  be  equal  to 


Hence 


f2rc(r  +  ?)t=pirt*. 


/  =  |]  (very  nearly).      .    .    .    (1) 


Formula  (1)  will  evidently  apply  when  the  sphero  is  subjected 
to  uniform  external  pressure,  r  representing  the  external  radius. 

The  difference  between  the  effects  of  internal  and  external 
pressures  when  the  shell  is  not  exactly  spherical  in  form  will  evi- 
dently be  similar  to  that  in  the  case  of  the  thin  hollow  cylinder  of 
non-circular  section.    (Art.  54.) 

When  the  sphere  is  subjected  to  uniform  internal  and  external 
pressure,  simultaneously,  the  resultant  intensity  of  stress  on  any 
meridian  section  will  be  very  nearly  equal  to 


t  _  (Pi  ~  P2)  r 
/-~~2t ' 


(2) 


where  p\ «  the  intensity  of  the  internal  pressure,  p%  =  the  intensity 
of  the  external  pressure  and  r  =  the  mean  radius  of  the  shell. 


Fig.  32. 


66.  Uniform  Shearing  Stress.  —  When  a  rivet,  or  bolt,  or  pin 
is  used  to  join  two  pieces  together  as  in  Fig.  (32)  the  intensity  of  the 
shearing  stress  on  the  section  AB  due  to  a  pull  P  is  ordinarily 
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assumed  to  be  uniform.  This  assumption  is  hardly  in  accord  with 
the  principle  stated  in  Art.  (53)  but  there  is  no  way  in  which  the 
exact  distribution  of  the  stress  on  the  section  can  be  fully  deter- 
mined. Hence,  if /,  =  the  average  intensity  of  the  shearing  stress, 
due  to  the  pull  P,  d  —  the  diameter  of  the  rivet,  A  =  the  area  of 
its  cross  section,  we  shall  have 


and 


*-!■ 


(2) 


The  rivet  shown  (Fig.  32)  is  said  to  be  subjected  to  single  shear. 

When  two  plates  are  joined  to  a  single  plate  by  a  rivet  as  shown 
in  Fig.  33  the  rivet  is  said  to  be  subjected  to  double  shear,  and  if 
the  rivet  is  of  the  same  dimensions  as  before 

P  =  2/.^=/.^ (3) 

and  p 

'•-o (4) 

the  two  sections  AB  and  CD,  in  this  case,  being  subjected  to  a 
uniform  shearing  stress. 


Fig.  33. 

57.  Uniform  Bearing  Pressure.  —  In  both  of  the  cases  dis- 
cussed in  Art.  (56)  it  is  customary  to  assume  that  the  pressure 
between  either  plate  and  the  rivet  is  uniformly  distributed  around 
the  semi-circumference  of  the  rivet,  there  being  no  shearing  stress 
at  the  surface  of  contact. 
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Hence  the  relation  between  the  intensity  of  the  pressure  and  the 
resultant  pressure  on  the  surface  of  the  rivet  will  be  the  same  as  in 
the  case  of  the  circular  cylinder  subjected  to  uniform  external 
pressure  (Art.  54).  Therefore,  if  we  let/c  =  the  intensity  of  the 
pressure  between  the  rivet  and  either  plate  (Fig.  32)  and  t  —  the 
thickness  of  each  plate,  we  shall  have 

P=fM (1) 

and  p 

'-a <2> 


The  quantity  of  fc  is  usually  called  the  intensity  of  the  bearing 
pressure  on  the  rivet.  When  the  rivet  is  under  double  shear  as 
shown  in  Fig.  (33),  if  we  let  t  =  the  thickness  of  the  middle  plate, 
the  intensity  of  the  bearing  pressure  will  be  represented  by  equation 
(2)  as  before.  If  the  two  outside  plates  are  of  equal  thickness  tif 
the  intensity  of  the  bearing  pressure  between  the  rivet  and  the 
outside  plates  will  be  represented  by  the  expression 

//=2M (3) 

58.  Riveted  Joints.  —  In  joining  together  the  plates  used  in 
the  construction  of  a  boiler,  or  tank,  and  in  fastening  the  joints  of 
steel  structures,  rivets,  or  in  some  cases  bolts,  are  employed.  In 
the  majority  of  cases  the  connection  is  made  in  such  a  manner  that 
the  forces  acting  between  the  parts  joined  together  produce  a  shear- 
ing stress  on  the  cross  sections  of  the  rivets.  When  the  line  of 
action  of  the  resultant  of  the  forces  acting  on  the  joint  passes 
through  the  center  of  gravity  of  the  combined  area  of  the  cross 
sections  of  all  the  rivets  in  the  joint,  it  is  customary  to  assume  that 
the  intensity  of  the  shearing  stress  on  all  the  rivets  is  the  same. 
This  assumption  is  practically  correct  for  simple  joints  with  one 
or  two  rows  of  rivets  but  an  analysis  of  the  stress  and  strains  will 
show  that  it  is  not  exactly  true  for  the  more  complicated  joints. 

In  the  design  of  any  riveted  joint,  it  is  necessary  to  determine 
(a)  the  proper  diameter  of  the  rivets;  (b)  the  spacing,  or  pitch,  of 
the  rivets;  (c)  the  distance  between  the  rivets  and  edge  of  the 
plate,  or  the  lap  of  the  joint  as  it  is  called;  (d)  the  distances  be- 
tween the  rows  of  rivets,  when  more  than  one  row  is  used. 

A  method  of  determining  these  quantities  in  a  few  simple  cases 
will  now  be  given.    In  each  case  we  will  let 
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ft  ™  the  working  strength  in  shear  of  the  rivet  material, 

fa  -■=  the  greatest  allowable  intensity  of  bearing  pressure  be* 

tween  the  plate  and  a  rivet, 
ft  =  the  working  tensile  strength  of  the  material  in  the  plate, 
d  —  the  diameter  of  a  rivet, 
A  —  the  area  of  the  cross  section  of  a  rivet, 
t  »  the  thickness  of  the  plates  joined  together, 
p  —  the  pitch  of  the  rivets;  that  is,  the  distance  from  center  to 

center  of  the  rivets  in  any  one  row, 
I  —  the  lap;  that  is,  the  distance  from  the  center  of  a  rivet  to 

the  edge  of  the  plate, 
a  —  the  distance  between  the  rows  of  rivets,  when  more  than 

one  row  is  used. 
Case  I.  The  simplest  type  of  a  joint,  used  for  connecting  two 
plates,  is  known  as  the  single  riveted  lap  joint  (Fig.  34),  in  which 
two  plates  are  lapped  together  and  connected  with  a  single  row  of 
rivets  spaced  at  equal  distances.  We  will  assume  that  the  joint 
is  subjected  to  a  uniform  stress;  that  is,  the  stresses  on  all  the 
rivete  are  equal. 


* 


> 


If  such  a  joint  were  subjected  to  a  pull  sufficient  to  break  it 
apart,  the  manner  in  which  it  would  fail  would  depend  on  the  size 
and  spacing  of  the  rivets.  If  the  rivets  were  too  small,  or  were 
spaced  too  far  apart,  the  joint  would  fail  by  shearing  the  rivets. 
If  the  rivets  were  too  close  together  the  plate  would  tear  off 
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between  the  rivet  holes.  If  the  lap  were  too  small,  the  rivets 
would  break  through  the  edge  of  the  plate.  In  order,  therefore, 
that  the  joint  shall  be  as  strong  as  it  is  possible  to  make  it,  the 
strength  of  one  rivet  must  be  equal  to  the  strength  of  the  section 
of  plate  between  two  adjacent  rivets,  and  the  strength  of  the  plate 
in  front  of  a  rivet  must  be  equal  to,  or  greater  than,  the  strength  of 
a  rivet.  If  such  a  joint  were  pulled  apart  the  plate  between  the 
rivets  would  be  at  the  point  of  failure  when  the  rivets  broke  off, 
or  vice  versa,  provided  the  lap  were  made  great  enough  to  prevent 
the  rivets  from  breaking  through. 

When  subjected  to  its  working  load  the  relations  between  the 
working  stresses  in  the  rivets  and  the  plate  would  be  the  same  as 
those  between  the  stresses  at  breaking.  To  determine  the  dimen- 
sions we  therefore  proceed  as  follows: 

(a)  The  diameter  of  the  rivets  will  depend  on  the  thickness  of  the 
plate,  the  pitch  which  is  desirable  and  other  considerations.  The 
choice  of  the  diameter  will  usually  be  based  on  the  results  of  ex- 
perience rather  than  on  any  particular  formula. 

The  holes  in  the  plate  are  either  punched  or  drilled  larger  than 
the  size  of  the  rivets.  The  rivets  on  being  driven  expand  to  fill 
the  holes.  When  the  holes  are  drilled  in  place  and  accurately  in 
line  the  diameter  of  the  rivets  when  driven  will  equal  the  diameter 
of  the  holes  and  in  making  computations  it  is  customary  to  use  the 
driven  diameter  of  the  rivet,  as  it  is  called. 

When  the  holes  in  the  plate  are  punched  out  roughly,  the  align- 
ment may  be  such  that  the  smallest  section  of  the  driven  rivet  will 
not  be  much  greater  than  the  section  of  the  rivet  before  driving. 
Hence  in  such  work  it  is  customary  to  use  the  original  or  nominal 
diameter  of  the  rivet  in  making  computations. 

Having  fixed  upon  the  diameter  to  use,  the  working  load  for 
a  rivet  in  shear  will  be  equal  to 

1^=/^=^  (Art.  56) (1) 

and  the  allowable  bearing  pressure  will  be  equal  to 

TT2=/c«(Art.57) (2) 

To  find  the  diameter  of  the  rivet  required  to  make  the  shearing 
and  crushing  resistance  equal,  equate  (1)  and  (2)  and  we  obtain 

d  =  ^ (3) 

7TJ9 
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It  is  evident  that  if  the  diameter  of  the  rivets  used  is  greater  than 
that  given  by  (3),  W2  <  Wh  and  if  the  diameter  used  is  less  than 
the  value  given  by  (3)  W\  <  TV*. 

Since  the  diameters  of  commercial  rivets  vary  by  sixteenths  of 
an  inch  and  practical  considerations  limit  the  sizes  which  can  be 
used,  the  diameter  of  the  rivets  selected  for  any  particular  joint 
will  seldom  agree  with  that  given  by  equation  (3).  Hence,  the 
working  load  per  rivet  must  be  the  smaller  of  the  quantities  Wi 
and  W%. 

(b)  The  pitch  of  the  rivets  may  now  be  determined  by  equating 

the  working  load  on  a  rivet  to  the  working  load  on  the  net  section 

of  the  plate  between  a  single  pair  of  rivet  holes.    This  will  evidently 

be  equal  to 

ft(p-d)t. (4) 

Hence,  if  Wi  <  W%,  the  pitch  of  the  rivets  will  be  determined 

from  the  equation 

fA=ft(p-<Qt; (5) 

and,  if  W%  <  Wh  the  pitch  will  be  determined  from  the  equation 

fM=ft(p-d)t (6) 

(c)  When  steel  plate  is  used  the  lap  of  the  joint  may  be  deter- 
mined from  the  expression 

i  =  0.007  y^p  + 0.5  d (7) 

This  equation  must  for  the  present  be  regarded  as  empirical, 
the  value  of  W  being  the  smaller  of  the  values  Wi  and  W*. 

The  efficiency  of  a  riveted  joint  is  the  ratio  of  the  strength  of  the 
joint  to  the  strength  of  the  plate  of  which  the  joint  is  made.  The 
strength  of  the  joint  is  understood  to  be  the  minimum  resistance  of 
the  joint  to  failure.    Expressed  analytically 

_.  .              minimum  resistance  of  section  of  width  v       /ON 
emciency  = -t—. .   .  \p) 

If  the  joint  is  properly  designed  equation  (8)  reduces  to 

efficiency  ^(p-^t^p-d (8a) 

ftpi  V 

Case  II.  The  joints  shown  in  Figs.  (35)  and  (36)  are  known  as 
double  riveted  lap  joints. 
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In  Fig.  (35)  is  shown  a  case  of  zigzag  riveting,  or  the  rivets  are  said 
to  be  staggered,  and  in  Fig.  (36)  the  riveting  is  known  as  chain 
riveting.    In  both  cases  the  net  section  of  plate  between  two  rivets 


Fig.  35. 
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Fia.  36. 


must  be  equal  in  strength  to  the  strength  of  two  rivet  sections  if 
the  joint  is  to  be  as  strong  as  possible. 

(a)  Having  chosen  a  diameter,  the  strength  of  a  single  rivet  will 
evidently  be  the  less  of  the  two  values  W\  and  W%  (Case  I). 
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(b)  If  Wi  <  W2  the  pitch  will  be  obtained  from  the  equation 

2Wi  =  2f.A  =  /«(p-d)* (9) 

and  iiWi<Wi  the  pitch  will  be  obtained  from  the  equation 

2W*  =  2fetd=ft(p-d)t (10) 

(c)  The  lap  will  be  determined  from  equation  (7),  using  the 
smaller  of  the  two  values  of  TTi  and  W%. 

(d)  Either  of  the  joints  (Figs.  36-36)  will  be  sufficiently  strong 
if  the  distance  a  between  the  rows  of  rivets  is  equal  to  or  greater 

than  /  +  o" 

If  the  joint  is  properly  designed,  the  efficiency  will  evidently  be 
represented  by  equation  (8). 

Case  III.  In  Fig.  (37)  is  given  an  illustration  of  a  single  riveted 
butt  joint,  in  which  two  plates  are  butted  together  and  joined  by 


Fig.  37. 


riveting  on  two  cover  plates,  whose  thickness  fe  may  be  equal  to  or 

less  than  t,  the  thickness  of  the  main  plate,  but  never  as  small  as  ~  • 

The  rivets  in  such  a  joint  are  subjected  to  double  shear  as  shown 
in  Fig.  (33). 
(a)  The  diameter  of  the  rivet  will  be  chosen  in  accord  with  the 
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considerations  stated  in  Case  I.    The  strength  of  a  single  rivet 
will  then  be  equal  to  the  lees  of  the  values 

Wi  =  2/.A=^  (Art.  66)      ....    (11) 

and 

W*=ftf  (Art.  57) (12) 

(b)  The  pitch  will  be  determined  by  placing  the  smaller  of  the 
values  W,  and  Wt  equal  to  /,  (p  -  -  d)  t.    Hence  if  W%  <  W* 

W,-2ftA=f,(j>~d)t (13) 

and  if  Wt  <  W, 

Wl=fctd=f,(p-d)t (14) 


H 


> 


tyrter-^ 


+m 


(c)  The  lap  in  the  main  plate  will  be  determined  by  substituting 
the  smaller  of  the  values  W\  and  Wt  in  equation  (7);  and  the  lap 
in  the  cover  plate  by  substituting  U  for  t  and  the  smaller  of  the 


If  the  joint  is  properly  designed  the  theoretical  efficiency  would 
evidently  be  determined  from  equation  (8),  as  before. 
Case  IV.    In  Fig.  (38)  is  represented  a  double  riveted  butt  joint 
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with  chain  riveting.  The  rivets  in  such  a  joint  might  be  staggered 
as  in  Fig.  (35),  but  the  computation  of  the  dimensions  would  be  the 
same  as  for  the  joint  shown. 

(a)  Having  chosen  the  size  of  rivet  the  strength  of  a  single  rivet 
will  be  the  less  of  the  values  Wz  and  W*. 

(b)  In  this  case  the  net  section  of  the  plate  between  two  rivets 
must  be  equal  to  the  strength  of  two  rivets,  hence  i£W*  <W*  the 
pitch  will  be  obtained  from  the  equation 

2Wz  =  4f,A=ft(p-d)t (15) 

andif  Wa  <  Wz 

2WA  =  2fJd=ft(p-d)t (16) 

(c)  The  laps  in  the  main  plate  and  in  the  cover  plate  will  be 
determined  by  the  same  equations  as  in  Case  III. 

(d)  The  distances  between  the  rows  will  be  determined  by  the 
same  rule  as  in  Case  II. 

If  properly  designed  the  efficiency  will  be  given  by  the  same 
expression  (equation  8)  as  that  for  the  preceding  cases. 

In  each  of  the  preceding  four  cases  the  object  has  been  the  de- 
termination of  the  dimensions  of  the  strongest  possible  joint  of  a 
particular  type.  It  will  be  found  that  for  any  given  material  the 
strength  of  a  joint  of  any  one  type,  in  a  given  thickness  of  plate, 
will  be  varied  by  changing  the  diameter  of  the  rivets. 

When  the  dimensions  of  a  joint  are  determined  in  accordance 
with  the  preceding  method  it  will  be  found  that  an  increase  in  the 
diameter  of  the  rivets  will  result  in  an  increase  in  efficiency  of  the 
joint  until  the  diameter  at  which  the  shearing  strength  of  a  rivet 
is  equal  to  the  allowable  bearing  pressure  upon  it  is  reached.  Any 
increase  beyond  this  will  not  give  an  increase  in  efficiency.  It 
will  also  be  found  that  for  any  given  diameter  of  rivet,  the  effi- 
ciency of  a  riveted  connection  will  increase  with  an  increase  in  the 
number  of  rows  of  rivets  used. 

The  joints  given  in  the  preceding  four  cases  represent  the 
simpler  types  used  in  the  construction  of  boilers,  tanks,  pipes, 
etc.  By  increasing  the  number  of  rows  of  rivets  and  varying  the 
numbers  of  rivets  in  the  different  rows,  joints  of  greater  strength 
than  any  of  these  can  be  made.  The  analysis  of  the  stresses  in 
such  cases  becomes  more  complex,  however,  and  will  not  be  under- 
taken here. 

Case  V.    One  other  type  of  joint  will  be  mentioned,  namely. 
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the  joint  used  in  fastening  together  two  parts  of  a  frame  structure 
when  the  rivets  are  placed  in  such  a  manner  that  the  stresses  on 
all  the  rivets  are  equal.  In  such  a  case  the  line  of  action  of  the 
resultant  of  the  forces  acting  on  the  joint  must  pass  through  the 
center  of  gravity  of  all  the  rivet  sections  combined. 

When  the  rivets  are  in  single  shear,  as  in  the  illustration  of  the 
plate  and  channel  connection  given  (Fig.  39),  the  strength  of  a 
rivet  in  single  shear  will  be  equal  to 

M  -«. 

and  the  allowable  bearing  pressure  will  be  equal  to 

fjd 

where  t  =  the  thinner  of  the  two  parts. 
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Fia.  39. 


The  strength  of  a  rivet  will  evidently  be  equal  to  the  smaller  of 
these  two  values  and  the  number  of  rivets  required  in  a  joint  will 
be  found  by  dividing  the  resultant  force  acting  on  the  joint  by 
this  quantity. 

On  account  of  the  dissimilar  cross  sections  of  the  parts  con- 
nected, the  spacing  of  the  rivets  in  such  a  joint  is  usually  made 
according  to  a  certain  standard,  the  standard  distances  between 
the  rivets  and  between  the  rivets  and  the  edge  of  the  plate  being 
based  on  the  results  of  theoretical  computations  and  data  from 
experiments. 
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The  method  of  determining  the  number  of  rivets  when  a  joint 
of  this  type  is  constructed  with  the  rivets  in  double  shear  is  self 
evident. 

In  practically  all  joints  of  this  kind  the  holes  in  the  members 
are  punched  and,  as  previously  indicated,  the  nominal  diameter 
of  the  rivets  should  be  used  in  making  computations. 

59.  Uniformly  Varying  Stress.  —  When  the  stress  on  a  plane 
surface  is  distributed  in  such  a  manner  that  the  intensity  at  any 
point  is  proportional  to  the  distance  of  the  point  from  a  straight 
line  in  the  plane  of  the  surface  the  stress  is  said  to  be  uniformly 
varying  (Art.  82,  Vol.  I).  Theoretically,  this  definition  will 
apply  to  a  normal  stress,  a  shearing  stress,  or  an  oblique  stress  with 
both  a  normal  and  a  shearing  component;  but  for  the  sake  of 
brevity  the  term  uniformly  varying  stress,  unless  otherwise  desig- 
nated, will  be  taken  to  mean  a  uniformly  varying  normal  stress. 

Neutral  Axis.  —  The  straight  line  along  which  the  stress  in- 
tensity is  zero  is  called  the  neutral  axis  and  this  may  be  located 
either  within  or  outside  of  the  limits  of  the  surface. 

Resultant  Stress  and  Center  of  Stress.  —  If  the  area  is  referred  to 
the  rectangular  coordinate  axes  OX  and  OY>  with  OY  coinciding 
with  the  neutral  axis,  and  if  a  —  the  stress  intensity  at  a  unit  of 
distance  from  the  neutral  axis,  the  stress  intensity  at  any  point  in 
the  surface,  whose  coordinates  are  (x,  y),  will  be  equal  to 

p  —  ax (1) 

The  total  stress  on  the  surface  will  be  equal  to 

R  =  J  pdA  =  a  I  zdA  =  axoA,    ....     (2) 

where  xo  =  the  distance  from  the  neutral  axis  to  the  center  of 
gravity  of  the  surface. 

The  moment  of  the  resultant  stress  about  the  neutral  axis  will 
be  equal  to 

Ms=lpxdA=ala?dA=aI).     .     .     .     (3) 

where  I  =  the  moment  of  inertia  of  the  surface  about  the  neutral 
axis.    The  coordinates  of  the  center  of  stress  will  be 


I  pxdA      a  f  x*dA 
I  pdA       a  I  xdA 


*  -  f  "  Vrr  — Vrr  "  si*   •  •  (4) 
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I  pydA      a  J  xydA       _ 


*-- a (5) 


I  pdA       a  i  xdA 


where  K  =  the  product  of  inertia  of  the  surface  with  respect  to 
the  X  and  Y  axes. 

It  is  evident  that  when  the  axes  OX  and  OY  are  principal  axes 
of  inertia  of  the  surface  (Art.  125,  Vol.  I),  yi  —  0  and  the  center 
of  stress  is  on  the  axis  OX. 

A  familiar  example  of  a  uniformly  varying  stress  is  that  of  a 
fluid  pressure  exerted  on  any  plane  submerged  surface.  In  such 
a  case  the  neutral  axis  of  the  stress  will  be  the  line  of  intersection 
of  the  plane  of  the  surface  with  the  surface  of  the  fluid  and  this 
line  may  form  a  boundary  of  the  surface  under  stress  or  it  may  lie 
entirely  outside  its  limits.  The  center  of  stress  for  such  a  surface 
is  ordinarily  called  the  center  of  pressure. 

If  we  let  po  =  the  intensity  of  the  pressure  at  the  center  of 
gravity  of  a  submerged  surface  and  h  =  the  moment  of  inertia  of 
the  surface  about  an  axis  through  the  center  of  gravity  parallel  to 
the  neutral  axis,  equation  (2)  may  be  written 

R  =  poA (6) 

and  equation  (4)  will  reduce  to 

*-*-5r (7) 

That  is,  the  resultant  pressure  on  any  submerged  surface  is  equal 
to  the  product  of  the  pressure  intensity  at  its  center  of  gravity  and 
the  area  of  the  surface;  and  the  distance  between  the  center  of 
pressure  and  the  center  of  gravity  is  equal  to  the  moment  of  inertia 
of  the  surface  about  an  axis  through  its  center  of  gravity,  parallel 
to  the  neutral  axis,  divided  by  the  moment  of  the  submerged  area 
about  the  neutral  axis. 

60.  Uniformly  Varying  Stress  Whose  Resultant  is  a  Couple.  — 
A  uniformly  varying  stress  may  be  distributed  over  a  plane  sur- 
face in  such  a  manner  that  the  neutral  axis  lies  within  the  boundary 
of  the  surface,  the  stress  on  one  side  of  the  neutral  axis  being  ten- 
sion and  on  the  other  compression.  A  special  case  arises  when 
the  neutral  axis  passes  through  the  center  of  gravity  of  the  surface. 


UNIFORMLY  VARYING  STRESS 


95 


In  this  case  the  total  stress  on  the  surface  (equation  2,  Art.  59) 

becomes 

R  -  axoA  =0 (1) 

and  the  moment  of  the  stress  (equation  3,  Art.  59)  becomes 

M  =  cJo (2) 

Hence  the  resultant  of  a  uniformly  varying  stress,  the  neutral 
axis  of  which  passes  through  the  center  of  gravity  of  the  surface,  is 
a  couple.  The  magnitude  of  this  couple  is  represented  by  equation 
(2)  when  the  neutral  axis  is  a  principal  axis  of  inertia  of  the  surface. 
In  other  cases  the  value  of  M  given  by  equation  (2)  is  the  com- 
ponent couple  in  a  plane  perpendicular  to  the  neutral  axis,  ob- 
tained by  resolving  the  resultant  couple,  formed  by  the  stress,  into 
two  components  in  planes  respectively  perpendicular  and  parallel 
to  the  neutral  axis. 

This  may  be  proven  in  the  following  manner.  Let  the  plane 
surface  (Fig.  40)  be  subjected  to  a  uniformly  varying  stress,  YY 
being  the  neutral  axis  passing  through  the  center  of  gravity  0. 
Let  the  stress  above  the  neutral  axis  be  tension  and  below  it, 
compression. 


Fig.  40. 

Let  Rt  represent  the  magnitude  of  the  resultant  and  xt,  yt  the 
coordinates  of  the  center  of  the  tension  stress;  and  let  Rc  represent 
the  magnitude  of  the  resultant  and  xe,  ye,  the  coordinates  of  the 
center  of  the  compression  stress.  Since  the  resultant  of  the  stress 
on  the  entire  8urfa.ce  is  a  couple,  Rt  =  Re. 

The  sum  of  the  moments  of  the  tension  and  compression  stresses 
about  YY  will  be  equal  to 

M  —  R&t  +  R&c  =  a/0 
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and  this  quantity  will  evidently  be  equal  to  the  moment  of  the 
resultant  couple  formed  by  R*  and  Re  when  yt  =  yc  (algebraically). 
When  yt  >  or  <  ye  the  couple  M  =  a/o  will  evidently  be  the  com- 
•  ponent  of  the  resultant  couple  acting  in  the  Y  plane. 

To  determine  when  yt  =  yc  we  have  from  equation  (5)  (Art.  59) 

K' 
Vt=^A" 
where  K'  =  the  product  of  inertia,  with  respect  to  the  X  and  Y 
axes,  and  xq'A'  =  the  moment,  about  the  axis  YY,  of  the  part  of  the 
surface  above  the  neutral  axis. 

Similarly, 

K" 

Ve~XoffAf,J 

where  K"  =  the  product  of  inertia,  with  respect  to  the  X  and  Y 
axes,  and  xJ'A"  =  moment,  about  the  axis  YY,  of  the  part  of  the 
surface  below  the  neutral  axis. 

When  the  axis  XX  is  an  axis  of  symmetry  of  the  surface  Kf  = 
K"  =  0  (Art.  122,  Vol.  I)  and  hence  yt  =  ye  =  0,  which  holds 
true  whether  the  axis  YY  is  an  axis  of  symmetry  or  not. 

Since  the  axis  YY  passes  through  the  center  of  gravity 

*b'A'  =  -  xo"A" 

and  when  YY  is  an  axis  of  symmetry 

K'  =  -  K"  (Art.  121,  Vol.  I), 

and  hence  ye  =  y«,  which  evidently  holds  true  whether  the  axis 
XX  is  an  axis  of  symmetry  or  not. 

But  the  product  of  inertia  of  the  whole  surface,  with  respect  to 
the  axes  XX  and  YY,  will  be  equal  to 

#*y  -  K'  +  K"  (Art.  123,  Vol.  I). 
Hence,  in  both  of  the  above  mentioned  cases 

-Kxy  =  0, 

the  axes  XX  and  YY  being  principal  axes. 

Moreover,  for  a  surface  of  any  shape,  when  the  neutral  axis 
passes  through  the  center  of  gravity  and  is  one  of  the  principal 
axes,  K ^  =  0  and  K!  =  —  K"\  and  hence  yt  =  ye. 

Therefore,  when  a  plane  surface  is  subjected  to  a  uniformly  varying 
stress,  if  the  neutral  axis  passes  through  the  center  of  gravity  and  is 
a  principal  axis  of  the  surface,  the  resultant  couple  formed  by  the 
stress  is  in  a  plane  perpendicular  to  the  neutral  axis. 
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61.  Problems.  —  Uniform  and  Uniformly  Varying  Stress. 

Problem  1. 

A  solid  cylinder  of  concrete,  10"  diameter  and  30"  long,  is  subjected  to  an 
axial  load  in  compression  of  30,000  lbs.  Find  the  maximum  intensity  of  the 
compressive  stress  at  any  point  in  the  middle  portion  of  the  cylinder;  also. the 
maximum  intensity  of  the  shearing  stress  at  that  point. 

Problem  2. 

Find  the  required  thickness  of  a  steel  tube,  6"  inside  diameter,  which  is  to 
be  subjected  to  an  internal  pressure  of  400  lbs.  per  sq.  in.  Assume  the  work- 
ing strength  of  the  material  in  tension  to  be  8000  lbs.  per  sq.  in. 

Problem  3. 

Find  the  required  thickness  of  the  shell  of  a  cylindrical  boiler,  5  ft.  inside 
diameter,  if  the  boiler  is  to  be  subjected  to  an  internal  pressure  of  125  lbs.  per 
sq.  in.  and  the  efficiency  of  the  longitudinal  joint  in  the  shell  is  75  per  cent. 
Assume  the  working  strength  of  the  material  in  tension  to  be  8000  lbs.  per  sq. 
in.,  and  allow  jV'  for  corrosion. 

Problem  4. 

Find  the  safe  intensity  of  internal  pressure  for  a  hollow  sphere,  i"  thick  and 
12"  inside  diameter;  assuming  the  working  strength  in  tension  to  be  7500  lbs. 
per  sq.  in. 

Problem  5. 

Find  the  proper  values  for  the  pitch  and  laps  in  a  single  riveted  lap  joint  in 
J"  steel  plate,  made  up  with  f|"  rivets  in  }"  drilled  holes;  also,  find  the 
theoretical  efficiency  of  the  joint.  Use  the  driven  diameter  of  the  rivets  in 
making  calculations  and  assume  the  following  values  for  working  strengths: 
/,  =  11,000  lbs.  per  sq.  in.;  fe  =  22,000  lbs.  per  sq.  in.;  ft  =  15,000  lbs.  per 
sq.  in. 

Problem  6. 

Find  the  proper  values  for  the  pitch,  laps  and  distance  between  the  rows  of 
rivets  in  a  double  riveted  lap  joint  in  J"  steel  plate,  using  Jf "  rivets  in  }" 
drilled  holes;  also,  find  the  efficiency  of  the  joint.  Use  the  values  for  working 
strengths  given  in  Problem  (5). 

Problem  7. 

Find  the  proper  values  for  the  pitch  and  laps  in  a  single  riveted  butt  joint  in 
}"  steel  plate,  made  up  with  A"  cover  plates  and  f$"  rivets  in  J"  drilled  holes; 
also,  find  the  efficiency  of  the  joint.  Use  the  values  for  working  strengths 
given  in  Problem  (5). 

Problem  8. 

Find  the  proper  values  for  the  pitch,  laps  and  distance  between  the  rows  of 
rivets  in  a  double  riveted  butt  joint  in  §"  steel  plate,  made  up  with  A"  cover 
plates  and  J$"  rivets  in  \"  drilled  holes;  also,  find  the  efficiency  of  the  joint. 
Use  the  values  for  working  strengths  given  in  Problem  (5). 
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Problem  9. 

Solve  Problem  (6),  using  tf"  rivets  in  1"  drilled  holes  instead  of  the  sue 
given. 

Problem  10. 

Solve  Problem  (8),  using  {$"  rivets  in  1"  drilled  holes  instead  of  the  sue 
given. 

Problem  11. 

A  standard  4"  X  4"  X  \"  angle  is  fastened  to  \"  plates  at  each  end  with 
i"  rivets  and  acts  as  a  tension  member  in  a  frame.  How  many  rivets  should 
be  provided  at  each  end  if  the  total  tension  in  the  member  equals  80,000  lbs. 

Assume  /,  »  7500  lbs.  per  sq.  in.,  fe  —  15,000  lbs.  per  sq.  in. 

Problem  12. 

Two  standard  6"  X  6"  X  \"  angles  are  separated  by  }"  plates  and  riveted 
together  at  each  end  with  {"  rivets.  Angles  are  placed  symmetrically  relative 
to  the  plates.  How  many  rivets  should  be  provided  at  each  end  if  the  total 
compression  in  the  member  equals  105,000  lbs.  Assume/* —  7500  lbs.  per  sq. 
in.,  fe  -=  15,000  lbs.  per  sq.  in. 

Problem  13. 

Find  the  difference  between  the  original  cross  section  of  a  rod  4"  diameter 
and  the  area  of  the  cross  section  when  the  stress  intensity  is  12,000  lbs.  per 
sq.  in.  tension,  assuming  m  =  3.6  and  E  —  30,000,000  lbs.  per  sq.  in. 

Problem  14. 

Find  the  increase  in  the  internal  diameter  of  the  sphere  given  in  Problem  (4) 
when  subjected  to  the  allowable  internal  pressure,  assuming  that  E  — 
30,000,000  lbs.  per  sq.  in.  and  m  -  3.6. 

Problem  15. 

A  steel  tube,  2  ft.  inside  diameter  and  J"  thick,  is  made  up  of  plates  riveted 
together  with  spiral  joints  running  at  45°  with  the  right  cross  sections  of  the 
tube.  The  joints  are  single  riveted  lap  joints  with  J"  rivets  in  W  punched 
holes.  Assuming  the  following  values  for  working  strengths,  /«  —  10,000  lbs. 
per  sq.  in.,  fe  —  20,000  lbs.  per  sq.  in.,  ft  —  16,000  lbs.  per  sq.  in.,  find  the 
proper  pitch  of  the  rivets,  using  the  nominal  diameter  of  the  rivets  in  making 
calculations;  also,  find  the  safe  intensity  of  internal  pressure  on  the  tube. 
Assume  end  tension  in  all  cases,  that  is,  the  tube  is  closed  at  the  ends. 

Problem  16. 

Deduce  the  expressions  for  the  resultant  pressure  and  the  distance  of  the 
center  of  pressure  from  the  neutral  axis  for  each  of  the  sections  A,  Bt  C,  D,  E 
(Fig.  41)  in  terms  of  the  dimensions  given.  The  neutral  axis  in  each  case  is 
represented  by  the  line  XX. 

Problem  17. 

•  Assuming  that  the  sections  (Fig.  41)  are  portions  of  a  vertical  surface  sub- 
jected to  water  pressure  and  that  the  line  XX  is  3  ft.  below  the  surface  of  the 
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water,  find  the  total  pressure  and  locate  the  center  of  pressure  on  each  surface. 
Let  h  -  6  ft.,  b  =  4  ft.  (except  for  E  when  b  V2  -  6  ft.).  Weight  of  one 
cubio  foot  of  water  =■  62.5  lbs. 


J—*—! 
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Fig.  41. 


Problem  18. 

Two  circular  gates,  A  and  B,  each  5  ft.  in  diameter,  are  subjected  to  water 
pressure.  The  surface  of  the  gate  A  is  vertical  and  that  of  the  gate  B  is  in- 
clined at  an  angle  of  45°  with  the  vertical.  The  center  of  each  gate  is  at  a 
vertical  distance  of  6  ft.  below  the  surface  of  the  water.  Find  the  total  pressure 
and  the  distance  between  the  center  of  gravity  and  the  center  of  pressure  on 
each  gate  (Art.  59).    Weight  of  one  cubic  foot  of  water  =  62.5  lbs. 

Problem  19.' 

A  reservoir  ABCD  (Fig.  42)  of  rectangular  cross  section  3'  X  8'  is  connected 
with  a  pipe  E.  If  the  reservoir  and  pipe  are  filled  with  water  up  to  a  point  in 
the  pipe  4  ft.  above  the  level  of  AD,  find  the  resultant  pressure  and  the  center 
of  pressure  on  each  of  the  ends  AB  and  CD.  (Art.  59.)  Weight  of  one  cubic 
foot  of  water  =  62.5  lbs. 


Fig.  42. 

Problem  20. 

Solve  Problem  (19),  assuming  that  the  cross  section  of  the  reservoir  is  a  circle, 
8  ft.  diameter. 

Problem  2L 

In  Problem  (19),  assume  the  ends  AB  and  CD  to  be  hinged  at  A  and  D,  and 
find  the  horizontal  forces  acting  at  B  and  C,  respectively,  that  will  hold  the 
ends  in  place. 
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Problem  22. 

Id  Problem  (19)  assume  the  ends  AB  and  CD  to  be  hinged  at  B  and  C  and 
find  the  forces  acting  at  A  and  D,  perpendicular  to  AB  and  CD,  respectively, 
that  will  hold  the  ends  in  place. 

Problem  23. 

Find  the  H  and  V  components  and  the  point  of  application  of  the  resultant 
thrust  on  the  joint  CD  due  to  the  water  pressure  on  the  face  AC  and  the  weight 
of  masonry  of  cross  section  ABDC  (Fig.  43).  Weight  of  masonry  =  160  lbs. 
per  cu.  ft.    Weight  of  water  =  62.5  lbs.  per  cu.  ft. 


Fig.  43. 

Problem  24. 

A  uniformly  varying  stress,  the  resultant  of  which  is  equal  to  10,000  lbs. 
is  distributed  over  a  square  section  10"  X  10",  in  such  a  manner  that  the 
center  of  stress  is  located  2"  from  the  center  of  gravity,  on  an  axis  of  symmetry 
parallel  to  the  side  of  the  square.    Find  the  maximum  intensity  of  the  stress. 

Problem  25. 

A  6"  X  12"  wooden  beam  is  supported  at  the  ends  and  is  subjected  to  a  total 
uniformly  distributed  load  of  8000  lbs.  Find  the  length  of  the  bearing  surface 
necessary  at  the  ends,  provided  the  greatest  intensity  of  compression  across 
the  grain  does  not  exceed  150  lbs.  per  sq.  in.  by  each  of  the  following  assump- 
tions: (a)  Supporting  force  uniformly  distributed,  (b)  Supporting  force 
uniformly  varying  from  sero  intensity  at  the  end  of  the  beam  to  the  maximum 
intensity  at  the  inside  of  the  support. 

Problem  36. 

A  uniformly  varying  stress  is  distributed  over  a  rectangular  section  (Fig.  44) 
in  such  a  manner  that  the  stress  below  the  neutral  axis  XX  is  tension  and  above 
it,  compression.  The  value  of  a  (Art.  59)  is  100  lbs.  per  sq.  in.  Find  the 
resultant  stress  and  the  center  of  stress,  assuming  c  =  4",  d  —  12". 

Problem  27. 
Solve  Problem  (26),  assuming  c  =  7",  d  ™  9". 
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Problem  28. 

Solve  Problem  (: 

Problem  39. 
Solve  Problem  (26),  assuming  e  =  V"  &»d  d  ■-  V  "- 


. —  —  |B    -- 
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Pio.  44. 

■  Problem  80. 

A  uniformly  varying  normal  force  is  distributed  in  such  a  manner  over  the 
plane  surface  (Fig.  46),  that  the  resultant  P  acta  on  the  axis  of  symmetry  XX. 
Find  the  extreme  limits  between  which  the  position  of  the  center  of  stress  may 
vary  under  the  condition  that  the  stress  over  the  entire  surface  shall  be  com- 
pression. 


Flo.  45. 

Problem  31 

Find  the  resultant  stress  and  the  coordinates  xi  and  y>,  of  the  center  of 
stress,  on  each  of  the  surfaces  shown  (Fig.  40),  assuming  each  surface  is  sub- 
jected to  a  uniformly  varying  stress  with  XX  as  the  neutral  axis  and  the  stress 
intensity  a  —  100  lbs.  per  sq.  in.,  at  a  distance  unity  from  the  neutral  axis. 

Problem  83. 

Find  the  resultant  of  the  stress  on  each  of  the  surfaces  shown  (Fig.  46), 
assuming  each  surface  is  subjected  to  a  uniformly  varying  stress,  part  tension 
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and  part  compression,  with  the  neutral  axis  parallel  to  XX,  through  the  center 
of  gravity  of  the  surface,  and  the  stress  intensity  a  =■  100  lbs.  per  sq.  in.,  at  a 
distance  unity  from  the  neutral  axis. 
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CHAPTER  IV. 
STRESSES  IN  BEAMS. 

62.  Definitions.  —  When  a  bar  of  material,  straight  or  curved., 
is  acted  upon  by  a  balanced  system  of  external  forces  which  are 
perpendicular  to  its  central  axis,  it  is  called  a  beam. 

The  forces  acting  on  such  a  bar  cause  the  straining  known  as 
flexure,  or  bending. 

When  the  external  forces  act  on  the  bar  obliquely,  the  com- 
ponents perpendicular  to  the  axis  will  cause  bending  and  in  many, 
but  not  all,  cases  of  this  kind  the  bar  will  be  designated  as  a  beam, 
subjected  to  oblique  loading. 

In  some  cases  external  forces  acting  parallel  to  the  axis  of  the 
bar  will  produce  bending.  In  such  cases  the  bar  may  sometimes 
be  designated  as  a  beam,  but  more  frequently  not. 

In  both  of  the  last  mentioned  cases  the  components  of  the  force 
system  acting  along  the  axis  of  the  bar  will  cause  tensile  or  com- 
pressive stresses  in  combination  with  the  stresses  due  to  the 
bending;  with  the  exception  that,  when  the  system  of  external 
forces  is  so  arranged  that  it  can  be  resolved  into  couples  acting  on 
the  ends  of  the  bar,  bending  only  will  result. 

It  is  our  object  in  this  chapter  to  discuss  the  stresses  produced 
in  straight,  or  very  nearly  straight,  bars  which  are  subjected  to 
bending  only. 

Since  a  beam  is  generally  placed  in  a  horizontal  position,  we 
shall  use  horizontal  beams  as  illustrations  although  it  will  be 
readily  seen  that  the  theory  will  apply  to  beams  placed  in  any 
position  whatever,  when  acted  upon  by  similar  force  systems. 
The  forces  acting  on  the  horizontal  beam  will  ordinarily  be  desig- 
nated as  loads  and  supporting  forces,  or  reactions. 

When  a  beam  is  balanced  over  one  support  (Fig.  47)  it  is  known 
as  a  cantilever  beam;  or,  when  it  is  held  by  supporting  forces  at  one 
end  (Fig.  48),  the  free  end  is  called  a  cantilever  beam. 

When  a  beam  rests  on  supports  at  the  ends  (Fig.  49)  it  may  be 

called  a  simple  beam.    When  it  is  securely  held  by  supports  at  both 

ends  (Fig.  50)  it  is  called  a  built-in  or  a  fixed  beam. 
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When  a  beam  is  acted  upon  by  terminal  couples  only  (Fig.  51), 
it  is  said  to  be  subjected  to  uniform  or  simple  bending. 

When  a  beam  is  supported  at  more  than  two  points  (Fig.  52),  it 
is  called  a  continuous  beam. 


i __1 
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Fig.  47.  Fig.  48. 

In  the  simplest  form,  the  beam  in  any  one  of  the  above  mentioned 
cases  would  be  a  homogeneous  bar  of  material  of  a  uniform  cross 
section  of  any  one  of  a  variety  of  shapes. 

When  the  distance  between  supports  or  the  magnitude  of  the 
loads  is  large,  however,  it  becomes  necessary  to  use  a  large  rolled 
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Fig.  49.  Fig.  50. 

section,  or  to  build  up  a  beam  by  riveting  together  rolled  sections 
of  different  shapes  and  plates. 

Such  beams  are  called  girders,  girder  beams,  plate  girders,  beam 
girders,  etc.,  according  to  the  size  of  the  beam  and  the  type  of 
cross  section. 
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Fig.  51.  Fig.  52. 

63.  Limitations.  —  Throughout  the  discussion  of  the  theory 
for  determining  the  stresses  due  to  bending  the  following  limita- 
tions will  be  imposed,  unless  otherwise  stated: 

(a)  The  material  of  the  beam  is  homogeneous. 

(b)  The  beam  is  straight  and  of  uniform  cross  section  throughout. 

(c)  The  external  forces  are  in  equilibrium  and  are  applied  in 
such  a  manner  that  they  can  be  considered  equivalent  to  a  system 
of  forces  acting  in  a  single  plane  which  will  be  known  as  the  plane 
of  loading. 
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(d)  The  plane  of  loading  intersects  every  cross  section  at  an 
axis  of  symmetry  and,  wherever  the  term  cross  section  is  used,  the 
section  at  right  angles  to  the  central  axis  is  to  be  understood. 

(e)  The  length  of  the  beam  is  large  in  proportion  to  the  greatest 
dimension  of  its  cross  section  and  the  difference  between  the  depth 
and  greatest  width  of  the  cross  section  is  not  excessive. 

In  order  to  fix  ideas  it  will  be  convenient  to  consider  a  beam  as 
being  made  up  of  a  bundle  of  fibers  parallel  to  its  central  axis, 
some  of  which  are  stretched  while  others  are  compressed  by  the 
bending,  and  the  terms  fiber  and  fiber  stress  will  be  frequently  used 
in  the  discussion.  This  will  not  mean  that  the  material  is  fibrous 
in  texture,  however,  for  it  will  be  seen  that  the  conception  of  a 
beam  as  being  composed  of  longitudinal  fibers  is  entirely  unneces- 
sary in  the  development  of  the  theory  of  stress.  Unless  specifi- 
cally stated,  the  weight  of  the  material  in  the  beam  itself  will  be 
neglected  throughout  the  discussion. 

64.  Uniform  or  Simple  Bending.  —  Whenever  a  beam  is 
subjected  to  the  action  of  equal  and  opposite  couples,  at  its  ends 
only,  it  is  said  to  be  subjected  to  uniform  or  simple  bending.  Such  a 
case  is  represented  in  Fig.  (53),  the  terminal  couples  M  being  shown 
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Fig.  53. 


by  the  usual  convention  of  two  equal  and  opposite  parallel  forces, 
perpendicular  to  the  sections  on  which  the  couples  are  assumed  to 
act.  It  should  be  borne  in  mind,  however,  that  the  couples  M 
may  be  taken  to  represent  the  resultants  of  a  large  variety  of 
force  systems,  acting  at  the  sections  CD  and  EF. 

The  axes  of  reference  OX,  OY  and  OZ  are  so  chosen  that  OX 
coincides  with  the  central  axis  passing  through  the  centers  of 
gravity  of  the  cross  sections  of  the  beam;  OF  is  the  axis  of  sym- 
metry of  any  cross  section  AB  and  OZ  is  perpendicular  to  the  plane 
of  loading. 
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Since  the  beam  is  in  equilibrium,  it  is  evident  that  the  resultant 
of  the  stress  on  the  cross  section  AB  must  be  in  equilibrium  with 
the  couple  M  acting  on  the  end  CD.  Hence  the  resultant  of  the 
stress  on  AB  must  be  a  couple,  which,  according  to  the  limitations 
imposed  (Art.  63),  will  be  equivalent  to  a  couple  acting  in  the  plane 
of  symmetry  XOY  (Fig.  53.) 

65.  Bending  Moment  and  Moment  of  Resistance  —  Simple 
Bending.  —  The  couple,  comprising  the  external  forces  acting  on 
the  part  of  the  beam  to  the  left  of  the  section  AB  (Fig.  53),  is  called 
the  bending  moment  at  the  section  AB  and  the  equal  and  opposite 
couple,  comprising  the  stress  on  the  -section  AB,  is  called  the 
moment  of  resistance  at  the  section  AB. 

It  is  evident  that  if  we  apply  the  conditions  of  equilibrium  to  the 
forces  acting  on  the  part  of  the  beam  between  the  section  AB  and 
the  right  hand  end  EF,  the  bending  moment  and  the  moment  of 
resistance  at  the  section  AB  will  be  couples  of  the  same  magnitude 
but  of  opposite  sign  to  those  obtained  above. 

It  is  customary,  therefore,  in  order  to  avoid  confusion  of  signs, 
to  denote  the  bending  moment  at  any  section  of  a  horizontal  beam 
as  positive  where  the  external  forces  act  in  such  a  manner  that  the 


bending  is  as  shown  in  Fig.  (54),  and  as  negative  when  the  bending 
is  as  shown  in  Fig.  (55),  irrespective  of  the  sign  of  the  couple  ob- 
tained by  the  application  of  the  condition  of  equilibrium  to  the 
portion  of  the  beam  between  the  cross  section  AB  and  either  end. 

Since  in  the  case  shown  (Fig.  53)  the  bending  moment  will  be  the 
same,  whatever  the  position  of  the  cross  section  AB,  the  beam  is 
said  to  be  subjected  to  uniform  bending,  and  the  state  of  stress  on 
every  cross  section  must,  evidently,  be  the  same. 

It  is  hardly  necessary  to  state  that  the  application  of  the  condi- 
tions of  equilibrium  shows  that  the  stress  on  the  section  AB  has  no 
shearing  component  and  hence  the  moment  of  resistance  is  the 
resultant  of  a  normal  stress,  the  distribution  of  which  is  deter- 
mined by  the  theory  of  uniform  bending. 
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66.  Theory  of  Uniform  or  Simple  Bending.  —  In  the  ordinary 
theory  for  determining  the  distribution  of  the  stress  on  a  cross 
section  of  a  beam  bent  by  terminal  couples  (Fig.  53)  it  is  necessary 
to  make  the  following  assumptions,  based  upon  the  fact  that  the 
material  is  not  absolutely  rigid,  but  bends  slightly  under  the  action 
of  the  external  forces. 

(1)  That  plane  cross  sections  remain  plane  and  normal  to  the 
longitudinal  fibers  after  bending.  This  is  known  as  Bernoulli's 
assumption. 

(2)  That  the  material  obeys  Hooke's  law;  that  is,  the  stress 
intensity  is  proportional  to  the  strain  throughout  the  beam. 

(3)  That  every  longitudinal  fiber  is  free  to  extend,  or  contract, 
under  stress  as  if  separate  from  the  other  fibers  and  the  ratio  of 
stress  intensity  to  strain  is  the  same  in  every  fiber;  that  is,  Et  = 

Ee   =  E. 

The  beam  shown  (Fig.  53)  will  bend  slightly  under  the  action  of 
the  terminal  couples  M  into  a  curve,  as  illustrated  in  Fig.  (56).  It 
will  follow  from  the  first 
assumption  that  any  two 
parallel  cross  sections  AB 
and  GH,  originally  at  a 
small  distance  I  apart,  will 
be  inclined  to  each  other 
and,  if  produced,  will  inter- 
sect along  a  line  perpen- 
dicular to  the  plane  of  load- 
ing whose  trace,  in  the  plane 
of  loading,  is  the  point  K. 
Since  the  bending  moments 
at  all  cross  sections  are 
equal,  the  distortion  of  the 
portion  between  the  cross 

sections  AB  and  GH  will  be  the  same,  in  whatever  part  of  the 
beam  the  sections  are  taken,  and  hence  all  such  pairs  of  sections 
will  intersect  along  the  line  perpendicular  to  the  plane  of  loading 
and  passing  through  the  point  K.  Therefore,  all  the  longitudinal 
fibers  of  the  beam  will  become  circular  in  form,  with  the  center  of 
curvature  at  K. 

The  fibers  near  the  top  of  the  beam  will  be  compressed  and  those 
near  the  bottom  elongated,  and  somewhere  between  there  will  be 
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a  layer  of  fibers  which  are  neither  compressed  nor  elongated. 
This  layer  is  called  the  neutral  layer  and  its  trace  on  the  plane  of 
loading  is  represented  by  the  line  RS  (Fig.  56)  called  the  neutral 
line.  Owing  to  the  symmetry  of  the  cross  section  and  the  loading, 
the  neutral  layer  evidently  has  the  form  of  a  circular  cylinder  with 
the  axis  passing  through  K. 

An  inspection  of  Fig.  (56)  will  show  that  the  elongations,  or  com- 
pressions, of  the  fibers  between  the  sections  AB  and  GH  are  pro- 
portional to  their  distances  from  the  neutral  fibers  NT  and  hence 
the  longitudinal  strains  (tensile,  or  compressive)  in  the  fibers  at  the 
intersection  of  any  cross  section  are  proportional  to  their  distances 
from  the  neutral  layer. 

Therefore,  it  will  follow  from  the  second  and  third  assumptions 
that  the  normal  stress  on  any  cross  section  is  uniformly  varying,  with 
the  neutral  axis  at  the  line  of  intersection  of  the  cross  section  and  the 
neutral  layer  of  the  beam. 

The  moment  of  resistance  being  a  couple  (Art.  65)  the  neutral 
axis  of  the  normal  stress  on  any  cross  section  must  pass  through  the 
center  of  gravity  of  the  section  (Art.  60)  and  hence  the  neutral  layer 
will  contain  the  central  axis  XX  (Fig.  53). 

The  moment  of  resistance  will  be  equal  to 

M  =  al  (Art.  60), (1) 

where  M  is  equal  in  magnitude  to  the  bending  moment,  a  =  the 
stress  intensity  at  a  distance  unity  from  the  neutral  axis  and  /  = 
the  moment  of  inertia  of  the  cross  section  about  the  neutral  axis. 
If  we  let  /  =  the  intensity  of  the  normal  stress  at  a  point  in  the 
cross  section  at  a  distance  y  from  the  neutral  axis, 


.-', 


.    : (2) 

y 


and  therefore  the  expression 


/-^ (3) 


will  give  the  normal  intensity  of  stress  at  any  point  in  a  cross 
section  oi  the  beam.  Since  the  value  of/  varies  as  the  value  of  y, 
the  greatest  intensity  of  the  normal  stress  will  occur  at  the  point, 
or  points,  in  the  cross  section  farthest  from  the  neutral  axis.    If 
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we  let  c  =  the  greatest  value  of  y,  the  greatest  intensity  of  the 
normal  stress  will  be  represented  by  the  expression 

/-^ (4) 

The  stress  intensity  /  is  frequently  called  the  fiber  stress  and  its 
value,  as  given  by  equation  (4),  the  outside  fiber  stress  in  the  beam. 

Emphasis  should  be  laid  on  the  fact  that  M  in  the  foregoing 
formulas  denotes  the  moment  of  resistance,  which  is  equal  in 
magnitude  and  of  opposite  sign  to  the  bending  moment  at  any 
given  section  and  hence,  if  we  follow  the  system  of  signs  previously 
adopted,  calling  y  positive  when  measured  upwards,  the  sign  of/ 
will  be  positive  when  the  normal  intensity  of  stress  is  tension  and 
negative  when  the  normal  intensity  is  compression. 

This  fact  will  be  important  in  the  development  of  the  theory  of 
flexure  (Art.  95)  but,  in  ordinary  computations  for  fiber  stresses 
it  will  be  unnecessary  to  take  the  signs  of  the  different  quantities 
into  account. 

If  the  resultant  of  the  tensile  stress  on  the  section  is  designated 

by  the  symbol  Rt,  and  the  resultant  of  the  compressive  stress  by 

Rc  (Art.  60), 

Rt  =  Rc (5) 

and,  since  the  cross  section  is  symmetrical  with  respect  to  OF 
the  couple  formed  by  Rt  and  Rc  is  in  the  plane  of  loading. 

Attention  may  again  be  called  to  Saint-Venant's  principle 
(Art.  53)  according  to  which  the  above  formulas  will  not  give 
correct  values  for  the  stress  intensities  at  sections  very  near  to  the 
ends  of  the  beam,  unless  the  terminal  couples  are  the  resultants  of 
stresses  distributed  over  the  ends  in  the  same  manner  as  the  stress 
on  the  middle  sections  of  the  beam. 

67.  Ordinary  Bending.  —  The  bar  bent  by  terminal  couples 
has  been  discussed  in  the  preceding  articles  as  representative  of  the 
simplest  type  of  bending.  Most  commonly,  bending  is  produced 
by  forces  acting  at  right  angles  to  the  central  axis  of  the  beam. 
Hence  we  shall  speak  of  flexure  produced  by  force  systems  acting 
in  this  manner  as  ordinary  bending,  in  distinction  from  the  less 
common  case  of  simple,  or  uniform,  bending. 

A  case  of  this  kind  is  represented  in  Fig.  (57),  in  which  we  have  a 
simple  beam  subjected  to  the  loads  Wh  W2,  W$  and  supported  at 
the  ends  by  the  reactions  ffi  and  /&.    The  vectors  Wif  Rh  etc.,  are 
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to  be  taken  to  represent  the  resultants  of  forces  distributed  over 
small  portions  of  the  surface  of  the  beam,  which  can  be  treated 
as  concentrated  forces,  acting  in  the  plane  of  loading,  without 
introducing  any  appreciable  error  in  the  results  of  the  theory. 
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Fig.  57. 
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As  in  the  case  of  simple  bending,  the  axes  of  reference  are  so 
chosen  that  OX  coincides  with  the  central  axis  through  the  centers 
of  gravity  of  the  cross  sections,  OY  is  the  axis  of  symmetry  of  any 
cross  section  AB  and  OZ  is  perpendicular  to  the  plane  of  loading. 

The  stress  on  the  cross  section  AB  must  be  in  equilibrium  with 
the  forces  acting  on  the  portion  of  the  beam  to  the  left  of  the 
section,  but  in  this  case  it  will  be  found  that  the  resultant  of  the 
stress  on  AB  is  not  ordinarily  a  couple,  simply,  but  is  made  up  of 
both  normal  and  shearing  components. 

Irrespectively  of  the  manner  of  distribution  of  the  stress  on  the 
section,  the  stress  on  each  element  dA,  of  the  cross  section  AB,  can 
be  resolved  into  a  normal  component /dA  and  a  shearing  component 
8r  dA,  where  /  and  sr  are  the  intensities  of  the  normal  and  shearing 
components. 

If  the  shearing  component  8r  dA  is  not  vertical,  it  can  be  resolved 
into  a  vertical  component  8  dA  and  a  horizontal  component  *i  dA, 
where  s  and  *i  represent  the  vertical  and  horizontal  components, 
respectively,  of  the  resultant  shearing  stress  intensity  8r.  Under 
the  limitations  imposed  (Art.  63),  either  «i  =  0  for  all  points  in  any 

cross  section  or  the  resultant  horizontal  shearing  stress  I  SidA  =  0, 

depending  on  the  shape  of  the  cross  section.    As  ordinarily  the 
intensity  *i  is  small  compared  with  the  other  components  it  is 
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neglected  and  the  vertical  component  s  only  is  taken  into  con- 
sideration. 

If  we  apply  the  conditions  of  equilibrium,  HH  =  0,  2F  =  0 
and  SAf  =  0,  to  the  forces  acting  on  the  part  of  the  beam  to  the 
left  of  AB,  the  first  condition  will  give 

£#  =   ffdA  =  0 (1) 

Therefore,  the  resultant  of  the  normal  stresses  on  the  elements 
of  the  cross  section  AB  is  a  couple. 
The  second  condition  of  equilibrium  will  give 

^V^Rt-Wi-Wt-  fsdA  =  0.     ...    (2) 

Solving  equation  (2)  we  obtain  the  value  of  the  resultant  of  the 
vertical  shearing  stress  on  the  cross  section  AB, 


i 


sdA^Rx-Wx-W* (3) 


The  quantity  I  sdAia  called  the  shearing  stress,  or  the  resistance 

to  shear  at  the  section  AB.  ' 

The  third  condition  of  equilibrium,  taking  the  axis  of  moments 
at  0  and  the  location  of  the  loads  as  indicated  (Fig.  57),  will  give 

2)  M  =  Rxx  -  Wx  Or  -  a,)  -  W2  (x  -  a*)  -ffydA  =  0.     (4) 

Solving  equation  (4)  we  obtain  the  value  of  the  resultant  couple, 
formed  by  normal  components  of  the  stress  on  the  elements  of  AB, 

JfydA^RiX-Wiix-ad-Wiiz-Oi).     .    .     (5) 

The  quantity    J  fydA  is  called  the  moment  of  resistance  at  the 

section  AB,  as  in  the  case  of  simple  bending  (Art.  65). 

If  we  resolve  the  forces  acting  on  the  part  of  the  beam  to  the  left 

of  AB  (Fig.  57)  into  equal  and  parallel  forces  acting  along  the  axis 

OY  and  couples  (Art.  48,  Vol.  I),  the  resultant  of  the  force  system 

will  ordinarily  be  found  to  comprise  a  single  force,  acting  along 

OY,  equal  to 

#i-  Wi-W*  =  2F, (6) 

and  a  couple  equal  to 

Rix  -  Wx  (x  -  ai)  -  W*  (x  -  oj)  =  2F  (x  -  a),  .    .    (7) 
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where  2F  may  be  taken  to  represent  the  algebraic  sum  of  a  system 
of  any  number  of  vertical  forces  acting  to  the  left  of  AB  and 
2F  (x  —  a)  may  be  taken  to  represent  the  algebraic  sum  of  their 
moments  about  the  neutral  axis  of  AB. 

68.  Shearing  Force,  Bending  Moment  and  Moment  of  Re- 
sistance. —The  component  force  2F  (Art.  67),  acting  along  the  axis 
OY,  is  called  the  shearing  force  at  the  section  AB  and  the  component 
couple  2F1  (x  —  a)  is  called  the  bending  moment  at  AB.  Denoting 
the  former  quantity  by  S,  we  shall  have 

S  -  2F (1) 

and  denoting  the  latter  quantity  by  M,  we  shall  have 

M  =  2F  (x  -  a) (2) 

Hence,  in  the  case  of  a  beam  subjected  to  ordinary  bending,  the 
shearing  force  at  any  cross  section  will  be  equal  to  the  algebraic  sum  of 
the  vertical  forces  acting  on  the  portion  of  the  beam  to  the  left  of  the 
section;  and  the  bending  moment  at  any  cross  section  will  be  equal  to 
the  algebraic  sum  of  the  moments,  about  the  neutral  axis  of  the  section, 
of  the  forces  acting  on  the  portion  of  the  beam  to  the  left  of  the  section. 

It  is  evident  that  the  shearing  force  at  any  cross  section  will  be 
balanced  by  the  shearing  stress  on  the  section  and  that  the  bending 
moment  will  be  balanced  by  the  moment  of  resistance,  or  the  couple 
formed  by  the  normal  stress  on  the  section. 

The  magnitude  of  the  bending  moment  and  also  of  the  shearing 
force  at  any  section  AB  might  obviously  be  obtained  by  applying 
the  conditions  of  equilibrium  to  the  portion  of  the  beam  between 
the  section  and  the  right  hand  end;  but  the  sign  of  each  quantity 
would  be  opposite  to  that  obtained  by  the  application  of  the  con- 
ditions of  equilibrium  to  the  forces  acting  on  the  part  to  the  left 
of  the  section  if  the  usual  system  of  signs  for  couples  and  forces 
were  followed. 

Hence,  in  the  horizontal  beam,  the  sign  of  the  bending  moment  is 

$+  s—      determined  by  the  manner  of  bending, 

as  in  the  case  of  simple  bending  (Art. 
65),  and  the  sign  of  the  shearing  force 
is  determined  by  the  manner  in  which 
"(b)  the  tendency  to  shear  is  exerted,  the 

FlG-  58,  shearing   force    at    any   section   being 

called  positive  when  the  tendency  is  as  shown  in  Fig.  (58a)  and 
negative  when  the  tendency  is  as  shown  in  Fig.  (58b). 
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It  is  evident  from  the  preceding  discussion  that  in  the  case  of 
ordinary  bending  the  stress  on  any  cross  section  will  be  comprised 
of  a  shearing  component  in  addition  to  a  couple  formed  by  the 
normal  stress,  whereas  in  the  case  of  simple  bending  the  couple 
formed  by  the  normal  stress  is  the  only  stress  component. 

69.  Theory  of  Ordinary  Bending.  —  In  the  theory  for  deter- 
mining the  distribution  of  the  normal  stress  on  a  cross  section  of 
a  beam  subjected  to  ordinary  bending  it  is  customary  to  make  the 
same  assumptions  as  are  made  in  the  case  of  simple  bending 
(Art.  66).  A  more  exact  and  complex  analysis  of  the  relations 
between  stresses  and  strains  in  beams,  bent  by  transverse  loads, 
will  show  that  all  these  assumptions  are  not  exactly  correct  but 
that  the  results  obtained  by  the  ordinary  theory  in  all  cases 
coming  within  the  limitations  imposed  (Art.  63)  are  in  very  close 
agreement  with  those  obtained  by  the  more  exact  theory  and  also 
with  those  obtained  from  bending  experiments. 

It  is  evident  that  these  assumptions  will  affect  only  the  longi- 
tudinal strains  in  the  fibers  and  the  normal  components  of  the 
stress  at  any  section,  being  entirely  independent  of  the  strains  and 
stresses  due  to  shear.  Hence  the  normal  stress  on  any  cross 
section  will  be  distributed  in  the  same  manner  as  in  the  ease  of 
simple  bending. 

Therefore,  if  we  follow  the  notation  adopted  in  that  case  (Art. 
66),  the  intensity  of  the  normal  or  fiber  stress  at  any  point  in  a 
cross  section  at  a  distance  y  from  the  neutral  axis,  through  its 
center  of  gravity,  will  be  equal  to 

/-^ a) 

and  the  outside  fiber  stress  at  any  section  will  be  equal  to 

f  =  f (2) 

The  observation  in  regard  to  the  sign  of  /  made  in  the  case  of 
simple  bending  will  apply  in  this  case  and  also  that  in  regard  to 
the  relative  position  of  the  couple,  formed  by  the  normal  stress,  and 
the  plane  of  loading. 

It  will  be  convenient  to  delay  the  discussion  of  the  theory  for 
determining  the  intensity  of  the  shearing  stress  at  any  section  of 
a  beam  until  later  (Art.  86),  with  the  comment  here  that  in  beams 
of  the  simpler  types  the  greatest  intensity  of  the  shearing  com- 
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ponent  of  the  stress  on  any  section  is  so  small  that  it  is  unnecessary 
to  take  it  into  account  in  making  computations  for  strength  or 
stability. 

Attention  may  again  be  called  to  the  application  of  Saint-Venant's 
principle  in  the  case  of  ordinary  bending.  Moreover,  in  some  cases, 
it  will  be  found  necessary  in  making  computations  for  strength  to 
take  into  consideration  the  so-called  "local  stresses"  due  to  the 
concentration  of  loads,  or  supporting  forces,  over  small  portions  of 
the  surface  of  the  beam  in  addition  to  the  stresses  due  to  bending. 

70.  Ordinary  Bending  under  Distributed  Loads.  —  In  the 
discussion  of  ordinary  bending  thus  far  we  have,  for  the  sake  of 
simplicity,  considered  the  forces  acting  on  the  beam  as  concen- 
trated at  single  points,  although  it  has  been  evident  that  the  forces 
were  actually  distributed  over  small  portions  of  the  surface. 

In  many  cases,  however,  the  loads  are  distributed  over  a  con- 
siderable portion  of,  or  over  the  entire  length  of,  the  beam.  When 
the  weight  of  the  beam  itself  is  to  be  taken  into  account,  it  evi- 
dently must  be  treated  as  a  distributed  load. 

Ordinarily  in  such  cases  the  supporting  forces  can  be  considered 
as  concentrated,  but  cases  sometimes  arise  in  which  the  supporting 
forces,  as  well  as  the  loads,  must  be  considered  as  distributed. 

The  stress  on  any  cross  section  of  such  a  beam  might  be  deter- 
mined to  a  very  close  degree  of  accuracy  by  dividing  the  loads  and 
reaction  on  the  part  of  the  beam  on  one  side  of  the  section  into  a 
number  of  equivalent  concentrated  forces,  as  indicated  in  Fig.  (59), 
where  the  load  is  represented  as  equivalent  to  a  force  distributed 
along  the  central  axis  of  the  beam  varying  in  intensity,  as  in- 
dicated by  the  ordinates  to  the  line  abc,  and  the  supporting  forces 
as  equivalent  to  forces  distributed  in  a  similar  manner,  with  in- 
tensities varying  as  the  ordinates  to  the  lines  ef  and  gh. 

The  load  on  the  portion  of  the  beam  to  the  left  of  any  section 
AB  may  be  divided  into  any  number  of  parts,  the  resultants  of 
which  are  represented  by  the  vectors  Wi,  W^  Wzt  etc.,  and,  when 
necessary,  the  supporting  force  may  be  divided  into  similar  parts, 
represented  by  the  vectors  Rif  etc.  The  stress  on  the  cross  section 
AB,  due  to  the  equivalent  system  of  concentrated  forces,  can  evi- 
dently be  obtained  by  the  method  already  given  and  the  accuracy 
of  the  result  will  depend  on  the  number  of  divisions  made  in  the 
distributed  load. 

In  many  cases  it  will  be  convenient  to  obtain  the  exact  values 
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of  the  shearing  force  and  bending  moment,  at  a  cross  section  of  a 

beam  subjected  to  distributed  loads,  by  subdividing  the  loads  and 

reactions    into     elementary 

forces,  acting  on  very  small  l"       ' 

portions  of  the  beam,  and 

summing  up  by  the  methods 

of  integration. 

If  we  let  w  equal  the  re- 
sultant intensity  of  the  ex- 
ternal force  acting  at  any 
point  at  a  distance  x  from 
the  end  of  the  beam  (Fig. 
59);  that  is,  w  equals  the  re-  "G-  *" 

sultant  intensity  of  the  load  and  supporting  force,  over  the  sup- 
port, and  of  the  load  only  between  the  supports,  the  value  of  the 
shearing  force  at  a  cross  section,  at  any  distance  Xi  from  the  end 
of  the  beam,  will  be  represented  by  the  expression 


=    I         wd. 

•/l-O 


wdx, (1) 

and  the  value  of  the  bending  moment  at  the  section  by  the  ex- 
pression 

Af  =-=  /"*"*  r~'wdxdx (2) 

In  order  to  follow  the  system  of  signs  already  adopted  in  desig- 
nating shearing  forces  and  bending  moments  (Art.  68),  it  is  evident 
that  w  must  be  taken  positive  when  representing  the  intensity  of  an 
upward  force  and  negative  for  the  intensity  of  a  downward  force 
acting  on  the  part  of  the  beam  to  the  left  of  any  cross  section. 

In  cases  in  which  the  value  of  w  is  constant  for  different 
portions  of  the  length  of  the  beam,  and  also  in  cases  in  which  the 
supporting  forces  can  be  considered  as  concentrated  and  the  value 
of  to  as  constant  for  different  portions,  or  for  the  entire  length,  of 
the  beam,  the  solution  of  equations  (1)  and  (2)  can  be  easily  made. 

Since  a  so-called  concentrated  load,  or  supporting  force  is  always 
a  force  distributed  over  a  small  portion  of  the  length  of  the  beam, 
the  foregoing  analysis  will  evidently  apply  to  a  beam  which  is 
subjected  to  any  system  of  distributed  and  concentrated  loads  and 
equations  (1)  and  (2)  may  be  considered  as  the  general  equations 
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for  shearing  force  and  bending  moment,  of  which  equations  (1) 
and  (2)  (Art.  68)  are  special,  slightly  approximate,  forms. 

71.  Relation  of  Bending  Moments,  Shearing  Forces  and 
Loads.  —  If  we  differentiate  equation  (2)  (Art.  70)  we  obtain 

f  -/•*-* a) 

and  a  second  differentiation  will  give 

cPM     dS  ,„ 

and  conversely,  integration  gives,  as  already  shown  (Art.  70), 

5=  fwdx (3) 

and 

M  =  jSdx  =   I  Cwdxdx (4) 

The  foregoing  relations  between  loads  and  shearing  forces  and 
between  shearing  forces  and  bending  moments  are  of  great  im- 
portance in  computations  for  the  strength  and  stability  of  beams. 

Since  w  is  a  function  of  x  only,  it  is  evident  that  where  w  =  0  the 
value  of  S  will  be  either  a  maximum  or  a  minimum,  and  thai  where 
S  =  0  the  value  of  M  will  be  either  a  maximum  or  a  minimum. 

72.  Graphical  Representation  of  Loads,  Shearing  Forces  and 
Bending  Moments.  —  A  graphical  representation  of  the  values 
of  w,  S  and  M  for  a  typical  case  may  add  to  the  clearness  of  the 
statement  in  the  preceding  article.  Let  the  diagram  (Fig.  60a) 
represent,  in  the  conventional  manner,  the  loads  and  supporting 
forces  acting  on  a  simple  beam,  each  load  and  each  supporting 
force  being  uniformly  distributed. 

The  load  intensity  diagram  (Fig.  60b)  will  be  constructed  by 
plotting  ordinates  w,  equal  to  the  difference  in  the  intensities  of  the 
load  and  supporting  forces  at  the  ends  of  the  beam  and  equal  to  the 
resultant  intensity  of  the  loads  in  the  portion  between  the  supports. 

If  we  divide  the  load  diagram  into  small  sections,  of  length 
Ax,  and  plot  the  ordinates  obtained  by  adding  together  the  suc- 
cessive increments  of  load  wAx  and  draw  a  line  through  the  ends 
of  the  ordinates  we  shall  obtain  the  shearing  force  diagram  (Fig. 
60c).  In  plotting  this  diagram  it  should  be  noted  that  an  upward 
force  acting  on  the  part  of  the  beam  to  the  left  of  the  section  will 
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tend  to  produce  a  positive  shear,  and  a  downward  force  a  negative 
shear  at  the  section,  while  the  reverse  is  true  for  the  forces  acting 
on  the  part  to  the  right  of  the  section. 
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It  is  evident  that  the  ordinates  of  the  diagram  might  also  be 
obtained  by  plotting  values  of  the  integral 


S 


x-0 


wdx 


(1) 


for  successive  values  of  X\.  The  maximum  and  minimum  values 
of  S,  that  is,  the  greatest  positive  and  negative  values,  will  occur 
at  the  cross  sections  of  the  beam  at  which  w  changes  sign.  If  the 
change  in  the  intensity  w,  from  negative  to  positive  values  and 
vice  versa,  were  gradual  instead  of  abrupt,  the  maximum  and 
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minimum  values  of  S  would  evidently  occur  at  the  sections  where 

10-0. 

The  bending  moment  diagram  (Fig.  60d)  may  be  obtained  by 
dividing  the  shearing  force  diagram  into  small  sections,  of  length 
Asr,  and  plotting  the  ordinates  obtained  by  adding  together  the 
successive  increments  SAx  and  drawing  a  line  through  the  ends 
of  the  ordinates. 

The  ordinates  of  the  diagram  might  also  be  obtained  by*  plotting 
the  values  of  the  integral 

Sdx (2) 

>o 

for  successive  values  of  x\. 

Still  another  method,  based  on  the  definition  of  the  bending 
moment  and  indicated  by  the  form  of  the  integral 


M 


I       wdxdXy (3) 

x-0     e/x-0 

will  be  to  determine  the  ordinates  of  the  bending  moment  diagram 
directly  from  the  load  diagram  by  adding  the  moments  of  the 
forces,  acting  on  the  part  of  the  beam  either  to  the  right  or  the  left 
of  each  section,  about  an  axis  in  the  section.  In  this  case  an  up- 
ward force  acting  on  either  side  of  a  cross  section  will  evidently 
tend  to  cause  a  positive  bending  moment  and  a  downward  force  a 
negative  bending  moment  at  the  section. 

The  maximum  and  minimum  values  of  the  bending  moment  will 
evidently  occur  at  the  sections  where  S  =  0,  or  where  the  value  of  S 
changes  sign. 

Ordinarily,  in  cases  like  the  one  just  described,  a  sufficiently 
accurate  solution  can  be  made  by  considering  the  reactions  and 
the  load  distributed  over  the  small  portion  of  beam  as  concen- 
trated forces  Rh  R*  and  Wh  acting  at  the  same  points  as  the 
resultants  of  the  supporting  forces  and  the  load. 

The  load  diagram  would  then  be  modified  to  the  form  shown 
(Fig.  60e).  Following  the  same  methods  of  procedure  as  before, 
the  shearing  force  diagram  would  take  the  form  (Fig.  60f)  and  the 
bending  moment  diagram  the  form  (Fig.  60g). 

The  equation  representing  the  value  of  S  at  any  cross  section 
at  a  distance  xh  from  the  left  end  of  the  beam  (Fig.  60f)  would  be 
written  in  the  form 

wdx, (4) 

_  >o 


S 
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for  all  sections  to  the  left  of  the  load  Wh  and  in  the  form 

5-«i-1Pi-  f*~*lwdx, (5) 

for  all  sections  to  the  right  of  W\. 

The  equations  representing  the  values  of  the  bending  moments 
at  the  same  sections  would  be  written  in  the  form 


M 


I      w  dx  dx,     .    .    .    .    (6) 

for  sections  to  the  left  of  the  load  Wh  and  in  the  form 

M  m  Rxx  —  TTi  (x  —  ai)  —   I         /       wdxdx,     .     (7) 

t/x-0     t/x-0 

for  sections  to  the  right  of  W\. 

It  is  important  to  note  that  in  writing  equations  (4)  to  (7)  in- 
clusive we  have  followed  the  method,  adopted  in  the  case  of  con- 
centrated loads  (Art.  67),  of  indicating  the  manner  of  the  shear 
and  the  bending,  which  the  reaction  and  the  loads  tend  to  produce, 
by  the  signs  of  the  terms  in  the  algebraic  equations  and  hence 
positive  values  would  be  substituted  for  both  upward  and  down- 
ward forces  in  making  the  solutions  of  these  equations. 

73.  Relations  of  Shearing  Forces  and  Bending  Moments  at 
Two  Different  Cross  Sections.  —  Let  AB  and  CD  represent  any 
two  cross  sections  of  a  beam  subjected  to  ordinary  bending  by  the 
action  of  a  system  of  both  distributed  and  concentrated  loads,  as 
indicated  (Fig.  61a). 
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The  forces  acting  on  the  portion  of  the  beam  between  AB  and 
CD  are  in  equilibrium  and  for  the  sake  of  clearness  may  be  repre- 
sented in  the  conventional  manner,  as  in  Fig.  61b,  where  the  couple 
Mi  represents  the  resultant  of  the  normal  stress  and  Si  the  result- 
ant of  the  shearing  stress  acting  on  the  left  side  of  the  section  ABf 
and  the  couple  M2  represents  the  resultant  of  the  normal  stress 
and  Si  the  resultant  of  the  shearing  stress  acting  on  the  right 
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side  of  CD.  We  will  let  w  equal  the  intensity  of  any  distributed 
load  between  the  sections. 

The  couples  Af  i  and  M%  will  evidently  be  equal  in  magnitude  to 
the  bending  moments  at  the  two  sections,  which  will  both  be 
positive  if  the  resultants  of  the  normal  stresses  on  the  two  sections 
tend  to  rotate  in  the  directions  indicated.  The  resultant  shearing 
stresses  Si  and  S2  will  be  equal  in  magnitude  to  the  shearing  forces 
at  the  two  sections,  which  will  both  be  positive  if  the  shearing 
stresses  act  in  the  directions  indicated. 

Applying  the  condition  of  equilibrium  EF=  0  to  the  forces  act- 
ing (Fig.  61b),  we  have 

%V  =  Si-Wz-Wa-  Jwdx-S2  =  0.      .    .    (1) 

Solving  for  S%  we  obtain 

S^Si-Wi-Wi-fwdx-Si-XW-  fwdx,    .    (2) 

where  2TF  =  W*  +  WA  +  etc. ; 

that  is,  the  shearing  force  at  CD  is  equal  to  the  shearing  force  at 
AB  minus  the  vector  sum  of  the  loads  between  the  sections. 

Applying  the  condition  of  equilibrium  SM  =  0,  taking  the  axis 
in  the  section  CD,  we  have 

XM  =  Mi  +  Six  -  W&%  -  W&*  -f  J  wdxdx  -  Mt  =  0.       (3) 

Solving  for  M2  we  obtain 

M 2  =  M 1  +  Six  —  TF3X3  —  W&a  —  J    I  wdxdx 

=  Mi  +  SiX-%Wx-  ffwdxdx,  .     ...     (4) 

where  HWx  =  W&*  +  W&a  +  etc.; 

that  is,  the  bending  moment  at  CD  is  equal  to  the  bending  moment 
at  AB,  plus  the  moment  of  the  shearing  force  at  AB  about  an  axis 
in  CD,  minus  the  algebraic  sum  of  the  moments  of  the  loads  be- 
tween the  sections  about  an  axis  in  CD. 

Solving  for  Si  we  obtain  an  expression  for  the  shear  at  any  section 
AB,  in  terms  of  the  bending  moments  at  two  sections  and  the  loads 
between  the  sections, 

*,       u-       ^Wx+  I   I  wdxdx 
Si  =  M*-Ml  +  - J-J .    .    (5) 
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If  there  were  no  external  forces  acting  on  the  portion  of  the 
beam  between  the  sections,  equations  (2),  (4)  and  (5)  would  re- 
duce to 

&  =  &, (6) 

M i  =  Mi  +  S&, (7) 

s^MuzMi. (8) 

The  preceding  equations  afford  in  many  cases  a  convenient 
method  of  determining  the  variation  in  the  shearing  force  and 
bending  moment  from  section  to  section  of  a  beam. 

74.  Problems.  —  Shearing  Force  and  Bending  Moment.  — 
The  general  formulas  for  shearing  force  and  bending  moment  are 
most  easily  obtained,  in  any  case,  by  applying  the  rules  given  in 
Art.  (68).  The  magnitude  of  the  shearing  force  or  the  bending 
moment  at  any  section  of  a  beam  subjected  to  a  given  system 
of  loads  can  usually  be  most  readily  obtained  in  the  same  manner. 
The  convention  of  signs  for  positive  and  negative  values  (Art.  68) 
should  be  observed  in  any  case. 

There  are  certain  types  of  loading,  however,  of  which  the  follow- 
ing problems,  (1-9)  inclusive,  are  given  as  examples,  for  which  the 
algebraic  expressions  for  the  values  of  the  greatest  shearing  force 
and  bending  moment  will  be  convenient  for  reference.  The  dia- 
grams showing  the  location  of  the  loads  and  supporting  forces 
and  the  variation  in  the  magnitudes  of  the  shearing  forces  and 
the  bending  moments  are  given.  The  loads  W,  acting  over  small 
portions  of  the  surface,  and  the  reactions  are  considered  as 
concentrated  forces  and  all  distributed  loads  are  of  uniform 
intensity  w.  The  shearing  force  diagrams  are  represented  by 
dotted  lines  and  the  bending  moment  diagrams  by  full  lines  in 
each  case. 

Maximum  values  of  shearing  forces  and  bending  moments  are 
denoted  by  the  symbols  So  and  Af0,  respectively. 

The  formulas  for  shearing  forces  and  bending  moments  in  the 
cantilever  beams  (Fig.  62)  and  (Fig.  63)  are  determined  by  dealing 
with  the  forces  acting  on  the  portion  of  the  beams  between  the 
section  and  the  free  end.  The  formulas  for  each  of  the  remaining 
cases  (Figs.  64-70)  are  obtained  by  dealing  with  the  forces  acting 
on  the  portion  to  the  left  of  the  section. 
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Problem  z. 

Cantilever  beam  with  a  concentrated  load  W  at  the  free  end  (Fig.  62). 

w         For  values  of  x  from  0  to  Z, 

8  -IF,     M-  -TT(J-*). 

When  x  -  0  to  Z, 
&  ■■  TF. 

When  x  -  0, 

Afo-  -TfL 


Fig.  62. 


Problem  2. 

Cantilever  beam  with  a  total  load  W  uniformly  distributed  over  the  entire 
length  (Fig.  63). 

Let  w  —  the  intensity  of  the  distributed 
load. 
For  values  of  x  from  0  to  Z, 


'k 1 


Fig.  63. 


S  =  w  (Z  -  x), 

When  x  -  0, 
&  -  wl  -  W, 


M 


-£(*-*)'. 


wP 


Wl 


M •  "  -  y  "  "  T 


Problem  3. 

Simple  beam  with  a  concentrated  load  W  at  the  middle  of  the  span  (Fig. 
64). 


When  x  —  -, 


Fig.  64. 


Z 


ft  =  ft  ™  -ft"* 


Z 


For  values  of  x  from  0  to-, 


™  z 

Whenx  -Oto-, 
IF 


U.-W. 


Owing  to  the  symmetry  of  the  loading  the  magnitudes  of  S  and  M,  for 
sections  between  the  load  and  the  right  hand  end,  can  evidently  be  obtained 
from  the  above  equations  by  letting  x  equal  the  distance  from  the  right  hand 
biipport  to  the  section. 


PROBLEMS 


123 


Problem  4. 

Simple  beam  with  a  total  load  W  uniformly  distributed  over  the  entire 
length  (Fig.  05). 

Let  to  —  the  intensity  of  the  distributed 

U--a^->J  load. 

0       I 

01 


ft-Jfe- y-  y 


For  values  of  x  from  0  to  J, 


Fig.  65. 
When  x  -  0, 

When  x  -  -z, 


8  —  y  —  wx 

M"  2*~  -y-ytf*-*)- 


«(!-»). 


<L        «*        ^ 


^       wP      Wl 


Problem  6. 

Simple  beam  with  a  single  concentrated  load  W  not  at  the  middle  of  the  span 
(Fig.  66). 

„      Wb         p       Wa 

For  values  of  x  from  0  to  a, 


Fig.  66. 
When  *  —  a, 


When  x  «=  0  to  a, 
Wb 


& 


Afc 


Wab 
I 


The  above  value  of  &  will  be  the  greatest  shearing  force  in  the  beam  when 
b  >  a.  When  a  >  b  the  greatest  shearing  force  will  occur  at  sections  between 
the  load  and  the  right  hand  support  and  will  be  equal  to 

<l  Wa 


The  value  of  the  bending  moment  at  any  section  between  the  load  and  the 
right  hand  support  may  evidently  be  obtained  by  taking  x  as  the  distance  of 
the  section  from  the  support  R*  and  substituting  a  for  b  in  the  above  equation 
forAf. 
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Problem  6. 

Simple  beam  subjected  to  a  total  load  W  concentrated  at  two  points  at  equal 
distances  from  the  supports  (Fig.  67). 


xgffl** 


w 


«    a    »{ 


Fig.  67. 
For  values  of  x  from  (a  +  b)  to  Z, 


When  x  =  0  to  a, 


*=-2 


Also,  when  a?  —  (a  +  6)  to  J, 

<L-       W 


When  «  =  a  to  (a  +  6), 

Mo- 


TTa 


A-yi  A— j' 

For  values  of  x  from  0  to  a, 


o-  2"f 


For  values  of  x  from  a  to  (a  +  b), 

Wa 


£-0, 


Af-y<*-«). 


Af- 


The  portion  of  the  beam  between  the  loads  is  evidently  subjected  to  uniform 
bending. 


Problem  7. 

Simple  beam  subjected  to  a  total  load  W,  uniformly  distributed  over  a  part 
of  its  length,  the  load  being  symmetrically  placed  with  respect  to  the  middle 
point  in  the  span  (Fig.  68). 

Let  w  =  the  intensity  of  the  distributed 
load. 

wb      W 


D       wb      W 


Rt 


For  values  of  x  from  0  to  a, 


Fig.  68. 


Q  _wb 


For  values  of  x  from  a  to  (a  +  b), 
£  =  -y  -  u>  (x  -  a)  =  to  f  a  +  ^  -  x  j, 

ilf^x-|(*-a)'  =  f[&x-(x-a)»]. 
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For  values  of  x  from  (a  +  b)  to  lt 


When  x  —  0  to  a, 


«--«*        M=^(J-x). 


a       v>b      W 
00       2        2 


Also,  when  a?  =  (a  +  6)  to  Z, 


°°  2  2 


When  «  -  o ' 


Mfl 


wU      w[l         Y      **>(,      *>\      W(,      b\ 


Problem  & 
Beam  overhanging  the  two  supports  equal  amounts  with  equal  concentrated 

loads ^  at  the  ends  (Fig.  69). 


R   -W 


Fig.  69. 
For  values  of  x  from  (a  +  t)  to  (I  +  2  a), 


For  values  of  x  from  0  to  a, 
o  w  TUt  Wx 

For  values  of  x  from  a  to  (a  +  0, 
5  =  0,  M  =  -  -y  • 


S-  ~2  » 

M  - 

-|-(J  +  2a-*). 

When  x  =  0  to  a, 

So  =  -  "2  * 

Also,  when  *  -  (I  +  a)  to  (i  +  2a), 

s  -E. 

When  x  =  a  to  (a  +  J), 


Mo=  - 


TFa 


The  portion  of  the  beam  between  the  supports  is  evidently  subjected  to 
uniform  bending. 
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Problem  9. 

Beam  overhanging  the  two  supports  equal  amounts  and  subjected  to  a  total 
load  W,  uniformly  distributed  over  its  entire  length  (Fig.  70). 

|^"J*— " *i    !     A     T     T'       ^"T      2" 

8***1     ^>fvP'*"l  T^N: E^H         For  values  of  x  from  0  to  a, 

*Rt  "  Jtt  For  values  of  x  from  a  to  (I 

Fig.  70.  +  a), 

*_«*-„«(!_,),        if_*fc -.)-«*  -f(&x-6a-rf). 

For  values  of  x  from  (I  +  o)  to  6, 

5  -  w  (6  -  x),        tf  -  « (5  -  *)». 
When  x  —  a, 

&  «  —  «w,  So'  —  w  (-  —  aV 

Also,  when  x  —  (I  +  a), 

/So  —  tea,  &'  —  —  wl  z  —  a  J- 

The  magnitude  of  the  greatest  shearing  force  will  be  given  by  the  expression 
for  So,  when  a  >  t,  and  by  the  expression  for  &',  when  a  <  j« 


When  x  —  a, 

M0  = 

2 

Also,  when  x  —  (Z  +  a), 

Mo- 

2 

When  x  =  5, 

„,     «*/6        \     Wfb        \ 


The  magnitude  of  the  greatest  bending  moment  will  be  given  by  the  expres- 

b 
2 


*ion  for  M0',  when  a  <  5  (V2— 1),  and  by  the  expression  for  Mo,  when  a  > 


|  (V~2  -  1). 
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* 

}fote.  —  When  constructing  the  diagrams  it  is  of  importance  that  the 
following  relations  of  shearing  forces  and  bending  moments,  which 
have  been  brought  out  during  the  discussion  of  the  theory,  be  kept  in 
mind. 

When  a  beam  is  subjected  to  concentrated  forces  only,  the  shearing  force  has 
a  constant  value  and  the  bending  moment  a  uniformly  varying  value  at 
sections  between  any  two  adjacent  forces.  In  such  a  case  the  shearing  force 
diagram  is  a  series  of  straight  lines,  parallel  to  the  central  axis  of  the  beam,  and 
the  bending  moment  diagram  is  a  series  of  straight  lines,  intersecting  on  the 
lines  of  action  of  the  external  forces.  It  is  therefore  necessary  to  determine 
the  values  of  the  shearing  forces  and  bending  moments  at  the  sections  at  the 
loads  and  supports  only  in  order  to  construct  the  diagrams. 

When  a  beam  is  subjected  to  uniformly  distributed  loads  only,  the  shearing 
force  has  a  uniformly  varying  value  for  any  portion  of  the  beam  over  which 
the  load  is  distributed  and  the  bending  moment  diagram  for  that  portion  is  a 
part  of  a  parabola,  the  axis  of  which  coincides  with  the  ordinate  through  the 
section  at  which  the  shearing  force  line  (extended  if  necessary)  crosses  the  axis. 
The  shearing  force  and  bending  moment  diagrams  for  portions  of  the  beam 
over  which  there  is  no  load  are  made  up  of  straight  lines,  similar  to  the  diagrams 
for  concentrated  loads. 

In  such  a  case,  after  having  determined  the  straight  lines  representing  the 
shearing  force  and  bending  moment  diagrams  for  the  portions  of  the  beam  over 
which  there  is  no  load  and  locating  the  vertex  of  the  parabola,  the  remainder 
of  the  bending  moment  diagram  can  be  constructed  by  the  use  of  a  graphical 
method  for  plotting  a  parabola. 

In  any  case,  since 

o_  dM 

the  ordinates  of  the  shearing  force  diagram  may  be  taken  to  represent  the 
tangents  of  the  angles  of  slope  at  the  corresponding  points  in  the  bending 
moment  diagram  and  hence  the  form  of  the  shearing  force  diagram  will  always 
show  whether  the  lines  in  the  bending  moment  diagram  are  tangent,  or  inter- 
sect at  an  angle,  at  the  points  at  which  they  meet. 

For  example,  the  form  of  the  shearing  force  diagram  (Problem  7)  indicates 
that  the  parabola,  forming  the  middle  portion  of  the  bending  moment  diagram 
for  that  case,  is  tangent  to  the  straight  lines  forming  the  remainder  of  the  dia- 
gram. In  Problems  (3),  (5),  (6),  (8)  and  (9),  the  abrupt  change  in  the  value 
of  the  shearing  force,  between  the  sections  on  either  side  of  the  concentrated 
forces,  indicates  that  the  lines  of  the  bending  moment  diagrams  intersect  at 
an  angle  at  these  points. 

In  Problems  (2)  and  (9),  since  the  shearing  force  is  zero  at  the  ends  of  the 
beams,  the  axes  of  the  parabolas  representing  the  bending  moment  diagrams 
for  the  overhanging  portions  will  evidently  coincide  with  the  ordinates  through 
the  ends. 

It  should  be  borne  in  mind,  however,  that  in  the  five  last  mentioned  cases 
the  diagrams  are  slightly  approximate,  since  all  the  forces  are  really  distrib- 
uted over  small  portions  of  the  beams  (Art.  68)  and  that,  if  accurate  bending 
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moment  diagrams  could  be  constructed  for  each  case,  they  would  have 

no  sharp  corners. 

In  the  construction  of  diagrams 
for  more  complicated  systems  of 
loading  the  foregoing  relations  will 
be  found  to  have  additional  value. 
In  any  such  case  the  bending  mo- 
ment diagrams  for  each  portion  of 
the  beam  subjected  to  a  uniformly 
distributed  load  will  be  a  part  of  a 
parabola,  and,  when  the  portion  does 
not  contain  the  section  of  zero  shear, 
the  vertex  of  the  parabola,  of  which 
the  bending  moment  diagram  is  a 
part,  can  easily  be  located  by  ex- 
tending the  straight  line,  represent- 
ing the  shearing  force  diagram  for 
that  portion  of  the  beam,  until  it 
intersects  the  central  axis. 

Problem  10. 

Given  a  beam  subjected  to  a  uni- 
formly distributed  load  of  800  lbs. 
(c)    Bending  Moment.  per  ft.  and  a  concentrated  load  of 

Yiq   71  2000  lbs.,  supported  as  shown  (Fig. 

71a): 

(a)  Find  the  supporting  forces. 

(b)  Write  the  general  formulas  for  shearing  forces  and  bending  moments 
throughout  the  length  of  the  beam. 

(c)  Plot  the  shearing  force  diagram  and  determine  the  location  and  mag- 
nitude of  the  greatest  shearing  force. 

(d)  Plot  the  bending  moment  diagram  and  determine  the  location  and 
magnitude  of  the  greatest  bending  moment. 

Treat  the  supporting  forces  and  all  loads,  represented  by  single  vectors, 
as  concentrated  forces  and  neglect  the  weight  of  the  beam. 

Solution.  —  (a)  By  the  application  of  the  conditions  of  equilibrium  for  a 
system  of  parallel  forces  in  a  single  plane  we  obtain  R,  =  9040,  Rt  -  2560 
(very  nearly). 

(b)  Fig.  (71a)  will  evidently  represent  the  load  diagram  for  the  beam, 
and,  if  we  let  x  —  the  distance  of  any  cross  section  from  the  left  hand  end  of 
the  beam  and  write  the  equations  for  shearing  forces  and  bending  moments, 
using  the  numerical  values  of  the  external  forces  we  shall  have  four  sets  of 
equations,  as  follows: 

For  values  of  x  from  0  to  6, 

S  -  -WOx, (1) 

Si  -  -300s' '.     .    .     t2) 


PROBLEMS  129 

For  values  of  x  from  6  to  16, 

5  -  9040  -  600a?, (3) 

M  =  9040(x-6)  -300x* (4) 

For  values  of  x  from  16  to  22, 

S  =  9040  -  9600  -  -560, (5) 

M  =  9040(a;-6)  -9600  (*  -  8)  =22,560  -560s,    ...     (6) 

or,  if  we  determine  the  values  of  S  and  M  from  the  forces  acting  on  the  portion 
of  the  beam  between  a  cross  section  and  the  right  hand  end, 

S  =  -2560  +  2000  -  -560, (7) 

M  =  2560  (26-  z)  -2000  (22  -x)  =22,560  -560  x.    .    .      (8) 

For  values  of  x  from  22  to  26, 

8  =  -2560, (9) 

M  =  2560  (26  -  x) (10) 

(c)   The  shearing  force  diagram  will  be  made  up  of  straight  lines  and  the 
necessary  points  may  be  obtained  by  making  the  following  substitutions. 
When  x  =  0, 

S  =  0 (11) 

When  x  =  6,  equation  (1)  gives 

S  =  -3600, (12) 

which  is  the  shearing  force  at  a  section  to  the  left  of  the  support  &. 
When  x  =  6,  equation  (3)  gives 

5  =  5440, (13) 

which  is  the  shearing  force  at  a  section  to  the  right  of  the  support  Ri. 
When  x  =  16  to  22,  the  shearing  force  has  the  constant  value 

S  =-560  (equation  5) (14) 

When  x  =  22  to  26,  the  shearing  force  has  the  constant  value 

S  =  -2560  (equation  9) (15) 

Plotting  these  values  the  shearing  force  diagram  (Fig.  71b)  can  be  con- 
structed. 

The  greatest  shearing  force  will  evidently  be  located  at  the  cross  section  just 
to  the  right  of  the  support  R\  and  will  be  equal  in  magnitude  to 

So  =  5440  lbs (16) 

Attention  may  again  be  called  to  the  abrupt  change  in  the  value  of  the 
shearing  force,  between  the  sections  to  the  left  and  right  of  support  R\  and 
also  between  the  sections  to  the  left  and  right  of  the  load  of  2000  lbs.  and  that, 
if  the  actual  distribution  of  these  two  forces  were  taken  account  of,  the  change 
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in  the  shearing  force  from  the  one  value  to  the  other  would  be  a  gradual  one 

in  each  case. 

The  shearing  force  is  evidently  zero  at  some  point  over  support  R\  and  also 

at  a  point  at  a  distance 

x  -  15.07  ft. 

from  the'  left  end  of  the  beam,  the  value  of  x  being  obtained  by  placing  the 
expression  for  S  (equation  3)  equal  to  zero. 

(d)  It  is  evident,  from  the  loads  on  the  beam  as  well  as  the  forms  of  the 
equations,  that  the  diagrams  of  the  bending  moments  represented  by  equa- 
tions (2)  and  (4)  will  be  parabolas,  with  the  axes  vertical,  and  that  the  diagrams 
of  equations  (6)  and  (10)  will  be  straight  lines. 

The  vertex  of  the  parabola  (equation  2)  will  evidently  be  located  at  the  point 

x  -  0,        M  -  0 (17) 

When  x  «-  6,  equation  (2)  gives 

M  -  -10,800, (18) 

and  by  computing  values  of  M  for  one  or  two  values  of  x  between  0  and  6  the 
necessary  ordinates  for  plotting  the  curve  may  be  obtained. 
When  x  —  6,  equation  (4)  will  also  give 

M  -  -10,800. 

The  vertex  of  the  parabola  will  be  on  the  ordinate  through  the  section  of  zero 
shearing  force  at  the  distance  x  —  15.07  ft.  from  the  left  end  of  the  beam. 
When  x  =  15.07,  equation  (4)  gives 

M  -  13,860 (19) 

When  x  —  16,  equation  (4)  gives 

M  -  13,600 (20) 

Since  the  bending  moment  changes  from  negative  to  positive  between  the 
values  x  -«  6  and  x  =■  16,  the  point  at  which  the  diagram  will  cross  the  axis 
XX  may  be  found  by  placing  the  expression  for  M  (equation  4)  equal  to  zero 
and  solving  for  x,  whence  we  obtain 

x  =  8.28  ft. 

By  computing  values  of  M  for  one  or  two  additional  values  of  x  the  necessary 
ordinates  for  plotting  the  curve  are  obtained. 
When  x  =  16,  equation  (6)  will  also  give  the  value 

M  =  13,600, 

and  when  x  —  22,  equation  (6)  will  give 

M  =  10,240 (21) 

When  x  «=  22,  equation  (10)  will  also  give 

M  -  10,240, 
and  when  x  —  26, 

M  =  0 (22) 
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In  plotting  the  diagram  (Fig.  71c)  it  should  be  noted  that  the  form  of  the 
shearing  force  diagram  shows  that  at  the  point  x  »  16  the  parabola  and  the 
straight  line  are  tangent. 

The  greatest  bending  moment  is  evidently  located  at  the  cross  section  at  a 
distance 

z  -  15.07  ft. 

from  the  left  hand  end  of  the  beam  and  is  equal  in  magnitude  to 

Mo  =  13,860  ft.  lbs (23) 

The  point  at  the  distance  x  —  8.28  ft.  from  the  left  end  at  which  M  —  0  is 
called  a  point  of  inflexion,  the  bending  moments  being  negative  at  sections  on 
one  side  of  the  point  and  positive  at  sections  on  the  other  side.  It  is  evident 
that  the  fiber  stress  is  zero  over  the  entire  cross  section  through  this  point. 

Problems  11-24. 

Note.  —  In  Problems  (11-24),  inclusive,  the  equations  for  shearing  forces, 
bending  moments,  the  shearing  force  and  bending  moment  diagrams  and  the 
values  of  the  greatest  shearing  force  and  bending  moment  are  to  be  deter- 
mined in  a  manner  similar  to  that  indicated  in  the  solution  of  Problem  (10). 
In  each  case  the  weight  of  the  beam  is  to  be  neglected  unless  otherwise  noted. 

Problem  11. 

The  beam  (Fig.  72)  is  subjected  to  a  system  of  concentrated  loads. 
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Fig.  72. 


Problem  12. 

The  beam  (Fig.  73)  is  subjected  to  a  system  of  concentrated  loads 
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Problem  18. 

The  beam  (Fig.  74)  is  subjected  to  a  concentrated  load  of  10,000  lbs.  and  a 
uniformly  distributed  load  of  800  lbs.  per  ft. 
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Problem  14. 

Solve  Problem  (13),  substituting  a  concentrated  load  of  1000  lbs.  for  the  load 
of  10,000  lbs. 

Problem  15. 

The  beam  (Fig.  75)  is  subjected  to  two  uniformly  distributed  loads. 
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Problem  16. 

The  beam  (Fig.  76)  is  subjected  to  a  system  of  uniformly  distributed  and 
concentrated  loads  as  indicated. 
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Fig.  76. 


Problem  17. 


The  beam  (Fig.  77)  is  subjected  to  a  system  of  uniformly  distributed  and 
concentrated  loads  as  indicated. 
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Fig.  77. 


Problem  18. 


The  cantilever  beam  (Fig.  78)  is  subjected  to  a  system  of  uniformly  distrib- 
uted and  concentrated  loads  as  shown. 
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Problem  19. 

The  beam  (Fig.  79)  is  subjected  to  a  uniformly  distributed  load.  Assume 
that  the  reaction  is  also  uniformly  distributed  over  the  entire  length  of  the 
beam. 
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Problem  20. 

The  beam  (Fig.  80)  is  subjected  to  a  load  over  a  part  of  its  length,  varying 
uniformly  in  intensity  from  0  to  1000  lbs.  per  ft. 

Solution.  —  The  diagram  (Fig.  80a)  will  evidently  represent  the  load  dia- 
gram and  the  resultant  of  the  load  will  be  equal  to  5000  lbs.  acting  at  a  dis- 
tance of  ¥  ft.  from  the  left  end  of  the  beam. 

(a)  The  supporting  forces  will  be 

Ri  -  1111  lbs., 
ft  »  3889  lbs. 

(b)  Let  x  —  the  distance  of  any  section  from  the  left  end.    Then  for  values 

of  x  from  0  to  5, 

S  -  1111, (1) 

Af  =  1111  x (2) 

For  values  of  x  from  5  to  15, 

(r  -  5)« 


1111  -  100 


M  -  1111  x  -  100 


2 

(*  -  5)» 
6 


=  1111  -  50  (x  -  5)«, 


llllx-y(x-5)».  . 


(3) 
(4) 


(c)  For  values  of  x  from  0  to  5,  the  shearing  force  diagram  will  evidently  be 
a  straight  line,  the  shearing  force  having  the  constant  value  given  by  equation 

(1), 

S  =»  1111 (5) 

When  x  =  5,  equation  (3)  will  also  give 

S  =  1111. 


When  x  =  15,  equation  (3)  gives 

S  -  -  3889. 


(6) 
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Since  the  shearing  force  changes  from  positive  to  negative  between  the  values 
x  —  5  and  z  —  15,  the  distance  of  the  cross  section  of  zero  shear  from  the  left 
end  of  the  beam  can  be  determined  by  placing  the  value  of  S  given  by  equation 
(3)  equal  to  zero  and  solving  for  g,  whence  we  obtain  x  »  9.71  ft. 
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(c)  Bending  Moment 
Fig.  80. 

The  shearing  force  diagram  for  this  portion  of  the  beam  is  evidently  a 
parabola  and  the  ordinates  for  two  or  three  additional  points  should  be  ob- 
tained in  order  to  determine  the  curve  (Fig.  80b). 

The  greatest  shearing  force  will  evidently  be  located  at  the  section  to  the 
left  of  the  right  hand  support  and  will  be  equal  to 

So  -  3889  lbs (7) 

(d)  For  values  of  x  from  0  to  5,  the  bending  moment  diagram  is  evidently  a 

straight  line  and  when 

x  -  0,  M  -  0, (8) 

and  when 

x  -  5,  M  -  5555 (9) 

For  values  of  x  from  5  to  15,  the  bending  moment  diagram  is  a  curve  and  the 
maximum  value  will  occur  at  the  section  of  zero  shear,  where  x  =  9.71. 
When  3=5,  equation  (4)  will  give  the  same  value  as  equation  (2), 

M  =  5555. 
When  *  =  9.71, 

M  -  9047 (10) 

When  x  -  15,        M  -  0 (11) 
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Dy  computing  the  values  of  M  at  two  or  three  additional  points  the  necessary 
ordinates  for  plotting  the  diagram  (Fig.  80c)  may  be  obtained. 

The  greatest  bending  moment  will  evidently  be  located  at  the  section  9.71  ft. 
distant  from  the  left  end  and  will  be  equal  in  magnitude  to 


Af.  -  9047  ft.  lbs. 


(12) 
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Flo.  81. 

pmuamU. 

The  beam  (Fig.  81)  is  subjected  to  a  distributed  load,  the  intensity  of  which 
varies  uniformly  from  400  lbs.  per  ft.  at  the  left  end  to  800  lbs.  per  ft.  at  the 
right  end. 


Fig.  82. 
Problem  32. 

The  beam  (Fig.  82)  is  subjected  to  a  distributed  load,  the  intensity  of  which 
varies  uniformly  from  3750  lbs.  per  ft.  at  the  left  end  to  0  at  the  right  end. 


Fig.  83. 
Problem  28. 

The  beam  (Fig.  83)  is  subjected  to  a  distributed  load,  the  intensity  of  which 
varies  uniformly  from  0  at  the  supports  to  2000  lbs.  per  ft.  at  the  middle  of 
the  span. 
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Problem  24. 

The  beam  (Fig.  83)  is  subjected  to  a  distributed  load,  the  intensity  of  which 
varies  uniformly  from  3000  lbs.  per  ft.  at  the  supports  to  0  at  the  middle  of 
the  span. 
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Fig.  84. 


75.  Combining  Shearing  Force  and  Bending  Moment  Dia- 
grams. —  When  a  beam  is  subjected  to  a  system  of  two  or  more 
loads  the  shearing  force  and  bending  moment  diagrams  may  be 
determined  by  constructing  the  diagrams  representing  the  shearing 
forces  and  bending  moments  due  to  each  load  acting  alone  and 
then  combining  by  adding  together  the  ordinates.  In  certain 
cases  this  method  may  be  preferable  to  obtaining  the  diagrams  for 
the  entire  load  system  by  the  method  indicated  in  Art.  (72). 

Two  illustrations  of  its  application  in  comparatively  simple 
cases  follow. 

(a)  A  simple  beam  subjected  to  a  uniformly  distributed  load  of 
intensity  w  and  two  concentrated  loads  Wi  and  TT2  (Fig.  85a).  To 
avoid  confusion  the  diagrams  are  constructed  separately,  the 
shearing  force  diagram  being  shown  in  Fig.  85b  and  the  bending 
moment  diagram  in  Fig.  85c. 

The  shearing  force  diagram  for  the  load  Wi  will  be  of  the  same 
general  form  as  that  for  the  beam  in  Problem  (5)  (Art.  74)  and  the 
ordinate  at  any  point  may  be  computed  by  the  formulas  given 
for  that  case.  The  diagram  is  shown  by  the  dotted  line  marked 
1  (Fig.  85b).  .  The  diagram  for  the  load  W2  is  of  the  same  type  as 
that  for  the  load  Wi  and  is  shown  by  the  dotted  line  marked  2 
(Fig.  85b).  The  diagram  for  the  uniformly  distributed  load  is  of 
a  type  similar  to  that  for  the  beam  in  Problem  (4)  (Art.  74)  and  the 
ordinates  may  be  computed  by  the  formulas  given  for  that  case. 
The  diagram  is  shown  by  the  dotted  line  marked  3  (Fig.  85b). 

By  adding  the  ordinates  of  the  diagrams  1,  2  and  3  algebraically, 
the  shearing  force  diagram  for  the  entire  system  of  loads,  shown 
by  the  full  line  (Fig.  85b),  is  obtained. 
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Proceeding  in  the  same  manner,  the  bending  moment  diagrams 
for  the  loads  W,  and  Wt,  of  the  same  general  type  as  the  diagram 
for  the  beam  in  Problem  (5)  (Art.  74)  and  shown  by  the  dotted  lines 
1  and  2  (Fig.  85c),  are  obtained;  and  the  bending  moment  diagram 
for  the  uniformly  distributed  load,  shown  by  the  dotted  line  marked 
3  (Fig.  85c),  will  be  of  the  same  form  as  that  for  the  beam  in 
Problem  (4)  (Art.  74).  The  values  of  the  ordinates  to  these  dia- 
grams may  be  computed  by  the  formulas  given  for  the  cases 
mentioned. 


Fia  86. 

By  adding  the  ordinates  of  the  diagrams  1,  2  and  3,  algebraically, 
the  bending  moment  diagram  for  the  entire  system  of  loads,  shown 
by  the  full  line  (Fig.  85c),  is  obtained. 

(b)  A  cantilever  beam  subjected  to  a  uniformly  distributed  load  of 
intensity  w  and  two  concentrated  loads  W\  and  W%  (Fig.  86a). 

The  diagrams  for  this  case  are  constructed  in  the  same  manner 
as  those  for  Case  (a). 

In  the  shearing  force  diagram  (Fig.  86b)  the  dotted  lines  1  and  2, 
representing  the  shearing  force  diagrams  for  loads  W\  and  W% 
acting  separately,  are  of  a  form  similar  to  that  for  the  beam  in 
Problem  (1)  (Art.  74).    The  diagram  for  the  uniformly  distributed 
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load  is  represented  by  the  dotted  line  3,  of  a  form  similar  to  that 
for  the  beam  in  Problem  (2)  (Art.  74).  By  adding  the  ordinates, 
algebraically,  the  shearing  force  diagram  for  the  entire  load  system, 
represented  by  the  full  line,  is  obtained. 

In  the  bending  moment  diagram  (Fig.  86c)  the  dotted  line  1 
represents  the  bending  moment  diagram  for  load  Wh  the  dotted  line 
2  that  for  load  W*  $nd  the  dotted  line  3  that  for  the  uniformly  dis- 
tributed load.  These  are  similar  in  form  to  the  bending  moment 
diagrams  for  the  beams  in  Problems  (1)  and  (2)  (Art.  74)  and  by 
adding  the  ordinates,  algebraically,  the  diagram  for  the  entire 
load  system,  represented  by  the  full  line,  is  obtained. 

76.  Problems.  —  Combining  Shearing  Force  and  Bending 
Moment  Diagrams.  —  The  following  problems  will  serve  to 
illustrate  the  methods  explained  in  Art.  (75). 
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Problem  1. 

Construct  the  shearing  force  and  bending  moment  diagrams  for  the  beam 
subjected  to  concentrated  loads  as  shown  (Fig.  87)  by  constructing  the  dia- 
grams for  each  load  acting  separately  and  adding  the  ordinates.  Determine 
the  values  of  the  greatest  shearing  force  and  the  greatest  bending  moment. 


5000 


6000 


_*-i_* 


xfc 


8000 


6 


L__. 


t 


6000 


_.4L-4e-_4L-^ 


1SL 


Ri 


X 


R, 


Fig.  88. 
Problem  2. 

Construct  the  shearing  force  and  bending  moment  diagrams  for  the  beam 
subjected  to  the  concentrated  loads  shown  (Fig.  88)  by  constructing  separate 
diagrams  for  each  load  between  the  supports  and  for  the  loads  at  the  ends  act- 
ing together  and  adding  the  ordinates.  Determine  the  values  of  the  greatest 
shearing  force  and  the  greatest  bending  moment. 
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Problem  8* 

Construct  the  shearing  force  and  bending  moment  diagrams  for  the  canti- 
lever beam  (Fig.  80)  by  constructing  the  diagram  for  each  load  acting  separately 
and  adding  the  ordinates.  Determine  the  greatest  value  of  the  shearing  force 
and  the  bending  moment. 


Fig.  89. 

Problem  4. 

Solve  Problem  (1),  assuming  that  the  beam  is  subjected  to  a  uniformly  dis- 
tributed load  of  500  lbs.  per  ft.  in  addition  to  the  concentrated  loads  shown 
(Fig.  87). 

Problem  5. 

Solve  Problem  (2),  assuming  that  the  beam  is  subjected  to  a  uniformly  dis- 
tributed load  of  600  lbs.  per  ft.  in  addition  to  the  concentrated  loads  shown 
(Fig.  88). 

77.  Greatest  Outside  Fiber  Stress.  —  Section  Modulus. — 

The  relation  between  shearing  forces  and  bending  moments,  dis- 
cussed in  Arts.  (71-72),  is  of  great  importance  in  the  determination 
of  the  maximum  stress  intensity  in  a  beam  subjected  to  ordinary 
bending.  We  have  seen  that  the  greatest  intensity  of  the  normal 
stress  at  a  given  cross  section  is  at  the  point,  or  points,  farthest 
from  the  neutral  axis  (Art.  69)  and  is  equal  in  magnitude  to 

Me 


/- 


(1) 


For  a  beam  of  uniform  cross  section  the  value  of  j  is  evidently 

the  same  for  all  cross  sections.  Therefore,  the  value  of  /  will  vary 
as  the  value  of  M  and  the  outside  fiber  stress  at  the  section  at  which 
the  bending  moment  is  a  maximum  will  be  greater  than  that  at 
any  other  cross  section.  Its  value  is  known  as  the  greatest 
intensity  of  normal  stress,  or  the  greatest  outside  fiber  stress,  in  the 
beam. 
Since/*  M,  the  bending  moment  diagrams  may  be  taken  to 
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represent  the  value  of  the  outside  fiber  stress  at  the  different 
cross  sections  of  a  beam  of  uniform  section,  by  simply  measuring 

the  ordinates  to  the  suitable  scale. 

c 
Section  Modulus.  —  The  reciprocal  of  the  quantity  j  is  known 

as  the  section  modulus  of  the  beam.    When  the  value  of  /  is  ex- 
pressed in  (ins.)4  and  the  value  of  c  in  (ins.)  the  units  in  which  the 

value  of  the  section  modulus— is  expressed  will  evidently  be  (ins.)8. 

c 

78.  Graphical  Representation  of  the  Normal  Stress.  —  In  the 
discussion  of  the  theories  both  of  simple  and  of  ordinary  bending 
it  has  been  shown  that,  if  certain  limitations  are  imposed  (Art.  63) 
and  certain  assumptions  hold  true  (Art.  66),  the  normal  stress  on 
a  cross  section  of  a  beam  is  a  uniformly  varying  stress,  with  the 
neutral  axis  passing  through  the  center  of  gravity  of  the  section, 
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Fig.  90. 


at  right  angles  to  its  vertical  axis  of  symmetry,  and  that  the  re- 
sultant of  the  normal  stress  is  a  couple  in  the  plane  of  loading  per- 
pendicular to  the  neutral  axis  of  the  section  (Art.  60). 
Hence,  if  2  =  the  length  and  dy  =  the  width  of  an  elementary 
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strip  at  a  distance  y  from  the  neutral  axis  of  a  cross  section  AB  of 
a  beam  subjected  to  ordinary  bending  (Fig.  90),  the  total  normal 
stress  on  the  strip  will  be  equal  to 

fzdy  =  -j-zdy. 

The  stress  on  every  strip  above  the  neutral  axis  will  be  com- 
pression and  the  magnitude  of  the  resultant  of  the  compressive 
stress  on  the  cross  section  will  evidently  be  equal  to 


fzdy  =  ~y  I       yzdy,    .     .     .     . 

f-0  i      */fm0 


(1) 


where  y\  —  the  distance  from  the  neutral  layer  to  the  outside 
fibers  under  compression. 

Similarly  the  magnitude  of  the  resultant  of  the  tensile  stress  on 
the  cross  section  will  be  equal  to 

1       fzdy=^  /        zydyy    ....     (2) 

where  y2  =  the  distance  from  the  neutral  layer  to  the  outside  fibers 
under  tension. 
Since  the  resultant  of  the  entire  normal  stress  is  a  couple, 

r  =  C(Art.66) (3) 

in  magnitude  and,  if  Ai  =  the  distance  between  the  center  of  the 
compressive  stress  and  the  center  of  the  tensile  stress  on  the 
section,  the  magnitude  of  the  moment  of  resistance  will  be  equal  to 

M  =  Th1  =  Ch1 (4) 

The  distribution  of  the  normal  stress  over  the  section  may  be 
represented  graphically  in  the  following  manner.  The  intensity 
of  the  normal  stress  at  any  point  r  in  the  cross  section,  at  a 
distance  y  from  the  neutral  axis  through  0,  may  evidently  be 
represented  by  the  ordinate  /  =  rs  (Fig.  90b),  from  the  trace 
AB  of  the  section  on  the  plane  of  loading  to  a  straight  line  ab, 
intersecting  AB  at  0  and  sloping  in  such  a  manner  that 

i4a  =  ^(Art.  69). 

Compressive  stress  intensities  will  then  be  represented  by  ordinates 
to  the  right  of  AB  and  tensile  stress  intensities  by  ordinates  to  the 
left  of  AB.    The  product  fz  of  the  stress  intensity  and  the  width 
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of  the  cross  section  at  any  point  r  will  be  a  quantity  which  we 
may  designate  as  the  stress  per  unit  of  depth  of  the  section  at  r.  A 
diagram,  constructed  (Fig.  90c)  with  each  ordinate  rt  equal  to 
the  value  of  fz  at  the  point  r,  will  represent  the  distribution  of  the 
normal  stress  above  and  below  the  neutral  axis. 


The  area  AOc  will  evidently  represent  the  magnitude  of  the 
resultant  compressive  stress 


i~SZ",,d" 


and  the  distance  of  the  center  of  the  compressive  stress  from  the 
neutral  axis  will  be  equal  to  the  perpendicular  distance  between 
the  axis  XX  and  e,  the  center  of  gravity  of  AOc. 


(a) 


A 


(0) 
Fro.  92. 
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Similarly  the  magnitude  of  the  resultant  tensile  stress 

'-£>* 

will  be  represented  by  the  area  BOd  and  the  distance  of  u,  the 
center  of  gravity  of  BOd,  from  XX  will  be  equal  to  the  distance  of 
the  center  of  the  tensile  stress  from  the  neutral  axis. 

Hence  hh  the  vertical  distance  between  the  centers  of  gravity  e 
and  u,  will  be  equal  to  the  arm  of  the  couple  formed  by  the  result- 
ants  of  the  tensile  and  compressive  stresses. 
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It  is  evident  that  when  the  intensity  /  at  any  point  in  a  given 
cross  section  is  known  the  moment  of  resistance  M  of  the  section 
can  be  determined  by  an  analysis  similar  to  the  above  without 
using  the  moment  of  inertia  of  the  section.  Moreover,  since  the 
moment  of  resistance  is  represented  by  the  sum  of  the  moments  of 
the  areas  AOc  and  BOd  (Fig.  90c),  about  the  axis  XX,  or  any 
parallel  axis,  in  determining  its  magnitude  it  is  unnecessary  to 
determine  the  values  of  T  or  C. 


Similar  diagrams  representing  the  distribution  of  stress  when 
the  section  AB  is  a  rectangle,  a  circle,  an  I  section  and  a  JL  section 
are  shown  in  Figs.  (91-94).  In  each  case  the  depth  of  the  section 
is  equal  to  h  and  the  diagram  marked  (b)  represents  the  variation 
in  stress  intensity  over  the  section  and  the  diagram  marked  (c) 
the  distribution  of  the  total  stress. 


Fia.  94. 


In  the  case  of  the  rectangle  (Fig.  91)  z  is  a  constant  and  hence 
the  areas  AOc  and  BOd  will  become  equal  triangles.  Therefore, 
the  arm  of  the  resultant  couple  will  be  equal  to 

h\  =  $  h. 
In  each  of  the  other  cases  the  area  AOc  will  equal  the  area  BOd 
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and  the  value  of  hi  will  vary  according  to  the  shape  of  the  section, 
being  smallest  for  the  circle  and  greatest  for  the  I  section. 

The  preceding  discussion  will  evidently  apply  equally  as  well  in 
the  case  of  simple  bending  as  in  that  of  ordinary  bending. 

79.  Problems.  —  Moment  of  Resistance.  —  In  Problems  (1-5), 
which  follow,  find  the  moment  of  resistance  of  the  sections  by 
plotting  the  normal  stress  after  the  method  given  in  Art.  (78)  and 
check  the  results  obtained  by  using  the  formula  for  the  moment  of 
resistance 

c 
Solve  the  remaining  problems  by  the  latter  method  only. 

Problem  1. 

Given  a  wooden  beam  with  a  cross  section  4"  X  12",  find  the  moment  of 
resistance,  provided  the  greatest  allowable  fiber  stress  =  1000  lbs.  per  sq.  in. 

Problem  2. 

Given  a  round  bar  4"  diameter*,  find  the  moment  of  resistance,  provided  the 
greatest  allowable  fiber  stress  =  16,000  lbs.  per  sq.  in. 

Problem  3. 

Given  an  I-beam  with  a  cross  section  similar  to  Fig.  (93),  depth  =  8",  thick- 
ness of  web  =  J",  thickness  of  flanges  =  1",  width  of  flanges  =■  4",  find  the 
moment  of  resistance  if  the  greatest  fiber  stress  —  16,000  lbs.  per  sq.  in. 

Problem  4. 

Given  a  T-beam  with  a  cross  section  similar  to  Fig.  (94),  width  of  flange  *= 
4",  depth  5",  thickness  of  web  =  J",  thickness  of  flange  =  i",  find  the 
moment  of  resistance,  provided  the  greatest  allowable  fiber  stress  =  16,000 
lbs.  per  sq.  in. 

Problem  5. 

Given  a  beam  with  a  square  cross  section  4"  X  4",  find  the  moment  of 
resistance,  when  the  plane  of  loading  coincides  with  a  diagonal  of  the  square, 
provided  the  greatest  allowable  fiber  stress  —  16,000  lbs.  per  sq.  in. 

Problem  6. 

In  a  built-up  plate  girder  the  web  plate  is  37"  X  i".  Find  the  moment  of 
resistance  of  the  cross  section  of  the  web  plate  provided  the  greatest  fiber  stress 
is  12,000  lbs.  per  sq.  in. 

Problem  7. 

In  Problem  (6),  assume  that  the  section  is  through  a  vertical  row  of  J"  rivets 
spaced  3"  on  centers,  with  the  outside  rivets  2"  from  the  edges  of  the  plate. 
Find  the  moment  of  resistance  of  the  net  section,  provided  the  greatest  fiber 
stress  is  12,000  lbs.  per  sq.  in.  Assume  the  rivet  holes  to  be  i"  larger  in  diam- 
eter than  the  rivets. 
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Problem  8. 

If  each  of  the  flanges  of  the  plate  girder  given  in  Problem  (6)  are  made  up  of 
two  6"  X  4"  X  1"  angles  find  the  moment  of  resistance  of  the  entire  section 
assuming  the  greatest  fiber  stress  is  12,000  lbs.  per  sq.  in.    Total  width  of 
flanges  -  12}". 
Problem  9, 

Solve  Problem  (8)  making  the  allowance  for  rivet  holes  called  for  in  Problem 
(7). 

80.  Bending  which  Produces  Stress  Intensities  above  the 
Elastic  Limit.  —  If  the  forces  acting  on  a  beam  are  large  enough, 
fiber  stresses  in  excess  of  the  elastic  limit  of  the  material  will  be 
produced  at  some  of  the  cross  sections.  Where  the  stress  intensity 
on  a  cross  section  exceeds  the  elastic  limit  the  second  assumption 
of  the  theory  evidently  will  not  hold  true  and  the  stress  will  not  be 
uniformly  varying  over  the  entire  section.  Hence,  in  such  a  case 
the  formulas  (Art.  69)  will  not  give  correct  values  for  the  normal 
stress  intensity  and  the  distribution  of  the  stress  over  a  cross 
section  will  be  different  from  that  illustrated  in  Art.  (78). 

If  we  hold  the  first  and  third  assumptions  (Art.  66)  to  be  correct 
when  the  fiber  stresses  exceed  the  elastic  limit,  the  general  form  of 
the  stress  intensity  diagram  for  cross  sections  which  are  symmetri- 
cal with  respect  to  the  horizontal  axis  through  the  center  of  gravity 
may  be  determined  from  the  stress-strain  diagrams  for  the  material 
in  tension  and  compression. 


For  example,  in  Fig.  (7)  (Art.  S)  are  given  the  stress-strain  dia- 
grams for  cast  iron  in  tension  and  in  compression.  These  dia- 
grams may  be  combined  to  represent  the  variation  in  stress 
intensity  over  a  rectangular  cross  section  AB  (Fig.  95)  by  plotting 
compressive  stress  intensities  to  the  right  of  AB  and  tensile  stress 
intensities  to  the  left,  as  in  the  diagrams  (Art.  78). 
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Since  cast  iron  does  not  follow  Hooke's  law  and  the  ratio  of 
stress  intensity  to  strain  for  a  tensile  stress  is  less  than  the  ratio 
for  a  compressive  stress  of  equal  intensity  (Art.  1 1)  the  line  ab  will 
be  a  curve  and  the  ordinate  Aa  will  not  be  equal  to  Bb,  as  would 
be  the  case  if  the  variation  in  stress  intensity  were  the  same  in 
tension  and  compression.  Owing  to  this  fact,  the  neutral  axis  of 
the  cross  section  will  not  pass  through  its  center  of  gravity  0,  but 
will  be  raised  above  it  to  some  point  0\.  Since  the  section  is  rec- 
tangular the  location  of  d  must  be  such  that  the  area  AOia  will  be 
equal  to  the  area  BOtb.  If  the  diagram  representing  the  total 
stress  on  the  cross  section  (Fig.  95c)  is  plotted  in  the  same  manner 
as  in  Art.  (78),  the  area  AO\c  will  represent  the  total  compressive 
Btreas  and  the  area  BO\d  the  total  tensile  stress. 

Diagrams  representing  the  distribution  of  the  normal  stress  on 
a  cross  section  of  a  bar  of  a  medium  grade  of  steel  of  rectangular 
cross  section  may  be  constructed  in  a  similar  manner.  Refer- 
ring again  to  Fig.  (7)  we  note  that  for  this  grade  of  steel  the 
elastic  limit  and  the  yield  point  in  compression  are  practically  the 
same  as  in  tension  and  that  the  ratios  of  stresses  to  strains  below 
the  elastic  limits  are  also  the  same  for  tension  and  compression. 
Hence,  if  a  stress  intensity  diagram  for  a  cross  section,  sym- 
metrical with  respect  to  a  horizontal  axis  through  its  center  of 
gravity,  is  constructed  with  compressive  stress  intensities  repre- 
sented by  ordinates  to  the  right  of  AB  and  tensile  stress  intensities 


= a f 

/C- — l 


M 

Fig.  96. 


by  ordinates  to  the  left  (Fig.  96),  the  two  parts  of  the  diagram 
AOa  and  BOb  will  be  equal  and  the  neutral  axis  will  pass  through 
the  center  of  gravity  0  of  the  section.  The  diagram  (Fig.  96c) 
representing  the  total  stress  on  the  section  may  be  constructed  in 
the  same  manner  as  before. 
It  should  be  noted  that  in  both  of  the  cases  represented  (Figs. 
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95  and  96)  the  resultant  of  the  compressive  stress  C  will  act 
through  the  center  of  gravity  of  the  area  AOc  and  the  resultant 
of  the  tensile  stress  T  through  the  center  of  gravity  of  the  area 
BOd,  that  C  =  T  and,  if  hi  =  the  vertical  distance  between  the 
centers  of  gravity  of  the  areas  AOc  and  BOd,  the  moment  of 
resistance  at  the  section  will  be  equal  to 

M  =  Thi  =  Chi. 

It  is  evident  that,  for  a  given  value  of  M,  the  distance  hi  will  be 

less  than  if  the  stress  on  the  cross  section  were  uniformly  varying 

and  that  the  value  of  the  outside  fiber  stress,  if  computed  by  the 

formula 

-     Mc 

would  be  greater  than  the  actual  outside  fiber  stress  in  the  beam. 

Similar  diagrams  might  be  constructed  for  cross  sections  of 

different  shapes,  as  in  Art.  (78).    Similar  results  would  be  obtained 

in  each  case,  but  it  would  be  found  that  for  any  given  outside 

fiber  stress,  where  the  material  does  not  follow  Hooke's  law,  the 

difference  between  the  actual  intensity  of  stress  and  the  value 

given  by  the  formula 

Mc 

f"   / 

would  vary  with  the  shape  of  the  cross  section. 

Since  under  a  working  load  a  material  like  steel  is  never  stressed 
beyond  the  elastic  limit  and  for  practical  purposes  a  material  like 
cast  iron  may  be  assumed  to  follow  Hooke's  law  for  stresses  below 
its  working  strength,  the  foregoing  discussion  is  of  value  merely 
in  showing  the  limitations  of  the  theory  of  bending. 

81.  Modulus  of  Rupture.  —  When  a  beam  is  loaded  to  the 
breaking  point,  the  value  obtained  by  the  application  of  the 
formula 

/-¥ « 

at  the  section  of  greatest  bending  moment  is  called  the  transverse 
modulus  of  rupture. 

It  is  evident  from  the  preceding  discussion  (Art.  80)  that  the 
modulus  of  rupture  is  not  the  actual  maximum  outside  fiber  stress, 
which  always  is  less  than  the  value  given  by  the  formula. 
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Since  no  general  formula  can  be  obtained,  however,  which  will 
give  the  greatest  intensity  of  fiber  stress  at  breaking  for  beams  of 
different  materials  and  cross  sections,  it  is  customary  to  use  the 
modulus  of  rupture  as  if  it  were  a  breaking  strength  and  to  obtain 
the  value  of  the  working  strength,  or  working  outside  fiber  stress, 
in  a  given  beam  by  dividing  its  modulus  of  rupture  by  a  proper 
factor  of  safety. 

When  used  in  this  way  formula  (1)  must  evidently  be  regarded 
as  an  empirical  formula  which  affords  a  means  of  comparison  of 
the  strengths  of  beams  of  different  materials  and  shapes. 

Emphasis  should  be  laid  on  the  fact,  brought  out  in  the  dis- 
cussion (Art.  80),  that  when  a  material  does  not  follow  Hooke's  law 
the  difference  between  the  value  given  by  formula  (1)  and  the 
actual  fiber  stress,  for  any  given  stress  intensity,  varies  with  the 
shape  of  the  cross  section.  Hence  the  modulus  of  rupture  will  not 
be  constant  for  aU  beams  of  the  same  material  but  different  values  will 
be  obtained  for  different  shapes  of  cross  section. 

The  analysis  given  (Art.  80)  shows  that  when  Hooke's  law  fails 
the  fibers  near  the  neutral  layer  carry  stress  intensities  which  are 
greater  in  proportion  to  the  intensities  at  the  outside  fibers  than 
if  the  stress  were  uniformly  varying.  Hence  beams  in  which  a 
considerable  portion  of  the  material  is  located  near  the  neutral 
layer,  like  round  or  square  bars,  show  a  higher  modulus  of  rupture 
than  beams,  like  the  I  beam,  in  which  the  larger  portion  of  the 
material  is  located  near  the  outside  layers. 

A  large  amount  of  experimental  data  is  obtainable  giving  values 
of  the  modulus  of  rupture  of  beams  of  all  the  common  materials 
and  cross  sections.  An  investigation  of  such  data  will  show  that 
definite  values  for  the  breaking  load  and  hence  of  the  modulus  of 
rupture  can  be  obtained  for  beams  which  are  composed  of  more  or 
less  brittle  materials.  Such  beams  ultimately  fail  by  the  fracture 
of  the  fibers  which  are  subjected  to  tension. 

When  a  bar  is  composed  of  a  more  ductile  material,  such 
as  a  medium  grade  of  steel,  it  merely  buckles  after  the  fibers  are 
stressed  beyond  the  yield  point  and,  if  the  ductility  is  great 
enough,  the  buckling  will  continue  as  the  load  increases  until  the 
bar  is  no  longer  a  beam  in  the  ordinary  sense.  In  such  a  case  no 
definite  value  can  be  obtained  for  the  modulus  of  rupture  and  it  is 
more  satisfactory  to  determine  the  working  strength,  by  making 
it  a  fractional  part  of  the  value  of  the  greatest  outside  fiber 
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stress  at  the  load  at  the  yield  point,  than  to  attempt  to  assign 
a  definite  value  for  the  modulus  of  rupture. 

82.  The  Design  of  Beams  for  Fiber  Stress.  —  Thus  far  we 
have  discussed  the  methods  of  determining  the  fiber  stresses  in 
beams  of  various  cross  sections,  when  the  loads  and  the  supporting 
forces  are  known. 

The  more  common  problem  in  practice  is  the  determination  of 
the  size  and  type  of  a  beam  to  use  when  the  loads  which  it  must 
carry  and  the  supporting  forces  are  known.  When  ordinary 
beams,  that  is,  beams  with  simple  (not  built-up)  sections,  are  used, 
the  solution  of  the  problem  is  comparatively  simple.  In  such 
cases,  after  the  loads  and  supporting  forces  have  been  determined, 
the  section  of  zero  shear  and  the  greatest  bending  moment  can  be 
found. 

The  formula  for  the  greatest  outside  fiber  stress  (Art.  77)  may 
be  written 

l  =  ^  .         (1) 

whence  it  follows  that  the  section  modulus  of  the  beam  required 
to  carry  the  load  is  equal  to  the  quotient  obtained  by  dividing 
the  greatest  bending  moment  by  the  value  of  the  working  strength 
(the  maximum  allowable  fiber  stress)  for  the  material  in  the  beam. 
If  the  cross  section  of  the  beam  is  to  be  a  rectangle,  of  breadth  b 
and  depth  h,  the  value  of  the  section  modulus  will  be  equal  to 

l  =  f (2) 

CO  w 

Hence  the  value  of  the  product 

W-*£ (3) 

can  be  determined  and  suitable  values  for  b  and  h,  required  to 
satisfy  the  equation,  can  be  found. 

The  values  of  the  section  modulus  -  for  all  of  the  standard 

c 

shapes  of  steel  beams  may  be  found  in  handbooks  published  by  the 

manufacturers.     Hence,  if  a  steel  beam  is  to  be  used,  it  is  only 

necessary  to  choose  from  the  list  of  suitable  sections  one  whose 

section  modulus  is  at  least  as  great  as  the  calculated  value. 

The  greatest  bending  moment  which  a  beam  of  any  given  cross 
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section  will  safely  cany  will  evidently  be  equal  to  the  product  of 
the  working  strength  of  the  material  and  the  section  modulus 

M0=f{ (4) 

Having  obtained  the  value  of  M0,  the  working  load  for  any  dis- 
tribution of  the  load  and  manner  of  supporting  the  beam  can  be 
found. 

83.  Problems.  —  Fiber  Stresses  in  Beams  of  Uniform  Sec- 
tion. —  Problems  involving  the  determination  of  fiber  stresses 
in  beams  may  be  divided  into  three  general  classes. 

First:  Where  all  the  loads,  the  supporting  forces,  the  dimensions 
of  the  beam,  including  the  span  and  cross  section,  are  given  and 
the  fiber  stresses  in  the  beam  are  to  be  determined.  To  obtain 
the  magnitude  of  the  greatest  fiber  stress,  the  section  of  greatest 
bending  moment  must  be  found. 

Second:  Where  all  the  loads,  the  supporting  forces  and  the  span 
are  given  and  the  type  and  dimensions  of  the  cross  section  are  to 
be  determined.  To  solve  such  a  problem  the  material  of  the  beam 
and  the  value  of  the  working  fiber  stress  for  the  type  of  cross  section 
to  be  used  must  first  be  decided  upon.  Then,  by  finding  the 
greatest  bending  moment  and  dividing  by  the  value  of  the  greatest 
allowable  fiber  stress,  the  required  value  of  the  section  modulus 
can  be  obtained  (Art.  82). 

Third:  Where  the  material  and  the  dimensions  of  the  beam, 
including  the  span  and  cross  section,  and  the  manner  of  loading  are 
given  and  the  greatest  allowable  load  is  to  be  determined. 

To  solve  such  a  problem  the  value  of  the  working  fiber  stress,  for 
the  material  and  the  type  of  cross  section,  must  first  be  decided 
upon.  The  magnitude  of  the  greatest  bending  moment  will  then 
be  equal  to  the  product  of  the  working  fiber  stress  and  the  section 
modulus,  and,  having  obtained  its  value,  the  greatest  allowable 
load  can  be  found. 

In  the  solution  of  any  problem  involving  the  determination  of 
the  stresses  in  a  beam,  a  rough  sketch,  at  least,  of  the  diagrams 
showing  the  variation  in  shearing  forces  and  bending  moments  will 
usually  aid  in  arriving  at  a  correct  solution. 

It  is  generally  most  convenient,  when  computing  the  values  of 
the  bending  moments  from  the  loads  on  the  beam,  to  use  ft.  lbs. 
for  units;  but  in  using  the  formulas  involving  fiber  stress  it  must 
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be  remembered  that  the  stress  intensities  are  practically  always 
expressed  in  lbs.  per  sq.  in.  and  values  of  the  section  modulus  are 
expressed  in  (ins.)*  and  hence  values  of  the  bending  moment  to  use 
in  these  formulas  must  be  reduced  to  in.  lbs. 

Problem  1. 

Find  the  greatest  fiber  stress  in  a  wooden  beam,  of  cross  section  8"  X  10", 
supported  at  the  ends  and  subjected  to  a  single  concentrated  load  of  6000  lbs., 
at  a  distance  of  6  ft.  from  the  left  hand  support.    Span  =  16  ft. 

Problem  2. 

A  floor,  supported  by  wooden  beams,  15  ft.  span,  spaced  16  ins.  on  centers, 
is  designed  to  carry  a  total  uniformly  distributed  load  of  100  lbs.  per  sq.  ft.  of 
floor  area.  Hie  working  stress  of  material  is  1000  lbs.  per  sq.  in.  Which  of 
the  following  sections  would  be  suitable  to  use:  2"  X  10";  3"  X  10";  3"  X 
12";  4"  X  12"? 

Solution.  —  The  total  uniformly  distributed  load,  supported  by  one  beam, 

will  equal 

w      15  X  16  X  100      ^w^,. 
W  — j5 =  2000  lbs. 

The  greatest  bending  moment  will  be  equal  to 

M%wmWl_  200(005  =  375Q  f  fc  ^  _  4WW0  ^  lb^ 

For  a  rectangular  section  we  have 

, .,      6  Mo      6  X  45,000      ,v,rt  ,.     ^ 

Wm-J iooo-  "  m  (me*' 

and  for  the  given  sections  we  have  the  following  values  forjbh*: 

2"  X  10"  b&  -  200  (ins.)», 

3"  X  10"  6tf  -  300  (ins.)«, 

3"  X  12"  bit  -  432  (ins.)8, 

4"  X  12"  6A*  =  576  (ins.)1. 

Hence  the  section  3"  X  10"  is  the  smallest  one  which  can  be  used. 

Problem  3. 

A  floor  is  supported  on  wooden  beams,  4"  X  12"  cross  section  and  16  ft. 
span,  spaced  3  ft.  on  centers.  Find  the  safe  uniformly  distributed  live  load 
per  sq.  ft.  of  floor  area,  provided  the  greatest  allowable  fiber  stress  is  1200  lbs. 
per  sq.  in.  Assume  the  dead  load,  including  the  weight  of  the  beams,  to  be 
equal  to  25  lbs.  per  sq.  ft.  of  floor  area. 

Solution.  —  The  section  modulus  of  the  beams 

/      W      4  X  12  X  12      oar     N1 
c"T 6 <*(ins.)». 

The  greatest  allowable  bending  moment, 

M0  =/-  =  1200  X  96  -  115,200  in.  lbs.  =  9600  ft.  lbs. 
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Transposing  the  formula  for  the  greatest  bending  moment  in  terms  of  a  uni- 
formly distributed  load  (Problem  4,  Art.  74),  we  obtain  for  the  value  of  the 
total  load  on  a  single  beam, 

8Af0      8X9600 


W 


=  4800  lbs. 


I  16 

Since  each  beam  supports  a  floor  area  of 

3  X  16  =  48  sq.  ft., 

the  total  load  per  sq.  ft.  of  floor  area  will  be  equal  to 

4800 


48 


=  100  lbs. 


and  the  net,  or  live  load,  will  be  equal  to 

100  -  25  =  75  lbs.  per  sq.  ft. 

Problem!. 

A  standard  12"  I  beam,  weighing  40  lbs.  per  ft.,  is  subjected  to  a  uniformly 
distributed  load  of  2000  lbs.  per  ft.  in  addition  to  its  own  weight.  Find  the 
greatest  fiber  stress.    Span  »  20  ft.    /  =  269  (ins.)4 

Problem  5. 

Find  the  section  modulus  of  the  timber  beam  which  would  be  required  to 
support  the  loads  given  in  Problem  (14)  (Art.  74).  Assuming  the  working 
strength  of  the  material/  =  1200  lbs.  per  sq.  in.,  select  a  suitable  cross  section 
from  the  following  list  of  sizes:  4"  X  12";  6"  X  12";  8"  X  12";  6"  X  16"; 
8"  X  16";  10"  X  16". 

Problem  6. 

Find  the  section  modulus  of  the  steel  I  beam  which  would  be  required  to 
support  the  loads  given  in  Problem  (16)  (Art.  74).  Assume  the  working 
strength  of  the  material  /  =  14,000  lbs.  per  sq.  in. 

From  a  manufacturers'  handbook  select  a  suitable  section. 


400  lbs.  per  ft. 
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R. 


Fig.  97. 

Problem  7. 

A  steel  T  beam  is  subjected  to  a  uniformly  distributed  load  of  400  lbs.  per  ft. 
as  shown  (Fig.  97).  The  total  depth  of  the  section  is  5",  the  width  of  the 
flange  is  4"  and  the  thickness  of  the  metal  is  }"  in  both  the  stem  and  the  flange. 
Distance  of  center  of  gravity  from  back  of  flange  =  1.57".  Moment  of  inertia 
about  neutral  axis  =  10.5  (ins.)4.  Find  the  greatest  fiber  stresses,  in  tension 
and  in  compression. 
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Problem  8. 

A  floor  is  supported  by  wooden  beams,  of  cross  section  3"  X  10",  placed 
2  ft.  on  centers,  with  a  span  of  12  ft.  The  weight  of  the  floor  is  10  lbs.  per  sq.  ft. 
Find  the  uniformly  distributed  live  load  which  can  be  placed  on  the  floor, 
assuming  a  working  strength  /  =  1000  lbs.  per  sq.  in. 

Problem  9. 

A  wooden  beam,  of  cross  section  4"  X  10",  with  a  span  of  12  ft.,  fails  under 
a  breaking  load  of  12,000  lbs.  concentrated  at  the  middle  of  the  span.  Find 
the  modulus  of  rupture  of  the  beam. 

Problem  10. 

Find  the  section  modulus  of  the  steel  I  beam  required  to  support  the  loading 
given  in  Problem  10  (Art.  74).  Assume  a  working  strength  /  =■  16,000  lbs. 
persq.  in. 

From  a  manufacturers'  handbook  select  a  suitable  section. 

Problem  11. 

A  wooden  beam,  of  cross  section  6"X  8",  with  a  12  ft.  span,  is  subjected  to 
a  concentrated  load  W,  at  a  distance  of  4  ft.  from  one  support.  Assuming  a 
working  strength  /  =  1000  lbs.  per  sq.  in.,  find  the  greatest  allowable  value 
of  W. 

Problem  12. 

Find  the  greatest  allowable  value  of  W  if  the  beam  given  in  Problem  (11)  is 
subjected  to  an  additional  uniformly  distributed  load  of  200  lbs.  per  ft. 

Problem  13. 

A  6"  steel  I  beam  (Fig.  98)  is  subjected  to  a  uniformly  distributed  load. 
Find  the  allowable  value  of  the  intensity  w,  if  the  working  strength  of  the 

material  is  assumed  to  be  12,000  lbs.  per  sq.  in.    The  value  of  -  «=  7.3  (ins.)*. 

c 


w  lbs.  per  ft. 
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Fig.  98. 


Problem  14. 

Solve  Problem  (13),  assuming  that  two  additional  loads  of  2000  lbs.  each  are 
concentrated  at  the  ends  of  the  beam. 

Problem  16. 

Solve  Problem  (13),  assuming  that  the  support  R\  is  moved  to  the  left  end  of 
the  beam. 
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Problem  16. 

Solve  Problem  (14),  assuming  that  the  support  &  is  moved  to  the  left  end  of 
the  beam. 


£0009 
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Fig.  99. 

Problem  17. 

A  floor,  designed  to  carry  a  uniformly  distributed  load  of  300  lbs.  per  sq.  ft., 
is  supported  on  wooden  beams  of  6"  X  12"  cross  section,  with  a  span  of  14  ft. 
Find  the  proper  spacing  of  the  beams,  center  to  center,  assuming  a  working 
strength  of  1200  lbs.  per  sq.  in. 
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Fig.  100. 


Problem  18. 


Find  the  allowable  span  for  a  10"  steel  I  beam,  -  =24.4  (ins.)*,  when  sub- 
jected to  a  uniformly  distributed  load  of  1000  lbs.  per  ft.,  assuming  a  working 
strength  of  15,000  lbs.  per  sq.  in. 
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Problem  19. 


Two  standard  I  beams  are  placed  side  by  side  and  act  as  a  single  beam.  If 
the  beams  are  supported  at  the  ends  and  loaded,  as  shown  (Fig.  99),  find 
which  of  the  following  sections  will  be  suitable  to  use,  provided  the  greatest 
allowable  fiber  stress  is  12,000  lbs.  per  sq.  in.  The  section  modulus  for  a  10" 
I  beam  is  31.7  (ins.)*;  a  12"  is  53.5  (ins.)*;  a  15"  is  81.2  (ins.)*  and  an  18"  is 
88.4  (ins.)'. 

Problem  20. 

A  floor,  designed  to  carry  a  total  uniformly  distributed  live  load  of  200  lbs. 
per  sq.  ft.,  is  constructed  around  an  opening  as  shown  (Fig.  100).  Assuming 
that  the  weight  of  the  floor  itself  is  80  lbs.  per  sq.  ft.,  find  the  section  moduli  of 
the  steel  I  beams  required  for  the  beams  AB,  CD,  EF  and  GH.  The  working 
strength  =  16,000  lbs.  per  sq.  in.  From  a  manufacturer's  handbook  select 
the  lightest  section  that  will  be  suitable  in  each  case. 

Problem  21. 

The  sides  of  a  rectangular  wooden  tank,  10  ft.  deep,  are  constructed  of 
horizontal  planks  supported  by  wooden  uprights  AB,  placed  5  ft.  from  center 
to  center.  The  uprights  are  supported  by  horizontal  braces  Ri  and  &,  as  shown 
(Fig.  101).  Find  the  size  of  timber  required  for  the  uprights  AB  to  support 
the  sides  when  the  tank  is  full  of  water.  Assume  the  working  strength  of  the 
material/  —  800  lbs.  per  sq.  in.  and  the  weight  of  the  water  «  62.5  lbs.  per 
cu.  ft. 

84.  Beams  of  Varying  Cross  Section*  —  Throughout  the  dis- 
cussion of  the  theory  of  bending  thus  far  we  have  imposed  the 
limitation  that  the  cross  section  of  the  beam  is  uniform  throughout 
its  entire  length. 

It  is  customary  to  assume  that  the  theory  of  bending  will 
apply  when  the  different  cross  sections  of  a  beam  vary  in  size 
and  shape,  provided  each  section  is  symmetrical  with  respect  to 
the  plane  of  hading  and  the  other  limitations  imposed  (Art.  63) 
still  hold. 

In  other  words,  when  the  shape  of  a  beam  varies  under  the  above 
conditions,  the  stress  intensity  on  any  cross  section  is  assumed  to 
vary  in  the  same  manner  as  if  the  beam  were  of  uniform  section 
throughout  and  hence  the  outside  fiber  stress  at  any  cross  section 
will  be  given  by  the  formula 

-     Mc 

where  -  is  the  section  modulus  for  the  section. 
c 
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Since  the  value  of  -  will  vary  through  the  length  of  the  beam  it  will 

c 

follow  that  the  value  of  the  greatest  outside  fiber  stress  will  not  neces- 
sarily occur  at  the  section  of  greatest  bending  moment.  If  the  section 
at  which  the  outside  fiber  stress  is  a  maximum  cannot  be  located 
by  an  inspection  of  the  beam  and  its  loading,  the  values  of  /  at 
a  number  of  different  sections  can  be  obtained,  and,  if  necessary, 
a  diagram  of  the  outside  fiber  stresses  at  the  different  cross  sections 
can  be  plotted.  The  greatest  outside  fiber  stress  can  then  be 
determined  from  the  plot. 

An  exact  determination  of  the  maximum  value  off  can  evidently 
be  made,  when  both  the  bending  moment  and  the  section  mod- 
ulus at  any  section  can  be  expressed  in  terms  of  the  distance  x 
of  the  section  from  the  end  of  the  beam,  by  differentiating  and 
placing  the  derivative  equal  to  zero. 


Fig.  102. 

The  usual  object  of  making  a  beam  of  varying  cross  section  is 
the  saving  of  material  and  weight  and  in  some  cases  the  improve- 
ment of  the  appearance.  When  beams  are  made  of  cast  metal  it 
is  a  simple  matter  to  make  the  patterns  conform  to  any  desired 
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Fig.  103. 
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shape.  Forged  beams  can  also  be  made  in  a  like  manner.  It 
evidently  would  not  be  practicable,  however,  to  vary  the  section 
of  a  rolled  beam  and  hence  the  simple  types  of  steel  beams  are 
always  made  of  uniform  section. 

In  the  case  of  large  built-up  girders  a  saving  in  weight  can  be 
made  by  varying  the  depth  of  the  web  as  indicated  (Fig.  102),  or  by 
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varying  the  cross  sections  of  the  flanges  as  indicated  (Fig.  103),  or 
by  varying  the  dimensions  of  the  web  and  flanges  together. 
All  beams  of  varying  cross  section  should  be  so  designed  that  the 

section  at  which  the  value  of  -  is  a  maximum  is  the  section  at  which 

c 

the  bending  moment  is  greatest  and  all  other  sections  should  be  so 
proportioned  that  the  value  of  the  outside  fiber  stress  at  any  one 
of  them  will  not  be  greater  than  the  outside  fiber  stress  at  the  sec- 
tion of  greatest  bending  moment. 

85,  Beams  of  Uniform  Strength.  —  A  beam  of  uniform  strength 
is  one  in  which  the  size  of  the  cross  section  is  varied  in  such  a 
manner  that  the  outside  fiber  stress  is  constant  throughout  the 
beam,  that  is 

/  =  —f  =  a  constant. 

Hence  the  values  of  the  section  moduli  for  the  different  cross 
sections  of  such  a  beam  must  vary  directly  as  the  values  of  the 
bending  moments,  that  is 

c 

A  beam  which  exactly  fulfills  this  condition  is  an  impossibility, 
since  the  condition  makes  no  allowance  for  the  shearing  stress  which 
occurs  at  or,  more  correctly,  near  the  section  of  zero  bending 

moment  where  the  value  of  -  must  evidently  be  zero. 

c 

For  example,  if  the  beam  supporting  a  load  evenly  divided 

between  two  points,  equidistant  from  the  supports  (Fig.  104),  is  to 

be  designed  as  a  beam  of  uniform  strength  with  a  rectangular 

cross  section  throughout,  the  value  of  -  may  be  varied  by  varying 

c 

the  breadth  only,  or  by  varying  the  depth  only,  or  by  varying  both 

dimensions  together. 

If  we  choose  the  first  method,  letting  h  =  the  depth  of  each 

cross  section,  it  is  evident  from  the  form  of  the  bending  moment 

diagram  that,  between  the  cross  sections  C  and  D,  the  value  of 

J     bih*     M  A    x 

-  =  -a-  =  -r  =  a  constant, 
co/ 

and  hence  the  breadth  b\  will  be  constant.  Between  the  support 
R\  and  the  cross  section  C  the  value  of  the  bending  moment  at 
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any  section  will  be  proportional  to  the  distance  of  the  section 
from  the  support  and  hence 

/     bh*     M      „ 
where  K  =  a  constant  =  «• 


Fig.  104. 


Hence 


QK 


where  Ki  —  -rr  =  a  constant,  and  therefore  the  breadth  6  will 

nr 

vary  uniformly  from  0,  at  the  support,  to  b^  at  the  cross  section  C. 
In  order  to  resist  the  shearing  stresses  at  sections  near  the  support 
the  cross  section  would  have  to  be  widened  as  indicated  by  the 
dotted  lines.  If  this  is  done  at-  each  end,  the  remainder  of  the 
beam  can  be  designed  to  satisfy  the  condition  for  a  beam  of  uniform 
strength. 

It  may  be  noted  that,  if  the  distribution  of  the  supporting  force 
Ri  were  taken  into  account,  the  value  of  b  would  be  zero  at  the  left 
side  of  the  support  but  not  zero  at  the  right  side.  Unless  the 
supporting  force  were  distributed  over  a  considerable  distance,  how- 
ever, the  bending  moment  at  the  right  side  of  the  support  Ri  would 
be  so  small  that  the  value  obtained  for  b  would  not  be  great  enough 
to  make  the  section  sufficiently  large  to  stand  the  shearing  stress, 
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and  the  end  of  the  beam  would  still  have  to  be  widened  out  as 
indicated. 

In  a  similar  manner  the  beam  might  be  designed  with  the  cross 
sections  of  uniform  width  and  varying  depth,  or  with  both  dimen- 
sions varying. 

The  forms  of  beams  of  uniform  strength  to  carry  other  load 
systems  can  be  determined  in  the  same  manner  as  above. 

86.  Cross  Sections  of  Equal  Strength.  —  If  the  cross  section 
of  a  beam  is  designed  in  such  a  manner  that 

Vt      St' 

where  yc  =  the  distance  of  the  outside  fibers  in  compression  from 
the  neutral  layer,  yt  =  the  distance  of  the  outside  fibers  in  tension 
from  the  neutral  layer,  fc  =  the  working  strength  of  the  material 
in  compression  and  ft  =  the  working  strength  of  the  material  in 
tension,  the  beam  is  said  to  have  a  cross  section  of  equal  strength. 

Owing  to  the  fact  that  the  modulus  of  rupture  of  a  beam  is  not 
the  same  as  the  breaking  strength  of  the  material  in  either  ten- 
sion or  compression  (Art.  81)  and,  furthermore,  varies  for  different 
cross  sections,  it  is  impracticable  to  obtain  values  for  the  working 
strengths  fc  and  ft,  in  both  compression  and  tension,  sufficiently 
definite  to  make  the  design  of  a  cross  section  of  equal  strength 
of  any  value  except  in  a  very  limited  way. 

In  the  design  of  steel  beams  and  girders  it  is  customary  to 
make  the  cross  sections  symmetrical  with  respect  to  the  neutral 
axis,  although  this  results  in  making  the  tension  side  stronger 
than  the  compression  side  of  the  beam.  Practically  it  is  found 
to  be  better  economy  to. do  this  than  to  attempt  to  vary  the 
values  of  yc  and  y*. 

87.  Problems.  —  Fiber  Stresses  in  Beams  of  Varying  Sec- 
tions. — 

Problem  1. 

A  circular  shaft  is  tapered  as  shown  in  Fig.  (105).  Plot  a  bending  moment 
diagram  and  a  diagram  showing  the  variation  in  the  outside  fiber  stress  in  the 
shaft  due  to  a  load  of  400  lbs.  at  the  center  of  the  span.  Find  the  greatest 
fiber  stress. 

Problem  2. 

Plot  the  bending  moment  diagram  and  the  diagram  of  outside  fiber  stress 
for  the  shaft  given  in  Problem  (1),  taking  into  account  the  weight  of  the  shaft, 
assuming  the  weight  of  the  material  equals  0.3  lbs.  per  cu.  in. 
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Problems. 

Deduce  the  expression  for  the  diameter  d,  at  any  point  at  a  distance  x  from 
the  support,  for  a  circular  shaft  designed  as  a  beam  of  uniform  strength,  sup- 
ported at  the  ends  and  subjected  to  a  load  W  at  the  center  of  the  span.  Let 
I  =  the  length  of  the  span  and  neglect  the  weight  of  the  shaft. 


U. x ^ 


400 
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Fig.  105. 


Problem  4. 

Sketch  a  plan  showing  the  variation  in  breadth  b  of  the  cross  sections  of  a 
cantilever  beam  of  uniform  strength  subjected  to  a  single  concentrated  load  W 
at  the  free  end,  all  the  cross  sections  of  the  beam  being  rectangular  and  of 
uniform  depth  h.  Let  I  =  the  length  of  the  beam  and  neglect  its  weight. 
Deduce  the  expression  for  the  value  of  b  at  any  cross  section  in  terms  of  x, 
the  distance  of  the  section  from  the  load  W. 

Problem  6. 

Sketch  an  elevation  showing  the  variation  in  depth  of  the  cross  sections  of 
cantilever  beam  of  uniform  strength  subjected  to  a  single  concentrated  load 
W  at  the  free  end,  all  the  sections  of  the  beam  being  rectangular  and  of  uni- 
form breadth  b,  letting  I  =  the  length  of  the  beam  and  neglecting  its  weight. 
Deduce  the  expression  for  the  value  of  h  at  any  cross  section  in  terms  of  x,  the 
distance  of  the  section  from  the  load  W. 

Problem  6. 

Solve  Problem  (4),  replacing  the  concentrated  load  W  with  a  uniformly  dis- 
tributed load  of  intensity  w  extending  over  the  entire  length  of  the  beam. 

Problem  7. 

Solve  Problem  (5),  replacing  the  concentrated  load  W  with  a  uniformly  dis- 
tributed load  of  intensity  w  extending  over  the  entire  length  of  the  beam. 

Problem  8. 

Show  that  the  sketches,  Problems  (4)  and  (5),  will  represent  a  half  plan  and 
half  elevation,  respectively,  of  a  beam  of  uniform  strength  supported  at  the 
ends  and  subjected  to  a  concentrated  load  2  IT  at  the  middle  of  the  span,  the 
length  of  the  span  being  2 1. 
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88.  Longitudinal  Shearing.  —  Whenever  a  beam  is  subjected 
to  ordinary  bending,  shearing  stresses  are  produced  on  different 
longitudinal  sections  through  the  beam.  The  common  method 
of  determining  the  intensity  of  the  shearing  stress  at  any  point  in 
a  longitudinal  section,  parallel  to  the  neutral  layer,  is  the  following: 

Let  AB  and  CD  be  any  two  cross  sections,  at  a  small  distance 
x  apart  (Fig.  106),  of  a  beam  subjected  to  ordinary  bending.  -Let 
the  axis  OX  coincide  with  the  central  axis  of  the  beam,  OY  coincide 
with  the  axis  of  symmetry  of  the  cross  section  AB  and  OZ  coincide 
with  the  neutral  axis  of  AB  and  let  y%  =  the  distance  of  the  neutral 
layer  from  the  top  of  the  beam.  Let  mn  be  the  trace  on  the  plane 
of  loading  and  gk  the  trace  on  a  cross  section  of  any  longitudinal 
plane  parallel  to  the  neutral  layer  of  the  beam  at  a  distance  y\. 
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Fig.  106. 


The  prism  ACnm,  bounded  by  the  outside  surface  of  the  beam, 
the  longitudinal  plane  mn  and  the  two  cross  sections,  will  be  in 
equilibrium  under  forces  acting  upon  it  and,  if  we  apply  the  con- 
dition of  equilibrium  2/Z  =  0,  it  is  evident  that  the  total  shearing 
stress  on  the  longitudinal  plane  mn  will  be  equal  to  the  difference 
of  the  resultants  R%  and  R\  of  the  normal  stresses  on  the  ends  of 
the  prism.  Hence,  if  we  let  s  =  the  average  intensity  of  the 
shearing  stress  on  mn  and  6  =  gk,  the  width  of  the  section  mn,  we 
shall  have 


sbx  =  R%  —  R\. 


(i) 


Let  Mi  =  the  bending  moment  at  the  section  AB  and  Mi  =  the 
bending  moment  at  the  section  CD.  Then,  if  the  outside  fiber  stress 
does  not  exceed  the  elastic  limit,  the  resultant  of  the  normal  stress  on 
Am  will  be  equal  in  magnitude  to 


fidA  =  -y  I       yzdy,  . 


(2) 
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where  /  =  the  moment  of  inertia  of  the  cross  section  and  z  =  the 
length  of  an  elementary  strip  of  width  dy,  parallel  to  the  neutral 
axis. 

The  resultant  of  the  normal  stress  on  Cn  will  be  equal  in  magni- 
tude to 

A  =  ^T  /      y*dy (3) 

But    /       yzdy  =  the  moment  of  the  portion  degk  of  the  cross 

section  (between  its  intersection  gk  with  the  longitudinal  layer  and 
the  top  of  the  beam)  about  the  neutral  axis  and,  if  we  denote  the 
value  of  this  moment  by  the  letter  Q,  we  shall  have 

Ri  =  ^Q (4) 


and 


R*  =  ^Q.    . (5) 


Substituting  these  values  in  equation  (1)  we  have 


te.Miz^MiQ    ....'"...   (6) 

and  solving  for  8  we  obtain 

8 "        x       bl ^7; 

When  there  are  no  external  forces  acting  on  the  portion  of  the  beam 
between  the  sections  AB  and  CD 

ML=JL  =  S  (Art.  73), 

where  S  =  the  shearing  force  at  either  section.    Therefore  in  that 
case  equation  (7)  reduces  to 

-§! <8> 

and.  since  the  value  S  =  — will  be  the  same  whatever  the 

^  x 

value  of  x,  it  will  follow  that  the  shearing  stress  on  the  plane  mn 

will  be  uniformly  distributed,  so  long  as  there  are  no  external 

forces  acting  on  the  portion  of  the  beam  between  m  and  n. 

When  external  jorces  act  on  the  portion  of  the  beam  between  m 

and  n,  the  shearing  stress  on  the  longitudinal  plane  will  not  be 
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uniform,  and  to  determine  its  intensity  at  any  point  we  may  take 
the  two  sections  AB  and  CD  intersecting  the  longitudinal  layer 
near  that  point  at  a  very  small  distance  dx  apart,  in  which  case  the 
difference  of  the  bending  moments  M%  —  M i  will  become  equal  to 
dM.  Proceeding  in  the  same  manner  as  before,  we  obtain  in 
place  of  equation  (7) 

8      dx  bl      bl w 

In  either  case  the  product  sb  of  the  stress  intensity  and  the 
width  of  the  longitudinal  section  will  represent  a  quantity  which 
may  be  called  the  longitudinal  shearing  stress  per  unit  of  length  of 
the  beam.    If  we  represent  the  value  of  this  quantity  by 

Z  =«&, 

equation  (9)  will  reduce  to 

Z  =  ^JP (10) 

An  inspection  of  equations  (9)  and  (10)  will  show  that  for  any 
longitudinal  section  the  values  of  both  s  and  Z  will  vary  as  the 
value  of  S  and  hence  the  maximum  values  of  s  and  Z  will  occur  at 
the  intersection  of  the  longitudinal  section  with  the  cross  section 
at  which  the  shearing  force  is  a  maximum. 

Also,  if  the  shearing  stresses  on  different  longitudinal  sections 
at  the  points  of  intersection  with  a  given  cross  section  are  com- 
pared, the  section  on  which  the  value  of  Z  will  be  the  greatest  is  the 
one  for  which  Q  is  a  maximum,  which  is  evidently  the  neutral 
layer. 

For  ordinary  types  of  beams  the  value  of  s  will  be  a  maximum 
on  the  neutral  layer  also,  but  it  is  possible  that  the  value  of  b 
may  vary  in  such  a  manner  that  the  maximum  intensity  of  the 
longitudinal  shearing  stress  will  occur  on  some  other  layer  than 
the  neutral  layer. 

It  follows  that  the  greatest  value  of  the  longitudinal  shearing  stress 
per  unit  of  length  of  a  beam  will  occur  on  the  neutral  layer  at  its 
intersection  with  the  cross  section  at  which  the  shearing  force  is  a 
maximum  and,  ordinarily,  the  maximum  intensity  of  longitudinal 
shear  will  occur  at  the  same  place. 
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When  the  cross  section  of  a  beam  is  a  rectangle  of  breadth  b  and 
depth  h,  the  greatest  values  of  s  and  Z  will  be  equal  to 


8  = 


and 


qbh  h 
SQ  _  "2  *4 
6/        .     bh* 

6'12 


3S 
2  6/i 


(11) 


Z=*=2fc 


(12) 


It  should  be  observed  that  equation  (1)  may  be  written  in  the  form 

Zx  =  Ri  -  Ri (13) 

and,  if  a  longitudinal  section  which  is  not  a  plane  is  taken  through 
a  beam  subjected  to  ordinary  bending,  an  equation  in  this  form  will 
result  from  the  application  of  the  condition  of  equilibrium  Sff  =  0 
to  the  forces  acting  on  the  prism  bounded  by  the  longitudinal 
section,  the  outside  surface  and  two  cross  sections  of  the  beam,  at 
a  distance  z  apart. 

Two  cases  of  this  kind  are  represented  in  Fig.  107,  the  line  gck 
(Fig.  107b)  being  taken  to  represent  the  intersection  of  an  irregular 


(a) 


(&) 


(c) 


Fig.  107. 


longitudinal  section  of  a  rectangular  beam  with  a  given  cross 
section  and  the  line  gck  (Fig.  107c)  being  taken  to  represent  the 
intersection  of  a  longitudinal  section  between  the  parts  of  a  built- 
up  girder  with  a  given  cross  section. 

If  Z  is  taken  to  represent  the  average  shearing  stress  per  unit  of 
length  of  the  longitudinal  section  between  the  two  cross  sections, 
equation  (13)  will  evidently  apply  in  either  case  and,  by  following 
the  same  method  of  reasoning  as  was  used  in  the  previous  case. 
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it  may  be  shown  that  the  value  of  Z  for  any  loading  will  be  given 
by  equation  (10). 

The  intensity  of  the  shearing  stress  will  not  be  uniform  across 
the  section,  however,  as  in  the  case  when  the  longitudinal  section 
is  a  plane  section. 

The  determination  of  the  value  of  Z  where  the  longitudinal 
section  is  not  a  plane  is  of  importance  in  the  calculation  of  the 
stresses  on  the  connecting  rivets  of  a  built-up  beam,  or  girder. 
For  example,  if  the  angles  (Fig.  107c)  are  connected  to  the  web 
plate  by  a  single  row  of  rivets,  spaced  at  a  distance  p  on  centers, 
the  total  stress  carried  by  one  rivet  will  be  equal  to  the  total  shear- 
ing stress  on  the  longitudinal  section  gck  between  one  pair  of  rivets. 
Hence,  if  the  value  of  Z  is  constant,  the  total  stress  per  rivet  will 
be  equal  to 

TF  =  pZ  =  p^-    ......    (14) 

If  Z  is  not  constant  the  average  value  between  the  cross  sections 
at  two  adjacent  rivets  may  be  taken. 

Similar  computations  for  other  types  of  riveted  connections  may 
easily  be  made. 

It  is  important  to  observe  that  the  value  of  R%  —  R\  (equation 
1)  will  have  the  same  sign  for  all  longitudinal  sections  between 
any  two  given  cross  sections  of  a  beam  and  hence  the  directions  of 
the  resultant  shearing  forces  on  all  longitudinal  sections  between 
two  cross  sections  will  be  the  same. 

Therefore,  the  shearing  stresses  on  every  longitudinal  section  inter- 
secting a  given  cross  section  will  have  the  same  direction. 

89.  Intensity  of  the  Shearing  Stress  on  a  Cross  Section  of  a 
Beam.  —  In  the  discussion  of  the  case  of  ordinary  bending 
(Arts.  67-68)  we  have  shown  that  the  resultant  of  the  shearing 
stress  on  any  cross  section  of  a  beam  is  equal  in  magnitude  to  the 
shearing  force  at  the  section  or  that 


/ 


sdA=S (1) 


In  order  to  completely  determine  the  stress  on  any  cross  section 
it  is  evidently  necessary  to  know  the  value  of  the  intensity  s  at 
every  point  in  the  section. 

It  has  been  shown  that  when  a  body  is  under  stress  the  intensi- 
ties of  the  component  shearing  stresses  at  any  point  on  two  planes 
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at  right  angles,  in  directions  parallel  to  the  third  coordinate  plane, 
are  equal  (Arts.  24  and  49). 

Therefore  (he  intensity  of  the  vertical  shearing  stress  at  any  point 
in  a  cross  section  of  a  beam  will  be  equal  to  the  intensity  of  the  shearing 
stress  on  a  longitudinal  section,  parallel  to  the  neutral  layer,  cutting 
the  cross  section  at  that  point. 

Hence  the  formula  for  the  intensity  of  the  shearing  stress  at  any 
point  in  a  plane  longitudinal  section, 

-3 « 

will  give  the  vertical  shearing  stress  intensity  at  the  same  point  on 
a  cross  section  and  the  formula 

Z  =  s6  =  ^ (3) 

will  represent  a  quantity  which  may  be  called  the  intensity  of  the 
shearing  stress  per  unit  of  depth  of  the  section. 

It  will  follow  from  the  relation  of  the  shearing  stresses  on  any 
two  planes  at  right  angles  (Art.  24)  that,  since  the  directions  of 
the  shearing  stresses  on  all  longitudinal  sections  intersecting  a  given 
cross  section  are  the  same,  the  direction  of  the  vertical  shearing 
stress  at  every  point  in  a  cross  section  will  be  the  same. 

Therefore,  at  any  section  at  which  the  value  of  S  =  0  the  value 
of  s  =  0  at  every  point,  and  at  any  cross  section  where  S  <  0  the 
value  of  s  will  vary  with  the  value  of  Q,  being  greatest  in  magni- 
tude at  the  neutral  axis,  ordinarily,  and  zero  at  the  top  and  bot- 
tom of  the  section. 

If  the  cross  section  of  a  beam  is  a  rectangle,  of  breadth  b  and  depth 
A,  the  value  of  Q  for  any  point  at  a  vertical  distance  y  from  the 
neutral  axis  of  a  cross  section  will  be  equal  to 

«-»@-»)iG+')-iGf-4  ■  •  •  » 

and  substituting  this  value,  together  with  the  value  of  /,  in  equa- 
tion (2),  we  obtain  for  the  intensity  of  the  shearing  stress 


*(?-') 


*  =  -TdwF^  =  M"'(A,-4y2)-   •   •  '   (5) 
b'~u 
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It  should  be  noted,  as  a  result  of  the  foregoing  theory  and  the 
theory  for  determining  the  fiber  stress  (Art.  69),  that,  at  every 
cross  section  at  which  S  =  0,  the  stress  intensity  is  zero  at  the 
neutral  axis  and  the  stress  at  every  other  point  in  the  section  has 
a  normal  component  only;  also  that,  at  every  cross  section  at 
which  S  <  0  the  stress  at  the  top  and  bottom  of  the  section  has 
a  normal  component  only,  the  stress  at  the  neutral  axis  a  shearing 
component  only  and  the  stress  at  every  other  point  in  the  section 
has  both  a  normal  and  a  shearing  component. 

In  the  foregoing  discussion  of  the  manner  of  distribution  of  the 
vertical  shearing  stress  on  a  cross  section  of  a  beam,  subjected  to 
ordinary  bending,  no  mention  has  been  made  of  a  horizontal 
shearing  component  on  any  cross  section  (Art.  67).  If  such  a  com- 
ponent exists  at  any  point  in  a  cross  section  there  must  also  be  a 
shearing  stress  of  equal  intensity,  in  a  horizontal  direction,  on  a 
vertical  longitudinal  plane  through  the  point  (Art.  49)  and  also, 
in  order  to  have  equilibrium,  the  resultant  of  the  horizontal  shear- 
ing stress  on  the  entire  cross  section  must  be  zero. 

In  a  homogeneous  beam  of  rectangular  section  there  will  be  no 
horizontal  shearing  stresses  on  vertical  longitudinal  planes  and 
hence  no  horizontal  shearing  components  on  the  cross  sec- 
tions. 

On  cross  sections  of  certain  types,  however,  horizontal  shearing 
components  will  exist.  For  example,  according  to  the  theory  of 
longitudinal  shearing,  there  will  be  horizontal  shearing  stresses  on 
vertical  longitudinal  sections  through  the  flanges  of  an  I  beam 
and  hence  there  will  be  horizontal  shearing  components  on  the 
cross  sections  through  the  flanges.  The  intensities  of  these  com- 
ponents will  be  so  small,  however,  that  the  determination  of  the 
manner  of  their  distribution  is  of  no  practical  value.  The 
web  of  the  I  beam  may  be  considered  to  be  subjected  to  plane 
stress. 

90.  Graphical  Representation  of  the  Shearing  Stress.  —  If 
the  values  of  the  shearing  stress  intensity  at  different  points  of  a 
rectangular  cross  section  are  laid  off  as  ordinates  from  the  trace 
AB9  of  the  cross  section  on  the  plane  of  loading  (Fig.  108b),  and  a 
line  be  drawn  through  the  ends  of  the  ordinates,  a  diagram  showing 
the  intensity  s  of  the  shearing  stress  at  all  points  in  the  cross  section 
will  result. 

If  each  ordinate  of  the  diagram  for  s  is  multiplied  by  the  width 
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of  the  section  at  that  point,  the  ordinatea  for  a  diagram  representing 
the  value  Z  (Fig.  108c)  will  be  obtained. 

It  is  evident  from  the  form  of  the  equations  (Art.  89)  that  the 
curves  AcB  and  AdB,  representing  the  values  of  3  and  Z,  re- 
spectively, will  be  parabolas  with  their  axes  coinciding  with  the 
central  axis  XX  of  the  beam. 


The  area  AdB  (Fig.  108c)  will  evidently  represent  the  value  of 
the  resultant  shearing  stress  on  the  section 


S  =  JsdA=  J     \zdy. 


The  diagrams  for  s  and  Z  for  an  I  section  (Fig.  109)  are  con- 
structed in  the  same  way  as  those  for  the  rectangular  section. 


(«)  (b) 

Fig.  109. 


It  should  be  noted  that  a  large  portion  of  the  resultant  shearing 
stress,  represented  by  the  area  AdB  (Fig.  109c),  acts  on  the  cross 
section  of  the  web  of  the  beam  and  that  an  approximately  correct 
value  for  the  greatest  intensity  of  the  shearing  stress  may  be 
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obtained  by  dividing  the  resultant  shearing  stress  by  the  area  of 
the  cross  section  of  the  web,  that  is 

(approx.) (2) 


s  = 


-"web 


Similar  diagrams  may  be  constructed  to  represent  the  distribu- 
tion of  the  shearing  stress  on  other  shaped  cross  sections  as  was 
done  to  represent  the  distribution  of  the  normal  stress  (Art.  78). 

91.  Problems.  —  Longitudinal  Shearing  Stresses  in  Beams.  — 
The  following  problems  will  serve  to  illustrate  a  few  applications 
of  the  theory  of  longitudinal  shearing  in  beams. 

Problem  1. 

The  vertical  shearing  force  on  a  given  section  of  a  6"  X  12"  beam  is  4800 
lbs.  Find  the  longitudinal  shearing  force  per  unit  of  length  =  vertical 
shearing  force  per  unit  of  depth,  also  the  intensity  of  the  longitudinal  shearing 
stress  on  the  horizontal  plane  =  the  intensity  of  the  shearing  stress  on  the 
vertical  plane,  at  the  neutral  axis  and  at  points  1",  2",  3",  4",  5"  and  6"  from 
the  neutral  axis. 

Solution.  —  By  use  of  equations  (3),  (4)  and  (5)  (Art.  89)  the  results  given  in 
the  following  table  can  be  easily  obtained.  In  the  case  of  the  rectangular  cross 
section  the  least  amount  of  work  will  be  involved  if  the  values  of  s  are  obtained 
first  by  the  use  of  Equation  (5) .  The  values  of  Z  can  then  be  readily  found  and 
it  is  unnecessary  to  compute  the  values  of  Q.  For  other  cross  sections,  how- 
ever, the  simplest  solution  will  be  made  by  finding  the  values  of  Q,  Z  and  a  in 
the  order  given. 


*    3Q 

.     SQ 

Points. 

Q  (ins.)» 

z-T 

•"  Tl 

Ibs.  per  in. 

lbs.  per  sq.  in. 

Neutral  axis 

108 

600 

100.0 

1 

105 

583 

97.2 

2 

96 

533 

88.8 

3 

81 

450 

75.0 

4 

60 

333 

55.6 

5 

33 

183 

30.5 

6 

0 

0 

0.0 

SO 
Plot  the  values  of  Z  and  *  and  show  that  the  area  under  the  Z  =  -~  line 

represents  4800  lbs. 

Problem  2. 

If  the  outside  fiber  stress  on  the  section  given  in  Problem  (1)  is  600  lbs.  per 
sq.  in.  find  the  magnitude  and  direction  of  the  resultant  of  the  normal  and 
shearing  intensities  of  the  stress  on  the  cross  section  at  the  neutral  axis  and  at 
points  2",  4"  and  6",  from  the  neutral  axis. 
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Problem  3. 

Find  the  greatest  intensity  of  the  longitudinal  shearing  stress  in  the  beam 
given  in  Problem  (1)  (Art.  76).    Assume  a  cross  section  8"  X  16". 

Problem  4. 

The  shearing  force  at  a  cross  section  of  a  wooden  beam,  6"  X  12",  is  8000 
lbs.    Find  the  maximum  intensity  of  the  shearing  stress  on  the  section. 

Problem  5. 

Make  diagrams  showing  the  intensities  of  the  shearing  stress  at  different 
points  in  the  cross  section  given  (Problem  4);  also  make  a  diagram  showing 
the  distribution  of  the  total  shearing  stress. 

Problem  6« 

A  beam  of  10"  X  12"  rectangular  cross  section  is  supported  at  the  ends  and 
is  subjected  to  a  uniformly  distributed  load,  including  its  own  weight,  of  1000 
lbs.  per  ft.  of  length.  If  the  span  is  20  ft.,  find  the  total  longitudinal  shearing 
force  at  the  neutral  layer  between  sections  4  ft.  and  6  ft.  from  one  support. 

Problem  7. 

A  total  load  W  is  divided  equally  between  two  points  equidistant  from 
the  middle  of  a  6"  X  12"  wooden  beam  having  a  12  ft.  span,  supported  at  the 
ends.  Find  the  magnitude  of  W  and  the  distance  of  the  points  of  application 
from  the  middle  of  the  span,  provided  the  conditions  that  maximum  intensity 
of  longitudinal  shearing  stress  =  100  lbs.  per  sq.  in.  and  the  maximum  fiber 
stress  =  1200  lbs.  per  sq.  in.  are  both  satisfied. 

Problem  8. 

Find  the  magnitude  of  the  total  load  W  which  the  beam  (Fig.  110)  wOl  sup- 
port when  the  greatest  intensity  of  the  longitudinal  shearing  stress  is  100  lbs. 
per  sq.  in.    Assume  the  cross  section  of  beam  to  be  4"  X  12". 
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Fig.  110. 


W 

8  ! 


* 


Rt 


Problem  9. 

The  beam  shown  (Fig.  Ill)  is  built  up  by  bolting  four  wooden  planks,  2"  X 
8",  together  with  {"  bolts  placed  in  pairs  (Fig.  1 1  lb),  the  spacing  from  center  to 
center  of  the  pairs  being  8".  Find  the  magnitude  of  the  greatest  shearing 
stress  on  the  bolts.  Assume  a  pair  of  bolts  at  each  end  section  in  lines  of 
action  of  Ri  and  ft. 


PROBLEMS 


171 


Problem  10. 

The  dimensions  of  the  cross  section  of  a  standard  15"  I  beam  are  approxi- 
mately those  shown  in  Fig.  (1 12) .  Assuming  that  the  resultant  shearing  stress 
on  the  cross  section  is  25,000  lbs.,  calculate  the  intensities  of  the  shearing  stress 
at  the  neutral  axis  and  at  points  2",  4",  6J"  and  7  J"  distant  from  the  neutral 
axis.  Plot  a  diagram  showing  the  variation  in  the  shearing  stress  intensity; 
also  plot  a  diagram  showing  the  distribution  of  the  total  shearing  stress  on  the 
section.    Calculate  the  percentage  of  the  total  shear  taken  by  the  web. 
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Fig.  111. 


Problem  11. 


Determine  the  average  value  of  the  shearing  stress  intensity  on  the  cross 
section  given  (Problem  10),  assuming  that  the  total  stress  is  uniformly  dis- 
tributed over  the  cross  section  of  the  web  only- 


atiKi? 


Problem  IS. 

A  plate  girder,  of  the  cross  section  shown  (Fig.  113),  is  made  up  of  a  web 
plate  36"  X  J",  4  angles  5"  X  3J"  X  J",  and  2  flange  plates  12"  X  i".  The 
span  =■  30  ft.  The  rivets  are  }"  diameter.  The  girder  is  subjected  to  a 
uniformly  distributed  load  of  4000  lbs.  per  ft.  Assuming  that  the  allowable 
stress  intensities  are/,  =  8000  lbs.  per  sq.  in.,  fe  -  16,000  lbs.  per  sq.  in.,  com- 
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puted  for  the  nominal  diameter  of  the  rivets,  find  the  allowable  spacing  of  the 
rivets  near  the  ends  of  the  girder. 


i- — i^-F -; 


byjjiOgg 


www. 

1 


5' 


„*- 


Li*' 


£ 


"k — ; r     * 


VI   I      ■  "  ■ 

*Jl.0l"      A -4.0  to*1 
!    I* 


DETAIL 


li>„ 


I 


IT 


Fig.  113. 


Solution.  —  The  moment  of  inertia  of  the  section  with  respect  to  the  neutral 
axis  1-1  may  be  easily  determined  and  will  be  found  to  be  equal  to 

1  -  10,880  (ins.)* 
The  resistance  of  a  rivet  to  single  shear  will  be  equal  to 

Wi  =/.^  =  3640  lbs. 

4 

and  the  resistance  to  double  shear 

Wt  -2/.^  =  7080  lbs. 

The  allowable  bearing  pressure  of  a  rivet  in  |"  plate  will  be  equal  to 

Wt-fjd  =  6000  lbs. 

In  computing  the  spacing  near  the  supports  we  will  use  the  nruurimnm  value 

of  the  shearing  force 

S  -  60,000, 

assuming  that  the  value  is  constant  for  a  small  distance  near  the  support. 
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This  approximation  will  make  the  computed  stresses  on  the  rivets  slightly 
greater  than  the  actual  stresses. 

Web  Rivets.  —  If  we  let  p  =  the  pitch  of  the  rivets,  the  total  stress  carried 
by  one  rivet  will  be  equal  to 

^Xp  (Art.  88) 

and  this  quantity  must  not  be  greater  than  the  allowable  load  on  a  rivet. 
The  value  of  Q  will  evidently  be  equal  to 

Q  =  12XJX18J  +  2X4X  17.3  -  250  (ins.)» 

„                                     SQ         60000X250         -QOft 
Hence  p  -f  -  p  —^m P 1380' 

Since  the  web  rivets  are  in  double  shear  and  the  resistance  to  double  shear 

is  greater  than  the  allowable  bearing  pressure,  the  allowable  load  per  rivet  will 

be  equal  to 

TT,  =  6000 

.'.  p  1380  =  6000 

and  solving  for  p  we  obtain 

p  -  4.35". 

Flange  Rivets.  —  Let  p\  =  the  pitch  of  the  rivets.  Since  the  rivets  will  be 
placed  in  pairs  on  either  side  of  the  web  the  total  stress  carried  by  one  pair  of 
rivets  will  be  equal  to 

where 

<2i  =  12  X  J  X  18J  =  HI  (ins.)» 

„                                      ^SQi      60000X111  A1- 

Hence  Pl  X  -, j^^—  Pi  -  612*. 

Since  the  rivets  are  in  single  shear  the  allowable  load  on  a  pair  of  rivets  will 

be  equal  to 

2  Wi  =  7080 

/.  612  pi  -  7080 
and  solving  for  pi  we  obtain 

Pi  -  11.6". 

It  is  customary  in  a  girder  of  this  type  to  make  the  pitch  of  the  flange  rivets 
the  same  as  that  of  the  web  rivets  and  the  foregoing  solution  shows  that,  when 
a  single  row  of  web  rivets  is  used,  these  rivets  will  carry  the  greatest  stress. 

The  solution  might  have  been  made  by  computing  the  values  of  /  and  Q  for 
the  net  section  of  the  girder,  at  a  cross  section  through  the  centers  of  the  rivets, 
by  deducting  the  area  of  the  rivet  holes.  The  results  obtained  by  this  method 
would  differ  little,  however,  from  those  given  above. 

Problem  13. 

A  built-up  beam  is  made  by  riveting  a  plate,  10"  X  }",  to  each  flange  of  a 
standard  20"  I  beam,  weighing  80  lbs.  per  ft.  The  moment  of  inertia  of  the 
I  beam  about  its  neutral  axis  =  1466  (ins.)4.  The  built-up  beam  is  supported 
at  the  ends  and  a  total  load  W  is  concentrated  at  two  points  dividing  the  span 
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into  thirds.  Find  the  magnitude  of  W,  provided  the  maximum  fiber  stress  in 
the  built-up  beam  is  14,000  lbs.  per  sq.  in.  If  there  are  two  lines  of  |"  rivets 
in  each  flange  and  the  spacing  of  the  rivets,  along  the  beam,  is  6"  on  centers, 
find  the  total  load  carried  by  each  rivet  due  to  longitudinal  shearing.  Assume 
the  span  =  30  ft.  and  neglect  the  weight  of  beam.  Use  the  net  section  through 
the  rivet  holes  in  making  all  calculations,  allowing  1"  for  the  diameter  of  the 
rivet  holes. 

92.  Principal  Stresses  in  Beams.  —  In  the  course  of  the  pre- 
ceding discussion  the  formulas  for  the  intensities  of  the  normal 
and  shearing  components  of  the  stress  at  any  point  in  a  cross 
section  at  right  angles  to  the  axis  of  a  beam  have  been  obtained. 
Hence,  if  required,  the  resultant  intensity  of  stress 

Pr  =  VpT? (i) 

at  any  point  in  a  cross  section  can  be  determined. 

Except  for  the  compressive  stresses  due  to  the  external  forces 
acting  on  the  beam,  which  may  ordinarily  be  neglected  (Art.  53), 
the  stress  on  any  longitudinal  section  has  been  shown  to  consist 
of  a  shearing  component  only,  the  intensity  of  which  can  easily  be 
determined. 


\<X 


-p~~ Oj  ^z^^^f 


<r 


B 

i 

Fig.  114. 

The  intensities  of  the  stress  components  on  two  planes  at  right 
angles,  through  any  point  being  known,  the  principal  planes  of 
stress  and  the  intensities  of  the  principal  stresses  (Art.  28)  at  the 
point  can  always  be  determined  in  any  case  in  which  a  beam  is 
subjected  to  plane  stress. 

For  example,  if  AB  (Fig.  114)  represents  any  cross  section  of  a 
rectangular  beam,  of  breadth  b  and  depth  h,  at  which  the  shearing 
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force  and  bending  moment  are  equal  to  S  and  M ,  respectively,  the 
normal  stress  intensity  at  any  point  0%  at  a  distance  y  from  the 
neutral  axis  will  be  equal  to 

.My_  12  My  m 

and  the  shearing  stress  intensity  at  the  point  will  be  equal  to 

-w-£&<*-**>> (3) 

both  of  which  quantities  are  represented  as  positive. 

The  shearing  stress  intensity  on  the  horizontal  plane  through  0\ 
also  will  be  given  by  equation  (3). 

Hence  the  principal  stress  intensities  at  Oi  will  be  equal  to 

*ni  =  2  +  ^V/2  +  4*2(Arfc'32)     "    '    *    '     (4) 
and 

n,  -  £  -  1  y/T+i^; (5) 

and  the  angles  a  between  the  coordinate  axes  and  the  normals  to 
the  principal  planes  of  stress  can  be  determined  from  the  equation 

tan2a  =  y(Art.  32) (6) 

An  inspection  of  equations  (4)  and  (5)  will  show  that  ni  is  the 
intensity  of  a  tensile  stress  and  n%  that  of  a  compressive  stress. 

The  ellipse  of  stress  at  the  point  Oi  can  be  constructed  with  the 
vectors  n\  and  712  as  semi-major  and  semi-minor  axes. 

The  planes  of  maximum  shear  through  Oi  will  make  angles  of 
45°  with  the  principal  planes  and  the  intensities  of  the  shearing 
stresses  on  these  planes  will  be  equal  to 

4  =  ^^  (Art.  31) (7) 

At  the  intersection  of  the  cross  section  and  the  neutral  layer  the 

above  equations  reduce  to 

ni  =  +8 (8) 

th  =  — * (9) 

tan2a  =  ao (10) 

Therefore  the  principal  stresses  at  this  point  are  equal  in  magni- 
tude and  of  opposite  sign  and  the  principal  planes  of  stress  make 
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angles  of  45°  with  the  coordinate  axes  (Art.  32),  the  cross  section 
and  the  neutral  plane  being  in  this  case  the  planes  of  maximum 
shear.    The  ellipse  of  stress  at  0  is  evidently  a  circle. 

At  the  bottom  and  the  top  of  the  cross  section  8  =  0;  and  hence 
the  outside  fiber  stresses  are  principal  stresses  at  the  points  B  and 
A.  There  being  no  stress  on  the  horizontal  planes  at  B  and  A,  the 
ellipse  of  stress  becomes  a  straight  line  in  each  case. 

Since  there  is  no  shearing  stress  at  any  point  in  a  cross  section 
at  which  the  bending  moment  is  a  maximum,  the  section  is  a 
principal  plane  of  stress  at  every  point  through  which  it  passes 
and  hence  the  fiber  stress  at  any  point  in  the  section  is  greater  than 
the  stress  intensity  on  any  other  plane  through  the  point. 

In  general,  therefore,  when  a  cross  section  of  a  beam  is  sub- 
jected to  combined  shearing  and  normal  stresses  the  planes  of 
principal  stress  through  different  points  in  the  cross  section  are 
inclined,  one  at  an  angle  a  and  the  other  at  an  angle  90°  +  a,  with 
the  section  and  the  value  of  a  will  vary  from  zero,  at  points  farthest 
from  the  neutral  axis  of  the  section,  to  a  maximum  of  45°,  at  points 
on  the  neutral  axis.  The  magnitude  of  the  maximum  principal 
stress  intensity  for  all  the  points  located  in  a  given  cross  section 
will  be  found  to  be  greatest  at  points  which  are  farthest  from  the 
neutral  axis,  except  that,  in  cases  where  the  bending  moment  at 
the  section  is  sufficiently  small,  the  greatest  intensity  of  the  princi- 
pal stress  will  occur  at  points  on  the  neutral  axis  or  at  points 
between  the  neutral  axis  and  the  outside  of  the  section,  depending 
on  the  shape  of  the  section. 

In  simple  types  of  beams  it  will  be  found  that  the  greatest 
principal  stress  intensity  at  any  point  near  the  cross  section  at 
which  the  bending  moment  is  zero  is  much  less  than  that  at  the 
outside  fiber  stress  at  the  section  at  which  the  bending  moment  is 
a  maximum.  In  such  a  beam,  therefore,  the  value  of  the  maximum 
outside  fiber  stress 

J       I 

is  greater  than  the  stress  intensity  on  any  plane  passing  through 
any  other  point  in  the  beam. 

In  the  design  of  more  complex  built-up  beams,  however,  the 
determination  of  the  principal  stresses,  after  the  manner  indicated 
above,  at  points  in  other  sections  than  the  section  of  the  greatest 
bending  moment,  will  be  found  to  be  necessary. 
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Detail: 
I-.M87.fina4 
§L  173.91M.* 
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93.  Problems.  —  Stresses  in  Beams.  —  Principal  Stresses.  — 
Problem  L 

A  standard  24"  I  beam,  80  lbs.  per  ft.,  is  supported  at  the  ends  and  carries,  in 
addition  to  its  own  weight,  a  single  concentrated  load  of  34,000  lbs.  at  the 
center  of  the  beam.  Span  —  20  ft. 
h  «  2087.2  (ins.)4.  Section  modu- 
lus »  173.0  (ins.)'.  Cross  section  « 
23.32  sq.  in.  (Fig.  115). 

Find  the  following  quantities,  for 
points  on  the  neutral  axis  and  at  4", 
8",  10.86"  and  12"  from  the  neutral 
axis  at  each  of  the  following  sections, 
viz.,  (1)  Just  to  right  of  left  hand 
support,  (2)  i  of  span  from  left  hand 
support,  (S)  Just  to  the  left  of  the 
single  concentrated  load  W: 

(a)  The  intensity  /of  the  normal 
stress  on  the  cross  section; 

(b)  The  intensity  *  of  the  vertical 
shearing  stress  on  the  cross  sec- 
tion; 

(c)  The  angles  on  and  a%  that  the 
normals  to  the  principal  planes  of 
stress  make  with  the  axis  of  the  beam; 

(d)  The  principal  stress  intensities  nx  and  n* . 

Solution.  —  The  values  of  the  shearing  forces  and  bending  moments  for  the 
sections  (1),  (2)  and  (3)  will  be  the  following: 

(1)  S  -  17,800  lbs.  M  =  0. 

(2)  S  -  17,600  lbs.     M  -  531,000  in.  lbs. 

(3)  S  -  17,000  lbs.     M  -  2,088,000  in.  lbs. 

(a)  and  (b).    By  use  of  the  formulas  /  —  -p  and  8  =  -rj  the  values  of  /  and 
8  given  in  the  following  table  may  be  readily  obtained. 


Fig.  115. 


Normal  and  Shearing  Stress  Intensities 
(Pounds  per  square  inch) 


Section  1. 

Section  2. 

Section  3. 

Points. 

Q  (ins.)* 

/ 

« 

/ 

« 

/ 

« 

0 

101.4 

0 

-  1730 

0 

-  1710 

1 
0     -1651 

4 

97.4 

0 

-  1661 

-  1017 

-  1642 

-4,000 

-  1586 

8 

85.4 

0 

-  1456 

-2035 

-  1440 

-8,000 

-1390 

10  86 

71.9 

0 

-  1226 

-  2762 

-  1212 

-10,860 

-  1171 

12.0 

0.0 

0 

0 

-  3052 

0 

-12,000 

0 
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(c)  The  angles  made  by  the  principal  axes  of  stress  with  the  axis  of  the  beam 
may  be  calculated  from  the  formula, 

tan  2  a  s  -rr, 
and  the  following  results  obtained. 


Angles  Made  bt 

the  Principal  Axes 

Section  1. 

Sections. 

Section  3. 

Points. 

«i 

<*t 

«i 

«t 

«i 

«i 

0 

45° 

135° 

45° 

135° 

45° 

135° 

4 

45° 

135° 

36°  24' 

126°  24' 

19°  13' 

109°  13' 

8 

45° 

135° 

27°  23' 

117°  23' 

9°  35' 

99°  35' 

10  86 

45° 

135° 

20°  38' 

110°  38' 

6°  7' 

96°  7' 

12.0 

■  •  •  ■ 

•    •    •    a 

0° 

90° 

0° 

90° 

(d)  The  principal  stress  intensities  may  be  computed  from  the  formulas, 


ni 


=  s  +  5^  +  ^,  n,«{-.JV^  +  4A 


2   '  2 


2      2 


Principal  Stresses 
(Pounds  per  square  inch) 


Section  1. 

Section  2. 

Section  3. 

Points. 

»i 

*t 

»i 

«t 

»i 

»t 

0 
•    4 

8 

10.86 
12.0 

-  1730 
-1661 
-1456 
-1226 
0 

1730 
1661 
1456 
1226 
0 

-  1710 
-2227 
-2781 
-3218 
-3042 

1710 

'  1211  . 

746 

456 

0 

-1,651 
-4,553 
-8,235 

-  11,000 

-  12,000 

1651 

553 

235 

137 

0 

Problem  2. 

From  the  results  given  for  Problem  (1),  make  a  sketch  showing  the  position 
of  the  principal  axes  of  stress  and  the  general  form  of  the  ellipse  of  stress  for 
each  of  the  points  given;  and  also  for  the  points  symmetrically  located  on  the 
opposite  side  of  the  neutral  layer  of  the  beam. 

Problem  8. 

From  the  results  given  for  Problem  (1),  compute  the  following: 

(a)  The  percentage  of  the  total  shearing  stress,  on  the  cross  section,  taken  by 
the  web  and  flanges,  respectively; 

(b)  The  percentage  of  the  total  moment  of  resistance  of  the  section  taken  by 
the  web  and  flanges,  respectively; 
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(c)  The  average  intensity  of  the  vertical  shearing  stress  in  the  web,  assuming 
that  all  the  shear  is  taken  by  the  web  and  that  the  stress  is  uniformly  dis- 
tributed; 

(d)  The  average  intensity  of  the  shearing  stress  actually  carried  by  the  web. 

Problem  4. 

A  wooden  beam  8"  X  12"  cross  section  is  supported  at  the  ends  and  sub- 
jected to  a  uniformly  distributed  load,  including  its  own  weight,  of  600  lbs. 
per  ft.  Span  - 16  ft.  Find  the  following  quantities,  for  points  on  the  neutral 
axis  and  at  2",  4",  and  6"  from  the  neutral  axis  at  each  of  the  following  sec- 
tions, viz.,  (1)  Just  to  right  of  left  hand  support,  (2)  J  span  from  left  support, 
(3)  i  span  from  left  support,  (4)  At  the  middle  of  the  span: 

(a)  The  intensity  of  the  normal  stress  on  the  cross  section; 

(b)  The  intensity  of  vertical  shearing  stress  on  the  cross  section; 

(c)  The  angles  made  by  the  principal  axes  of  stress  with  the  axis  of  the 
beam; 

(d)  The  principal  stress  intensities. 

Problem  5. 

From  the  results  obtained  in  Problem  (4) ,  make  a  sketch  showing  the  position 
of  the  principal  axes  of  stress  and  the  general  form  of  the  ellipse  of  stress  for 
each  of  the  points  given  and  also  for  points  symmetrically  located  on  the  oppo- 
site side  of  the  neutral  layer  of  the  beam. 
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Fig.  116. 

Problem  6* 

A  standard  30"  Bethlehem  Girder  Beam,  200  lbs.  per  ft.  (Fig.  116),  with  a 
30  ft.  span,  is  supported  at  the  ends  and  loaded  uniformly,  ii  -  9160  (ins.)4. 
Section  modulus  -  610  (ins.)8.  Area  of  cross  section  —  58.7  sq.  ins.  Total 
load  including  weight  of  beam  —  200,000  lbs.  Find  the  following  quantities, 
for  points  on  the  neutral  axis  and  at  6",  13.4"  and  15",  from  the  neutral  axis 
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at  each  of  the  following  sections,  viz.,  (1)  Just  to  the  right  of  left  support,  (2) 
i  span  from  left  hand  support,  (3)  1  span  from  left  hand  support,  (4)  the 
middle  of  the  span: 

(a)  The  intensity  of  the  normal  stress  on  the  cross  section; 

(b)  The  intensity  of  vertical  shearing  stress  on  the  cross  section; 

(c)  The  angles  that  the  principal  axes  of  stress  make  with  the  axis  of  the 
beam; 

(d)  The  principal  stress  intensities. 


CHAPTER  V. 

THE  DEFLECTION  OF  BEAMS. 

94.  Flexure  of  Beams.  —  In  the  preceding  chapter  the  theory 
of  bending,  as  applied  to  the  determination  of  the  stress,  has  been 
discussed  without  reference  to  the  stiffness,  or  the  ability  of  a  beam 
to  resist  flexure.  The  importance  of  this  property  is  well  recognized 
in  the  design  of  floor  beams  and  other  members  in  structures  and 
machines,  where  it  is  necessary  to  limit  the  amount  of  bending, 
or  to  limit  the  maximum  deflection  of  a  beam  to  a  certain  small 
fractional  part  of  its  length. 

In  the  discussion  of  the  theory  of  flexure,  as  applied  to  the  deter- 
mination of  the  deflection  of  beams,  we  shall,  as  in  the  previous 
chapter,  use  horizontal  beams  as  illustrations  although  it  will  be 
clearly  evident  that  the  formulas  derived  will  apply  in  any  case 
where  a  beam  is  subjected  to  transverse  loads,  whatever  its  posi- 
tion may  be. 

The  theory  is  a  continuation  of  the  theory  for  determining  fiber 
stress  (Arts.  66  and  69),  and  is  based  on  the  same  assumptions  and 
subject  to  the  same  limitations.  The  results  obtained  will  be 
approximate  so  far  as  the  assumptions  made  are  inexact  (Art.  69), 
but  the  amount  of  the  error  in  any  case,  coming  within  the  limita- 
tions imposed,  will  be  slight. 

95.  Differential  Equation  of  the  Elastic  Curve.  —  The  straight 
line  passing  through  the  center  of  gravity  of  every  cross  section  of 
a  beam  before  it  is  bent  is  called  the  axis  of  the  beam.  After  bend- 
ing occurs  this  line  takes  the  form  of  a  continuous  curve  which  is 
commonly  known  as  the  elastic  curve  of  the  beam.  The  curve  will 
evidently  be  the  same  as  the  trace  of  the  neutral  layer  (Art.  66)  on 
the  plane  of  loading.  All  straight  lines,  or  fibers,  parallel  to  the 
axis  of  the  beam  before  bending,  will  become  curves,  parallel  to  the 
elastic  curve,  after  bending  takes  place.  The  differential  equa- 
tion of  the  elastic  curve,  referred  to  rectangular  coordinate  axes, 
may  be  obtained  as  follows: 

Let  the  sketch  (Fig.  117)  represent  the  form  taken  by  a  beam 
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which  is  bent  under  the  action  of  transverse  loads,  or  by  terminal 
couples,  or  by  a  combination  of  both. 

Let  OX  and  OV  be  a  pair  of  rectangular  coordinate  axes,  with 
the  origin  at  one  end  of  the  beam  and  OX  coinciding  with  the 
position  of  the  axis  of  the  beam  before  bending. 


Fia.  117. 


Let  AB  represent  any  cross  section  intersecting  the  elastic  curve 
at  a  point  whose  coordinates  are  (x,  v)  and  GH  a  cross  section 
at  such  a  small  distance  from  AB  that  the  portion  of  any  fiber 
between  the  two  sections  can  be  considered  circular  in  form. 

At  the  cross  section  AB  let  M  =  the  bending  moment,  I  =  the 
moment  of  inertia  of  the  section  about  the  neutral  axis,  /  =  the 
normal  stress  intensity  at  any  point,  at  a  distance  y  from  the  neu- 
tral axis,  and  e  =  the  extension  in  the  fiber  intersecting  the  section 
at  this  point.  Let  r  =  the  radius  of  curvature  of  the  elastic  curve 
between  AB  and  GH  and  E  =  the  modulus  of  elasticity  of  the 
material. 

No  extension  in  the  neutral  layer  will  be  caused  by  the  bending, 
since  the  normal  stress  intensity  is  zero  at  the  neutral  axis  of  every 
cross  section.  Hence,  if  we  let  I  =  the  distance  between  the  sec- 
tions AB  and  GH  before  bending,  the  length  of  the  portion  of  the 
elastic  curve  between  the  sections  after  bending  will  be  equal  to  I 
and  the  length  of  any  fiber  at  a  distance  y  from  the  neutral  layer 
will  be  equal  to  I  +  d.    Therefore, 

l  +  el  _r  +  y 
I  r 

and 


r 


(i) 
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From  the  third  assumption  of  the  theory  (Art.  66)  we  obtain 

•  -£.  •  •  • w 

and  by  equating  (1)  and  (2) 

r "  Eif  #   • ® 

which  gives  us  the  relation  between  the  curvature  of  the  elastic 
curve  and  the  fiber  stress  at  any  section. 
From  the  formula  for  fiber  stress  we  obtain 

UK  (4) 

y      I' w 

and  substituting  in  equation  (3), 

7-Wi (6) 

From  the  Differential  Calculus, 

cPv 
1  dr» 


?~FI? 


(6) 


In  ordinary  cases  -r-  is  so  small,  when  compared  with  unity,  that 

higher  powers  than  the  first  may  be  neglected,  without  appreciable 
error,  hence 

r~da? (7) 

By  equating  (5)  and  (7)  we  obtain 

ffiv  _  M  f  . 

da?' EI9 w 

which  is  the  differential  equation  of  the  elastic  curve  from  which 
the  general  equation  for  any  case  may  be  obtained,  provided  M 
and  /  can  be  expressed  in  integrable  terms  of  the  variable  x. 

It  should  be  noted  that  the  quantity  M  in  equation  (8)  repre- 
sents the  value  of  the  bending  moment  at  any  cross  section  and 
that  the  signs  of  bending  moments  adopted  for  horizontal  beams 

cPv 
(Art.  64)  are  in  agreement  with  the  sign  of  the  derivative  -7-3 ,  if  the 

usual  convention  of  signs  of  the  horizontal  and  vertical  coordinates 
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x  and  v  is  followed.  Also,  since  the  sign  of  the  moment  of  resistance 
—  is  always  opposite  to  the  sign  of  the  bending  moment,  equation 

y 

(4)  should  be  written 

f  _M 

if  algebraic  signs  are  to  be  used  and  M  is  taken  to  represent  the 
bending  moment.  This  equation  is  in  accord  with  the  system  of 
signs,  if  y  is  positive  when  measured  upward  and  a  tension  stress 
is  called  plus  (Art.  66). 

96.  Slope  and  Deflection  from  the  Elastic  Curve.  —  If  at  any 
section,  distant  x  from  the  origin  (Fig.  117),  we  let  i  =  the  angle, 
in  radians,  which  the  tangent  to  the  elastic  curve  makes  with  the 
horizontal,  we  have,  when  i  is  small  throughout  the  length  of  the 
curve, 

-T-  =  tan  i  =  i  (very  nearly). 

This  quantity  is  called  the  angle  of  slope,  or  usually  the  slope, 
simply,  of  the  elastic  curve  at  the  point  x  distant  from  the  origin. 
It  is  evident  that  one  integration  of  equation  (8)  (Art.  95)  will 
give  the  equation  for  the  slope  and  a  second  integration  will  give 
the  equation  for  the  deflection  at  any  point  on  the  curve.  Hence, 
for  the  slope 

i=^=fd{%)=Mdx (i) 

and  for  the  deflection, 

v  =  I  idx=  J  J  -j^dxdx (2) 

It  should  be  observed  that  when  the  convention  of  signs  adopted 
in  the  preceding  article  is  followed,  the  value  of  v,  as  determined 
from  the  equation  of  the  elastic  curve,  will  be  negative  when  the 
deflection  is  downward  and  positive  when  the  deflection  is  upward; 
also  that  the  sign  of  i  will  be  in  accord  with  the  usual  sign  for  a 
positive  or  negative  angle. 

If  the  beam  is  of  uniform  section,  I  will  be  constant  and  M  must 
be  expressed  in  terms  of  x  in  order  to  perform  the  integration. 

If  the  beam  is  of  nonuniform  section,  I  will  be  variable  and  must 
be  expressed  in  terms  of  x,  as  well  as  Af . 
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Under  the  limitations  imposed  (Art.  63),  the  theory  of  flexure 
applies  to  beams  of  uniform  cross  section  only,  but  it  is  customary 
to  use  the  equations  to  a  limited  extent  for  determining  the  de- 
flection of  beams  of  varying  section.  Unless  otherwise  stated  the 
deduction  of  formulas  will  be  limited  to  cases  where  the  cross 
sections  are  uniform. 

In  such  cases  equations  (1)  and  (2)  may  be  written 

EH  =  fMdx (3) 

and 

EIv  =  Elfidx=ffMdxdx.      .    (4) 

If  we  substitute  the  following  value  of  the  bending  moment, 
obtained  from  equation  (8)  (Art.  95), 

in  equations  (1)  and  (2)  (Art.  71),  we  obtain 


and 


«-£-«£ » 


— I-»S <6> 


If  tp  is  constant,  or  a  known  integrable  function  of  x,  the  general 
expressions  for  S,  M,  i  and  v  at  any  cross  section  of  a  beam  may 
evidently  be  found  by  one,  two,  three  and  four  integrations  of 
equation  (6).  If  the  integration  is  made  without  using  limits,  a 
constant  must  be  added  at  each  integration,  each  constant  being 
determined  from  some  condition  of  the  problem. 

Usually  the  first  two  integrations  can  be  omitted  and  the 
equations  for  slope  and  deflection  obtained  by  expressing  M  as  a 
function  of  x  and  integrating  equations  (1)  and  (2). 

In  all  cases  in  which  the  foregoing  equations  will  apply,  the 
bending  will  be  slight  and  sufficient  accuracy  will  be  obtained  if 
the  length  of  the  elastic  curve  and  its  projection  on  the  OX  axis  are 
assumed  to  be  equal.  In  other  words  the  change  in  the  distance 
between  the  end  sections  of  a  beam  as  well  as  that  between  any 
other  two  cross  sections  due  to  the  curvature  will  be  neglected. 
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97.  General  Formulas  for  Slope  and  Deflection.  —  Uniform 
Bending.  —  In  this  case  the  value  of  M  is  constant  and,  for  beams 
of  uniform  cross  section, 

-  =  -Err  =  a  constant, (1) 

r      EI  '  x  ' 

and,  therefore,  the  elastic  curve  is  a  circle. 

If  I  =  the  length  of  the  beam  and  the  origin  is  taken  at  the  left 
end,  the  integration  of  equation  (3)  (Art.  96)  will  give 


Eli  =  M  Cdx  =  Mx  +  c, 


(2) 


where  c  is  the  constant  of  integration;   and  the  integration  of 
equation  (4)  (Art.  96)  will  give 


EIv 


/Mz* 
idx^-^  +  cx  +  a,    •    .    .    .    (3) 

where  d  is  the  second  constant  of  integration.    The  values  of  the 
constants  will  be  obtained  for  two  cases. 


Fig.  118. 

(a)   When  the  bending  takes  place  so  that  the  axis  OX  intersects  the  elastic  curve 
at  both  ends  of  the  beam  (Fig.  118).  —  In  this  case  the  deflection 

v  ■*•  0    when    z  —  0 

and  also 

v  —  0    when    x  =  I. 

Applying  the  first  condition  to  equation  (3);  we  obtain 

d  =0 

and  applying  the  second  condition  to  the  same  equation, 

^      MP 


+  cl 


and  hence 


c  =  — 


Ml 
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Substituting  the  values  of  c  and  cx  in  (2)  and  (3),  we  have  for  the  general 
formulas  for  slope  and  deflection, 

(4) 


and 


Eli  -  M  I  x  - |) 


EIv  -  y  &  -  &)• 


(5) 


An  inspection  of  equation  (4)  will  show  that  the  greatest  slope  occurs  where 

z  =-  0,  or  z  —  lt  and,  if  we  represent  its  value  where  x»0by  the  symbol  to,  we 

shall  have 

Ml 


H-  - 


2  EI 


(6) 


do 


Since  i  =  -3- ,  the  greatest  deflection  will  evidently  occur  where  *  —  0,  or  when 

*  m  2 '  wn*cn  is  a'so  evident  from  the  fact  that  the  curve  is  a  circle;  and,  if  we 
represent  its  value  by  the  symbol  v0,  we  shall  have 

M>       (7) 


v*  -  ■*■ 


SEI' 


the  negative  sign  indicating  that  the  deflection  is  downward  when  M  is  positive 
and  upward  when  M  is  negative. 


Fig.  119. 

(b)  TFAen  tfo  &ea*n  is  Jized  in  direction  at  one  end,  as  a  cantilever  beam  sub" 
jected  to  uniform  bending  (Fig.  119).  —  In  this  case  the  slope 

t  «  0    when    x  -»  0 
and  hence,  from  equation  (2), 

c  =  0; 
also  the  deflection 

v  ■»  0    when    x  —  0 

and  hence,  from  equation  (3), 

ci  =  0. 

Substituting  the  values  of  c  and  4  in  (2)  and  (3),  we  obtain 

Bli-Mz (8) 

and    ' 

Elv-^f (9) 

for  the  general  equations  for  slope  and  deflection. 
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The  maximum  values  evidently  occur  when  x  —  I;  and  hence 

Ml  fit\\ 

o-Ti (l0) 

and 

^21 (11) 

In  this  case  the  deflection  is  evidently  downward  when  M  is  negative  and 
upward  when  M  is  positive. 

98.  General  Formulas  for  Slope  and  Deflection.  —  Ordinary 
Bending.  —  When  a  beam  is  subjected  to  ordinary  bending  by 
transverse  loads,  the  curvature  of  the  elastic  curve  varies  from 
point  to  point  throughout  its  entire  length  except  in  cases  where 
the  loading  is  such  that  the  bending  moment  over  a  portion  of  the 
beam  is  constant.  In  such  cases  the  curvature  will  evidently  be 
constant  throughout  the  portion  subjected  to  uniform  bending 
and  variable  for  the  remainder  of  the  length  of  the  beam. 

In  this  article  the  general  formulas  for  slope  and  deflection  for 
beams  of  uniform  cross  section,  subjected  to  some  of  the  simpler 
types  of  loading,  will  be  deduced.  The  values  of  the  greatest  slope 
to  and  of  the  greatest  deflection  v0  will  also  be  found.  For  simple 
loading  the  sections  of  the  beam  at  which  the  slope  and  deflection 
have  maximum  values  can  be  determined  by  inspection.  When 
the  loading  is  more  complex,  the  condition  that  the  slope  is  always 
zero  at  a  maximum  or  minimum  point  on  the  elastic  curve  will 
enable  us  to  determine  the  points  of  greatest  deflection;  and  the 
condition  that  the  bending  moment  is  equal  to  zero  at  points  on 
the  elastic  curve  at  which  the  slope  is  a  maximum  will  enable  us  to 
determine  the  points  of  greatest  slope. 

In  every  case,  if  the  load  is  distributed,  W  =  the  total  load  and 
w  =  the  load  per  unit  length.  In  each  case  the  position  of  the 
loads  and  supporting  forces,  the  length  of  the  span  /  and  other 
required  dimensions,  as  well  as  the  general  form  of  the  bending 
moment  diagram,  are  indicated  by  the  accompanying  sketch. 
The  effect  of  the  weight  of  the  material  in  the  beam  upon  the  slope 
and  deflection  is  neglected. 

(a)  Cantilever  beam,  single  concentrated  load  at  the  free  end  (Fig.  120). — The 
bending  moment  at  any  section,  at  a  distance  x  from  the  origin,  will  be  equal  to 

M  =  -  W  (I  -  x) (1) 

Substituting  this  value  in  equation  (3)  (Art.  96)  and  integrating,  we  obtain 


Eli=  fMax=  -Wf{l-x)dx-  -  W&-|r)  + 


(2) 
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and,  by  substituting  in  equation  (4)  (Art.  96)  and  integrating, 
Elv  =  El  fidx=  -Wf(lx-£\dx  +  cfdx 


(3) 


To  obtain  the  constants  c  and  Ci,  observe  that,  when 

x  ■*  0,        i  —  0    and    v  =  0. 

Therefore  c  =  0  and  Ci  =  0  and  the  general  formulas  for  the  slope  and  deflec- 
tion at  any  point  in  the  elastic  curve  reduce  to 


and 


Eli=  -^(2Z-x) 


(4) 


(5) 


Fig.  120. 


Fig.  121. 


Evidently  both  the  slope  and  deflection  will  be  greatest  at  the  free  end  of 
the  beam,  when  x  =  l}  and  hence 


and 


to  -  - 


Po  -  - 


2  El 

Wl* 
SE1 


(6) 


(7) 


(b)  Cantilever  beam,  single  concentrated  load,  not  at  the  free  end  (Fig.  121).  — 
In  this  case  the  elastic  curve  of  the  portion  of  the  beam  between  the  fixed  end 
and  the  load  W  will  be  represented  by  an  equation  of  the  same  form  as  (5),  in 
the  preceding  case,  and  the  portion  between  the  load  and  the  free  end  will  be  a 
straight  line,  having  the  direction  of  the  tangent  at  the  point  in  the  curve  under 
the  load  W. 

Therefore,  by  substituting  a  for  I  in  (4)  and  (5),  we  obtain 


and 


Eli=  -y(2a-x) 


Elv=  _2L£(3a-x), 


.    •    (8) 


6 


(9) 


100 


APPLIED  MECHANICS 


the  equations  for  the  dope  and  deflection  when  x  <  a.    When  x  —  a 

wi-  Wa%         a     vt  Wa* 

and  henoe  the  straight  line  between  the  load  and  the  free  end  may  be  repre- 
sented by  the  equation 


-EJt; » ~  (s  —  a)  ■■ 5-  (3  x  —  a). 


6 


(10) 


At  the  free  end,  evidently, 


and 


«•-  - 


t»b  -  - 


Wo' 
2£/     #    # 

Wa*(Zl-a) 
6EI 


Wa*(2a  +  Zb) 
6tfJ 


•    •    • 


(11) 


(12) 


(e)  Cantilever  beam,  load  uniformly  distributed  over  its  entire  length  (Fig.  122). 
—  The  total  load  W  —  ul  and  the  bending  moment  at  any  section,  at  a  distance 
x  from  the  origin,  will  be  equal  to 


M  -  -•«-*)■-  -ip-2b  +  *). 


(13) 


Fig.  122. 


Proceeding  as  before: 

EIi~  -Tjfit-tb+x^dx--  J(**-W  +  J)       .    (14) 


and 


».--5/(<*-*+{)*--;(?-¥+S).-  w 

the  constants  of  integration  being  zero  in  each  case. 

The  greatest  slope  and  deflection  will  both  occur  at  the  free  end  when  x  =  I, 
and  hence 


to  -  - 


and 


t%  -  - 


6  El 

wlA 
SEI 


6  El 

Wl* 
SEI' 


(16) 


(17) 
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(d)  Simple  beam,  single  concentrated  load  at  center  of  span  (Fig.  123). — The 

W 
supporting  forces  will  each  be  equal  to  -5-  and  the  bending  moment  at  any 

section,  between  the  origin  and  the  load,  will  be  equal  to 


JLT        w 


(18) 


Fig.  123. 


I 


j       Wx*  . 
zdx  ■■  —z — r-c 


Hence,  (or  values  of  x  between  0  and  ~>  the  slope  equation  will  be 
and  the  deflection  equation  will  be 

+  CX+C1. 


(19) 


Elv  -^fx*dx  +  cfdx  -  ^ 


(20) 


To  determine  the  constants  c  and  4,  observe  that  the  elastic  curve  will  be 
symmetrical  with  respect  to  the  line  of  action  of  W  and  hence  i  —  0  when 


x  -  5 ,  and  therefore  (19)  gives 


16  ; 


also,  since  0  »  0  when  x  -  0,  equation  (20)  gives  c\  —  0.    Substituting  these 
values  in  (19)  and  (20)  we  obtain  the  general  formulas  for  this  case, 


Bit -£(*-£) (21) 


and 


V1       Wfx*     Ps\ 


(22) 


Since  the  elastic  curve  is  symmetrical  with  respect  to  the  middle  point, 
equations  (21)  and  (22)  may  be  applied  to  determine  the  slope  and  deflection  at 
any  point,  between  the  load  W  and  the  right  hand  support  ft,  by  letting  x— 
the  distance  of  the  point  from  R%  instead  of  its  distance  from  ft. 

The  iwATimiim  deflection  will  evidently  occur  at  the  middle  of  the  beam  and 
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the  TnAvimnm  slope  at  the  support;  hence,  substituting  x  —  Oin.  (21),  we  obtain 

WV 


to  =  - 


16  EI 


(23) 


I  . 


and,  substituting  z  =  ^  in  (22), 


Vo  -  - 


48  #/ 


(24) 


Each  half  of  the  elastic  curve  will  be  of  the  same  general  form  as  the  curve 
for  the  cantilever  beam  (Case  a)  and  equations  (23)  and  (24)  may  be  easily 
obtained  by  substituting  the  proper  values  in  (6)  and  (7). 

(e)  Simple  beam,  load  uniformly  distributed  over  its  entire  length  (Fig.  124). 

—  The  total  load  W  =  urf.    Hence  the  supporting  forces  Ri  =  B%  =  -5-  and  the 
bending  moment  at  any  distance  x  from  the  origin  is  equal  to 


(26) 


Fig.  124. 
Hence,  for  all  values  of  x  between  0  and  I, 

*/*-J/(fa-^)dr-|(y-5)+« '(26) 

and 

To  determine  c  and  ci,  observe  that  from  the  symmetry  of  the  elastic  curve 
i  ■»  0  when  x  =  ~  an<^  nence>  from  (26), 

Cbb       24' 
and  also  that  v  -  0  when  x  =  0  and  hence,  from  (27), 

d  =  0. 

Substituting  these  values  in  (26)  and  (27)  the  general  equations  for  slope 
and  deflection  are 

(28) 


w 


J2Ji  =  |j(6fc«-4x«-J«) 
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and 


w 


EIv  -  ~  (2  lx'  -  s4  -  l*x). 


(29) 


Evidently  the  magnitude  of  the  slope  will  be  greatest  at  the  ends  and  the 
deflection  will  be  greatest  at  the  middle  of  the  span. 
Substituting  x  «■  0  in  (28),  we  obtain 

id8         _  WP   . 
2AEI**       2AEV% 


«•  -  - 


(30) 


likewise,  by  substituting  x  =  I, 


*°  °B2iEI  ~24El' 


the  only  difference  being  that  of  the  sign. 
Substituting  x  =  ~ in  (29)  we  have 


Vq  =- 


5td* 


384  ^y 


(31) 


384  EI 

(f)  Simple  beam,  single  concentrated  load  not  at  the  center  (Fig.  125). — The 

Assume  a  >  6. 


Wb  Wa 

supporting  forces  will  be  equal  to  Ri  =  -r-  and  &  —  -r- 


Then,  for  values  of  x  from  0  to  o,  Af  ■■  -v-  a;. 


^tTTTnTITM  IllltohJ 


Fig.  125. 


Substituting  in  the  differential  equation  and  integrating 


„T.      Wbx*  , 


and 


-  -gj-  +  «C  +  C|. 


(32) 


(33) 


If  we  observe  that  v  —  0  when  2  =  0,  equation  (33)  gives  d  —  0.  The 
constant  c,  however,  cannot  be  determined  at  this  stage  in  the  solution  but,  if 
we  let  ii  b  the  undetermined  slope  at  the  origin  0,  it  is  evident  that  i  =  ti 
when  x  «  0  and  hence  c  =  £/ii. 
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Therefore,  equations  (32)  and  (33)  may  be  written 

21 


Eli-^f+Blii (34) 


and 

EIv  -^  +  Blitz (36) 

For  values  of  x  from  a  to  I, 

Jf  _  E**  -  If  g,  -  a); 

and,  substituting  in  the  differential  equation  and  integrating, 

*/t-^-y(*-a)«  +  * (36) 

and 

^■^"■I(l"fl),  +  W!  +  ft <W 

Since  the  elastic  curve  is  continuous  at  the  point  x  «  a,  we  may  determine 
the  constants  e%  and  c%  from  the  conditions  that  when  x  —  a  the  values  of  the 
slope,  given  by  equations  (34)  and  (36),  are  identical  and  the  values  of  the 
deflection,  given  by  (35)  and  (37),  are  also  identical. 

Hence  by  substituting  x  «  a  in  (34)  and  (36)  and  equating  and  solving  for 

c%,  we  obtain 

C  -  Elix. 

Similarly,  by  equating  (35)  and  (37)  we  obtain  c%  —  0.  Therefore,  for  values 
of  x  from  a  to  I, 

m.W-E^K+Mk.  .....  (a8) 

and 

EIvm™_Wj£-J»+EIiiXt m 

which  with  (34)  and  (35)  give  a  complete  set  of  equations  for  the  slope  and 
deflection  of  the  two  sections  of  the  elastic  curve  in  terms  of  the  unknown 
constant  ii. 

Finally,  since  v  —  0  when  x  —  I,  we  obtain  from  equation  (39),  putting 
I  -  a  -  b, 

Substituting  this  value  in  equations  (34),  (35),  (38)  and  (30),  we  obtain,  for 
values  of  x  from  0  to  a, 

Eli  -5? [3 x*-p-V)], (40) 

EIv  -  |5  [xt  _  (jt  _  wx] (41) 

and,  for  values  of  x  from  a  to  J, 

*«-fj[«*-ff-*>-"c*-a)»],    *   *   *   (42) 

EIp-^[*-P-V)x-1-<£^&] (43) 
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Since  a  >  b,  the  value  of  x  for  the  point  of  greatest  deflection  will  be  found  by 
placing  the  expression  for  Eli  (equation  40)  equal  to  zero  and  solving  for  x, 
which  gives 

x-V-8— 
Substituting  this  value  in  (41)  we  obtain,  for  the  greatest  deflection, 

wb  rffl-y)1    (p-y)h  wb 

""MBit    3V3  V3    J"      Ovf^/^"^-     *    (44) 

The  slope  at  the  left  hand  support,  obtained  by  putting  x  «  0  in  equation  (40), 
is  equal  to 

*--OT<?-*>»     •   '   : (46) 

and  the  slope  at  the  right  hand  support,  obtained  by  putting  x  —  I  in  equation 
(42),  is  equal  to 

it-^(2P-3W  +  ^), (46) 

it  being  evidently  the  greatest  slope  in  the  beam. 

The  deflection  va  of  the  beam  at  the  point  of  application  of  the  load  may  be 
found  by  substituting  x  —  a  in  equation  (41),  which  gives 

Wh   T  .      m      mnI  TTa»/y        x,  Wa*b*  ,A~ 

v*  =  rniLa-P-»)a]  =  -^l-a)=-*iET--  •  (47) 

The  deflection  at  the  center  of  the  beam  may  be  found  by  substituting 
jc  =  -in  equation  (41),  which  gives 

When  the  load  W  is  applied  at  the  middle  of  the  span,  that  is  when  &  ■=  «, 

the  value  of  the  maximum  deflection  will  evidently  be  greater  than  its  value 
when  the  load  is  in  any  other  position  and  equation  (44)  will  reduce  to  the  form 
of  equation  (24). 

A  mathematical  proof  of  this  may  be  had  by  differentiating  (44)  with 
respect  to  the  variable  (b),  the  value  of  b  obtained  by  placing  the  derivative 

equal  to  zero  being  equal  to 5* 

(g)  Simple  beam,  two  equal  concentrated  foods,  equidistant  from  the  ends 
(Fig.  126). — Let  W  =  the  magnitude  of  each  load;  then,  for  values  of  x  from 
Otoa, 

M  ~Wx; (49) 

and  by  integration  the  slope  equation  becomes 


and  the  deflection  equation 


Eli-^  +  c (60) 

E2v-y%r  +  cx  +  * (61) 

0 
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Since  v  —  0  when  x  =  0,  it  is  evident  from  (51)  that  t\  ■=  0  and,  if  we  let  i\  — 
the  slope  at  the  left  hand  support  where  x  —  0,  it  is  evident  from  (50)  that 
c  -  Elii, 


Hence 


and 


Fig.  126. 
Eli  -  ^  +  Elii 


EIv  =~+  Elhz. 
o 


For  values  of  x  from  a  to  Z  —  a 

AT  -  TPa;      . 
and  by  integration  the  slope  equation  becomes 

Eli  =  Wax  +  c, . 
and  the  deflection  equation 

EIv  —  — s — h  <*x  +  <%. 


(52) 


(53) 


(64) 


(65) 


(56) 


I 


Observe  that,  from  the  symmetry  of  the  loading,  %  —  0  when  x  =  5  and 


hence,  from  (55), 


4  -  - 


Wal 


Also,  owing  to  the  continuity  of  the  elastic  curve,  when  x  —  a  the  value  of  i 
from  (52)  is  identical  with  that  obtained  from  (55)  and  hence 


and 


2§C  +  *«k  -  w*  -  25? 


*ft--!p0-a). 


(67) 


Similarly,  when  x  »  a,  the  value  of  v  from  (53)  is  identical  with  the  value  of 
v  from  (56)  and,  substituting  the  values  of  Elk  and  c*  and  equating, 

6  2    ^         '  ™    2  2 

and  hence 

^      TFa» 

Ml  ■ 


+  * 


6 
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Therefore,  the  general  equations  for  slope  and  deflection  for  values  of  x  from 
0  to  a  reduce  to 

BH  =  ^[rf-a(J-a)] (68) 

and 

EIv-?£[x*-aa(l-a)], (59) 

o 

and,  for  values  of  x  from  a  to  (I  —  a), 

Eli=^(2x-t) (60) 

and 

tf/t>=^[3x»-3&  +  rf] (61) 

The  slope  and  deflection  at  any  point  on  the  curve,  for  values  of  x  from 
(I  —  a)  to  I,  can  evidently  be  found  from  equations  (58)  and  (59)  by  taking  the 
origin  at  the  right  hand  support  and  calling  values  of  x  measured  to  the  left 
from  the  support  positive.    The  greatest  deflection  will  evidently  occur  at  the 

middle  of  the  span  and,  substituting  x  =  -  in  (61)  and  reducing, 

t*=-2j^[3P-4a*l (62) 

The  greatest  value  of  the  slope  will  be  obtained  at  the  right  and  left  sup- 
ports, the  magnitude  being  the  same  at  each.  At  the  left  support  we  obtain 
from  (57) 

*~~5?(*~o) (03) 

The  deflection  under  either  of  the  loads  can  be  found  by  putting  x  =  a  in 
(59),  giving  the  value 

*«=-^(3I-4a) (64) 

If  the  value  of  the  deflection  at  the  middle  of  the  span  (equation  62)  is 
compared  with  the  value  of  deflection  in  the  middle  of  the  span  for  Case  (0 
(equation  48),  the  former  value  will  be  found  to  be  double  the  latter. 

(h)  Beam  wUh  overhanging  ends,  equal  concentrated  loads  at  ends  (Fig.  127). 
—  Let  a  —  the  length  of  each  of  the  overhanging  ends  and  let  each  of  the  loads 
equal  W.  Take  the  origin  at  the  left  hand  support.  For  values  of  x  from 
OtoZ, 

Mo  =  -  Wa, (65) 

the  portion  of  the  beam  between  the  supports  being  subjected  to  uniform 
bending,  and  hence,  from  (Art.  97),  the  general  formulas  for  slope  and  deflec- 
tion are 

£7*  -  Molx  -  J) (66) 


and 


BIv  -  ^-°  (x»  -  Ix). (67) 
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The  greatest  deflection  in  the  portion  of  the  beam  between  the  supports 
will  occur  at  the  middle  of  the  span  and  will  be  equal  to 

AfoP 


«D  -    — 


SEI 


(68) 


and  the  greatest  slope  in  this  portion  will  occur  at  either  support,  the  slope  at 
the  left  support  being  equal  to 

Mi 


lo-  - 


2  EI 


<W) 


Fia.  127. 

For  points  on  the  elastic  curve  between  the  left  support  and  the  left  end  of 

the  beam,  that  is,  for  negative  values  of  z  from  —  a  to  0,  the  bending  moment 

will  be  equal  to 

M  =  -  W  (a  +  x) (70) 

and  by  integration 

EIi--w\ax+?)  +  c. (71) 

Since  the  slope  at  the  support  is  equal  to  to  (equation  69), 


and  hence  the  general  slope  equation  becomes 


Eli-  -~(2a*  +  rf-a0. 


Integrating  again 


EIv-  -?(a*  + j-ab)  +  4, 


(72) 


(73) 


where  Ci  -»  0,  since  v  —  0  when  x  =  0. 

The  greatest  slope  and  the  greatest  deflection  in  the  overhanging  end  wfll 
both  occur  at  the  end  of  the  beam  where  x  —  —  a  and  hence  for  this  portion 
of  the  beam  the  greatest  slope  will  be 

tf-n&0+«) w 

and  the  greatest  deflection 

*'--^(3Z  +  2a) (75) 
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(i)  Simple  beam,  load  uniformly  distributed  over  a  portion  of  the  span  (Fig. 
128). — Let  a  —  the  distance  from  the  left  support  and  b  —  the  distance  from 
the  right  support  to  the  center  of  the  load,  which  is  uniformly  distributed  over 
the  distance  d.    Assume  a  >  b  and  note  that  W  —  tod. 


!\V-urf 


Fig.  128. 


For  values  of  x  from  0  to  a  —  ^» 


M  —  ~tx- 


Substituting  in  the  differential  equation  and  integrating 


EH 


Wbx* 
21 


(76) 


+  EIU, (77) 


where  ii  —  the  slope  at  the  left  support  and  hence  Elii  —  the  constant  of 
integration. 

Integrating  again, 

EIv-^  +  Eftx, (78) 

the  constant  of  integration  being  equal  to  zero,  since  v  —  0  when  z  —  0. 
For  values  of  *  from  a  —  -x  to  a  +  5 » 

„-?.-;(,-.+£ „(7») 

and  hence  by  integration 

-..      TT6x*       w  f            ,d\«,  /OAX 

^7*--2T"  6  \X~a  +  2)  +  * (80) 

To  determine  c%  observe  that  when  x  -  a  —  -  the  values  of  the  slope  given  by 

equations  (77)  and  (80)  are  identical;  and  solving  for  d  we  obtain 

c,  -  Elii. 

'Substituting  the  value  of  Ci  in  (80)  and  integrating 

Wbx1 


EIv 


6 


>x*      w  (  .  d\A  ,   VT.       ,  /0<x 

~l 2i  (*-«+2) +****  +  *■     *    #    '     ^    * 
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Observing  that  the  values  of  v  given  by  (78)  and  (81)  are  identical  when  x 
a  —  ^  and  solving  for  d,  we  obtain  c*  =  0. 

For  values  of  x  from  a  +  x  to  I, 


Wh 
M  =  ™  x  -  TT  (x  -  a); (82) 


and  hence  by  integration 


Observing  that  the  values  of  t  given  by  (80)  and  (83)  are  identical  when  x  = 
a  +  »i  we  obtain,  by  substituting  the  values  of  x  and  Cj,  equating  and  cancel- 
ling equal  terms, 

_«£»  +  *«, --^  +  «, 
whence 

a  -  Elti  -  -^p  • 

Substituting  the  value  of  eg  in  (83)  and  integrating 

„T       Wbx*      W,  ..      WcPx  ,    „,.      ,  /OJ. 

Observing  that  values  of  v  given  by  (81)  and  (84)  are  identical  when  x  » 
a  +  5  and  substituting  the  values  of  x  and  Cs,  equating  and  cancelling  terms, 

24s*         48  24     ~   48   +* 

and 

Wd*a 

* 

To  obtain  the  value  of  t*i,  note  that  v  =  0  when  x  =■  J  and  hence  from  (84), 

Bin r+_(J-0)'+-M--w 

--^(P-f)+gd-«)--^[4(P-6')-*l.(86) 

Substituting  the  value  of  Elii  in  the  foregoing  equations,  the  general 
equations  for  slope  and  deflection  are  as  follows: 

For  values  of  x  from  0  to  a  —  x  > 

Wh 

E/t=^{12s»-4(P-&»)+c*{, (86) 


EIv 


Wbx 
24 


±{4rf-4(P-6»)+#} (87) 
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Far  values  of  x  from  a  —  =  to  a  +  s» 


£/t  -  g  {12* -4(P -&*)+#}  -^(s-a+i)1.    •    (88) 

W'-TjJff^-^-W+JI-^^-'  +  f)1-  *    (89) 
For  values  of  z  from  a  +  =  to  J, 
*W-Jg|12*-4<p-i»)+#|  -E(x_a)._**    .    .    .    (90) 

Elv "  m *4* ~ 4(p _6,) +<P{  "  T (* " o)' ~ IST (x _ 0)'  (91) 

The  value  of  x  for  the  point  at  which  the  greatest  deflection  occura  can  be 
determined  from  the  slope  equations.  Since  a  >  &,  to  determine  the  greatest 
deflection  it  will  be  necessary  to  find  the  value  of  x  for  which  the  slope  is  zero 
by  placing  either  equation  (86)  or  (88)  equal  to  zero.  The  one  of  these  two 
equations  which  will  give  the  solution  will  depend  upon  the  distribution  of  the 
load.  While  ordinarily  the  equation  to  use  can  be  determined  from  an  inspec- 
tion of  the  loading,  in  some  cases  it  may  be  necessary  to  make  a  trial  solution 
with  one  equation  and  if  this  fails  to  use  the  other.  In  either  case,  owing  to  the 
complexities  of  the  equations,  it  is  not  worth  while  to  attempt  a  solution  in  the 
algebraic  form.  The  numerical  values  of  the  constants  should  be  substituted 
first,  after  which  a  solution  can  easily  be  obtained.  When  the  equation  is  of 
the  third  degree,  as  (88),  a  graphical  solution,  obtained  by  plotting  values  of 
Eli  for  different  values  of  x,  can  be  made  to  give  the  value  of  x  for  which  Eli 
»  0  with  sufficient  accuracy  for  all  ordinary  cases. 

When  the  load  is  considered  as  concentrated  at  a  single  point,  (2  =  0  and 
equations  (86),  (87),  (90)  and  (91)  readily  reduce  to  the  forms  in  equations 
(40),  (41),  (42)  and  (43),  Case  (f). 

Symmetrical  loading. — When  the  loading  of  the  beam  is  symmetrical  with 
respect  to  the  center  of  the  span,  a  =  b  and  the  greatest  deflection  will  occur 

at  the  middle  of  the  span,  where  x  «=  a  =  b  «  5  • 

Substituting  in  (89)  and  reducing 

t>o-  ~  zSeI®*  -  l™  +  W (92) 

When  the  load  is  uniformly  distributed  over  the  entire  span  d  —  I  and 
equations  (88),  (89)  and  (92)  will  readily  reduce  to  the  form  of  equations  (28), 
(29)  and  (31),  Case  (e). 

99.  Slope  and  Deflection,  Loads  Considered  Simultaneously. 

—  In  cases  in  which  the  load  system  is  more  complex  than  in  those 
illustrated  in  Art.  (98)  the  general  method  of  procedure  is  the  same 
as  that  illustrated  in  Case  (i)  of  that  article. 
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The  beam  is  divided  into  as  many  parts  as  are  necessary  to 
obtain  the  general  formulas  for  bending  moments,  throughout  the 
length.  These  values  are  substituted  in  the  differential  equation 
of  the  elastic  curve  and  two  integrations  for  each  division  give  the 
general  formulas  for  slope  and  deflection. 

The  constants  of  integration  are  determined  from  the  condi- 
tions of  continuity  of  the  elastic  curve  and  other  conditions, 
depending  on  the  way  in  which  the  beam  is  supported.  It  is 
evident  that  the  number  of  conditions  must  be  the  same  as  the 
number  of  unknown  constants. 

The  greatest  slope  will  be  at  one  of  the  ends  of  the  beam,  or  at  a 
point  of  inflexion. 

The  greatest  deflection  will  be  at  one  end  of  the  beam,  or  at  a 
point  of  zero  slope. 

When  the  system  of  loading  is  complex  the  solution  for  any 
particular  case  can  be  simplified  considerably  by  writing  the 
values  of  the  bending  moment  for  the  different  divisions  of  the 
beam  in  terms  of  the  numerical  values  of  the  loads  and  the  variable 
x,  as  in  the  following  case  (Fig.  129)  which  is  given  as  an  illustra- 
tion of  the  method  of  solving  a  numerical  problem. 


Rf-ttw 


Fig.  129. 


The  beam  is  subjected  to  a  uniformly  distributed  load  of  intensity  w  —  600 
lbs.  per  ft.  and  the  two  concentrated  loads  of  3000  lbs.  and  600  lbs.  The 
supporting  forces  are  Ri  »  4500  lbs.  and  R*  —  8700  lbs. 

For  values  of  x  from  0  to  6, 

Af  «  4500* -300  x* (1) 

EH  -  2250  a*  -  100  *•  +  e, (2) 

where  e  »  Elii,  ix  being  the  slope  at  the  left  hand  support. 

Elv^750x*-25xi  +  EIilx  +  clf (3) 

where  the  constant  of  integration  oj  ■=  0. 
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For  values  of  x  from  0  to  12, 

M-  4500a;  -300a*-  3000  (s  -  6), (4) 

tf 7*  =  225U  a*  -  100  x«  -  1500  (a?  -  6)*  +  c»,    ....    (5) 

where,  from  the  condition  of  continuity  when  x  =  6,  &  —  Eli*. 

Elv  =  750x* -25x<- 500  (x-W  +  ElixX  +  Ci,     ...    (6) 

where,  from  the  condition  of  continuity  when  x  —  6,  c»  —  0.    When  x  «  12, 
v  —  0  and  hence,  from  (6), 

Eli,  -  -  55,800 (7) 

For  values  of  x  from  12  to  16, 

j|f=  -600(16-*)  -300(16-*)*, (8) 

Eli '-  300  (16  -  a;)1  +  100  (16  -  *)«  +  c*,     ....    (9) 

where,  from  the  condition  of  continuity  when  x  —  12,  c<  —  30,200. 

#7*  -  -  100  (16  -  xY  -  25  (16  -  xY  +  30,200  a?  +  c*,  .    .    (10) 

where,  since  »  —  0,  when  x  ■  12,  a  —  —349,600. 
Putting  (2)  equal  to  zero  and  solving  for  x, 

x  =  5.78  ft., 

and  hence,  to  find  the  greatest  deflection  between  the  supports,  put~x  *  5.78 
in  (3)  which  gives 

Elvo  -  750  X  578s-  25  X  5J84  -  55,800  X  5.78  =  -  205,600,     .     (11) 

from  which  the  value  of  vq  can  be  easily  found  when  E  and  7  are  known. 

The  value  of  Elix  for  the  left  support  is  given  by  equation  (7)  and  the  value 

for  the  right  support  can  be  found  by  putting  x  —  12  in  either  (5)  or  (9), 

which  will  give 

Eli*  -  41,400 (12) 

For  the  right  end  of  the  beam,  putting  x  =  16  in  (9),  we  obtain 

Eli'  -  30,200 "~.    .     (13) 

and  putting  x  «■  16  in  (10), 

EW  -  133,600, (14) 

which  indicates  that  the  deflection  at  the  right  hand  end  is  upward  but  of  less 
magnitude  than  the  value  of  vo  between  the  supports. 

Note.  —  It  should  be  observed  that  in  the  foregoing  equations  the  linear 
unit  is  the  foot  and  hence  E  represents  the  modulus  of  elasticity  expressed  in 
lbs./ft.',  7  the  moment  of  inertia  expressed  in  (ft.)4  and  «o  the  greatest  deflec- 
tion expressed  in  ft. 

100.  Slope  and  Deflection,  Loads  Considered  Separately.  —  If' 
the  system  of  loads  acting  on  a  beam  can  be  separated  into  one  or 
more  of  the  elementary  systems  given  in  Art.  (98),  the  slope  and 
deflection  at  any  point  may  be  computed  by  using  the  general 
formulas;  and  obtaining  the  slope  and  deflection  at  the  point  due 
to  each  elementary  system  separately  and  then  adding  together' 
the  results. 
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The  method  is  based  upon  the  same  principle  as  that  involved 
in  determining  shearing  forces  and  bending  moments  by  combining 
the  results,  obtained  by  considering  each  load  as  acting  alone 
(Art.  75).  According  to  that  principle  the  bending  moment  at 
any  section  of  a  beam,  subjected  to  any  system  of  loading,  may 
be  represented  by  the  expression 

M  -  M  i  +  Mi  +  Mz  +  •  •  •  ,      .    .    .     (1) 

where  Mh  M%,  Afs,  etc.,  are  the  bending  moments  at  the  section 
due  to  each  of  the  loads,  or  parts  of  the  load  system,  acting  on  the 
beam. 

Hence  the  general  slope  equation  for  any  point  in  the  beam  may 
be  written 

Eli  =  Cm  dx  -    f(Mi  +  M2  +  M9  +  •  •  •)  dx 

=  J  M\dz+  I Midx+  I  Mzdx+  •  •  • 

=  EHX  +  EIit  +  EIiz  +  -  •  •  , (2) 

where  t\,  i*,  tj,  etc.,  evidently  represent  the  values  of  the  slope  at 
the  point  due  to  each  part  of  the  load  system  acting  separately. 
Similarly, 

EIv  =  EI  fidx  =  EI  (*(%!  + it +  iz  +  -  •  -  )dx 

=  EI  fiidx  +  EI  fiidx  +  EI  fizdx+  •  •  • 

-  EIvi  +  Elvt  +  EIvz  +  •  •  •  , (3) 

where  Vi,  v%}  vz,  etc.,  represent  values  of  the  deflection  at  the  point 
due  to  each  part  of  the  load  system  acting  separately. 

As  a  simple  illustration,  the  deflection  at  the  free  end  of  a  canti- 
lever beam,  due  to  a  load  Wi,  concentrated  at  the  end,  and  a 
uniformly  distributed  load  W%,  may  be  found  by  adding  (alge- 
braically) the  deflections  due  to  each  load  separately,  as  given  by 
the  formulas  (7)  and  (17)  (Art.  98),  giving  for  the  total  deflection 

*°~      3EI      SEI w 

Similarly,  the  deflection  at  any  point  at  a  distance  x  from  the  fixed 
end  can  be  found  by  adding  (5)  and  (15)  (Art.  98),  giving 

„  -       W**  /o  /      ^        **  (P*      &      x*\  ... 
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The  slopes  due  to  the  combined  loading  may  be  found  in  a 
similar  manner,  by  combining  (6)  with  (16)  and  (4)  with  (14) 
(Art.  98),  giving  for  the  slope  at  the  free  end 

WJ*      WJ* 


10  ~      2EI 
and  for  the  slope  at  any  section 


6  EI' 


(6) 


<--lfe(2«-*)-    W% 


2EI 


2  IE  I 


(*-W  +  i)- 


(7) 


101.  Built-in  Beams,  or  Beams  with  Fixed  Ends.  —  Built-in, 
or  beams  with  "fixed  ends,"  so  called,  are  beams  that  are  held 
in  such  a  manner  that  the  slope  at  each  support  is  equal  to  zero. 
Such  a  beam  is  rarely  met  with  in  practice  but  cases  occur  which 
approximate  these  conditions. 

If  a  section  is  taken  through  such  a  beam  just  inside  of  either 
support  the  resultant  of  the  stress  on  the  section  will  consist  of  a 
couple,  which  is  the  resultant  of  the  normal  stress,  and  a  vertical 
force,  which  is  the  resultant  of  the  shearing  stress;  and  the  fun- 
damental difference  between  the  force  system,  acting  on  such  a 
beam,  and  that  on  a  simple  beam  loaded  in  the  same  manner,  is 
in  the  terminal  couples  M\  and  M2,  acting  as  indicated  (Fig.  130). 


Fig.  130. 

* 

When  the  supports  are  at  or  near  the  same  level,  the  effect  of 
these  couples  will  be  to  reduce  the  magnitude  of  the  greatest 
bending  moment  and  the  greatest  deflection  below  the  values 
which  would  exist  if  the  beam  were  supported  as  a  simple  beam. 
Hence  a  beam  with  the  ends  securely  fastened  vritt  have  greater 
strength  and  stiffness  than  if  it  is  supported  as  a  simple  beam. 

When  the  loading  is  symmetrical  with  respect  to  the  middle  of 
the  span  the  couples  M\  and  Af2  are  of  equal  magnitude  and  oppo- 
site sign  and  the  shearing  forces  at  the  ends  are  equal  and  of  the 
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same  magnitude  as  if  the  beam  were  supported  as  a  simple  beam. 
When  the  loading  is  not  symmetrical,  both  the  bending  moments 
and  shearing  forces  at  the  ends  are  unequal;  and  the  values  of  the 
shearing  forces  are  not  the  same  as  in  a  simple  beam  loaded  in  the 
same  manner. 

The  value  of  the  shearing  force  at  any  section,  at  a  distance  * 
from  the  origin,  will  evidently  be  represented  by  the  expression 

S  =  Si-%W-fwdx (1) 

and  the  bending  moment  at  the  section,  by  the  expression 

M  =  Mi  +  Six  -*%W  (*  -  a)  -  f  Cwdxdx  (Art.  73).  .     (2) 

To  determine  the  values  of  &  and  Mi  for  any  particular  case 
it  will  in  general  be  necessary  to  deduce  the  formulas  for  the  slope 
and  deflection  in  terms  of  the  value  of  M,  as  expressed  in  equation 
(2),  by  integration  of  the  differential  equation  of  the  elastic  curve 
(Art.  96). 

In  a  few  simple  cases  a  solution  can  be  made  by  the  addition  of 
the  slope  and  deflection  equations  as  indicated  (Art.  100). 

The  following  cases  are  given  as  illustrations  of  the  methods 
which  may  be  used.  In  each  case  the  supports  are  on  the  same 
level  and  Mi  and  M%  represent  the  couples  and  Si  and  S%  the 
resultant  shearing  stresses  acting  on  the  end  sections. 

(a)  Beam  fixed  at  the  ends,  single  concentrated  load  at  the  center  of  the  span 
(Fig.  131).  —  From  the  symmetry  M i  =  —  M %  and,  taking  moments  about 
the  right  support, 

Si  -  ^  +  M i  -  Mt  -  0 

and  hence 

&-f (3) 

The  load  system  may  be  divided  into  two  parts: 

(1)  Including  the  load  W  and  the  vertical  end  reactions; 

(2)  Including  the  terminal  couples  Mi  and  M%. 

The  slope  at  0  due  to  the  load  W  and  vertical  reactions  alone  would  be 

*'  ■  "  jsh (Art-  98)> 

and  the  slope  at  O  due  to  the  uniform  bending/produced  by  the  terminal 
couples,  would  be 

<i"  -  -  5^  (Art.  97). 
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Adding  together  (Art.  100)  we  have,  since  the  slope  under  the  combined 

loading  is  sero, 

ilfil        WP 


whenoe 


0-  - 


Mi-- 


2El      WEI9 

Wl 
8 


(4) 


"5J 


L^TLtr^^ 


Fig.  131. 


The  general  equations  for  the  slope  and  deflection  may  be  found  in  a  similar 
manner,  by  adding  the  expressions  already  deduced  for  the  two  parts  of  the 
load  system;  or,  by  integration,  from  the  differential  equation  of  the  elastic 
curve  as  follows: 


For  values  of  x  from  0  to  x, 


and 


S~2 


M 


and  by  integration 


and 


W 


-f  (1  -4*); 


EH-  -^(lx-2x*) 


EIv 


8  \2         3  /' 


(5) 


(6) 


(7) 


(8) 


both  constants  of  integration  being  equal  to  sero. 

Owing  to  the  symmetry,  these  equations  are  evidently  all  that  are  required 

to  find  the  slope  and  deflection  throughout  the  length  of  the  beam. 
I 
When  *  —  ^ ,  we  obtain  from  (6) 


™        8  ' 


(») 
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the  greatest  positive  value  of  the  bending  moment,  and  from  (8) 

Wl> 


tto  ■*  - 


192  EI 


(10) 


the  greatest  deflection  in  the  beam. 


I 


To  determine  the  greatest  slope  note  that  Af  =  0  when  x  «■  j  an(^>  by  sub- 
stituting in  (7),  we  obtain 


H  -  — 


64  #/ 


(11) 


From  the  symmetry  there  are  evidently  two  points  of  inflexion,  at  a  distance 
7  on  either  side  of  the  middle  of  the  span. 

4 

(b)  Beam  fixed  at  the  ends,  load  uniformly  distributed  over  entire  span  (Fig. 
132).  —  Let  W  «=  \d  equal  the  total  load  on  the  beam. 


.-■* 


"■•MiJ^pP 


'   L      '   .-rtTffllllllllllTTm^1 


Fig.  132. 


Then  M i  -  -  M i  and 


and 


Af-^+ATi  -Af,  -0 


(12) 


Dividing  the  load  system  into  two  parts,  (1)  the  uniformly  distributed 
load  and  vertical  reactions  and  (2)  the  terminal  couples  M i  and  M%,  the  slope 
at  0  due  to  (1)  acting  alone  would  be 

TFP     (Art.  98) 


ti  =  - 


21  EI 


and  that  due  to  (2)  alone  would  be 


2  EI 


Adding  together  and  solving  for  Mi, 


Ml  12 


(13) 
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Proceeding  as  before:  for  values  of  x  for  the  entire  span, 

S  =  E-wx  =  »(i-2z), (14) 

\m       ir_i_o  «*  Wl.W         WZ* 

m-m»+&*--2--  __  +  -* — ^ 

"  -^(P-6to  +  6x«), (15) 

EIi~  -^(Px-3i*  +  2a*) (16) 

and 

w,--5(!?-|x,+f)' (17) 

both  constants  of  integration  being  equal  to  zero. 

When  j»t,we  obtain  for  the  greatest  positive  bending  moment 

M       24       24 (18) 

and  for  the  greatest  deflection 

tt>ft     _  Wl*  . 

*~       384^7  ~  384^/'  *    *    '    -    '    *  UW; 

Placing  (15)  equal  to  zero,  we  obtain  for  the  points  of  inflexion 

-5*i7i-5(lsfc7i)' (20) 

showing  that  the  points  of  inflexion  are  at  a  distance 

-^=  =  0.28871 
2V5 

from  the  middle  of  the  span. 

At  the  left  hand  point  of  inflexion  the  value  of  the  slope,  obtained  by 

substituting  the  above  value  of  x  in  (16),  will  be  equal  to 

wl*                   WP  /01X 

to 7= — 7= — (21) 

(0)  Beam  fixed  at  the  ends,  two  equal  concentrated  loads,  equidistant  from  the 
ends  (Fig.  133).  —  Let  W  —  the  magnitude  of  each  load  and  a  =  the  distance 
between  the  load  and  the  end  of  the  beam.  Since  the  loading  is  symmetrical 
M 1  =  —  M 1  and,  evidently, 

Si  -  W (22) 

Dividing  the  load  system  into  two  parts,  (1)  the  loads  W  and  the  vertical 
reactions  and  (2)  the  terminal  couples  Afi  and  M%,  the  slope  at  0  due  to  (1) 
acting  alone  would  be 

ii'«-^(?-<0(Art.98) 
and  that  due  to  (2)  alone  would  be 


H  ■  "      2EI 
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Adding  together  and  solving  for  Af i, 


^--^(i-a). 


Lfflmiiiniiiiiimimiiifh^ 


M 


r-F„- 


Fiq.  133. 


Proceeding  as  before:  for  values  of  z  from  0  to  a, 

8  -  Wt 

M  -  Af!  -I-  S0  -  TFx  -  ^y  (I  -  a), 

(I -a)      ... 


and 


EH 


EIv 


I 


Wx*      Wax*  „       N 

-r--2r(Z"0)' 


both  constants  of  integration  being  equal  to  sero. 
For  values  of  x  from  a  to  I  —  a, 

5-0, 


Af'  =Mi+SiX-W(x-a) 


W<* 
I 


which  is  evidently  the  greatest  positive  bending  moment, 

Wa*x      Wa* 


EH 


I 


Wa*  . 


(28) 


(24) 
(25) 

(26) 
(27) 


(28) 
(29) 


(30) 


where  the  constant ^—  is  easily  determined  from  the  condition  of  con- 
tinuity at  x  —  a,  and 


£/* 


TPa*a*      Wa*x      Wa* 

—      s       r 


22 


6 


(31) 


TFa«. 


where  the  constant  -~—  is  readily  determined  from  the  continuity. 

The  slope  and  deflection  at  any  point  between  x  —  I  —  a  and  x  —  I  can 
evidently  be  obtained  from  (26)  and  (27)  by  taking  the  origin  at  the  right  hand 
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I 
end  of  the  beam.     The  greatest  deflection  will  occur  when  x  —  5  and  sub- 
stituting in  (31)  and  reducing 

*"~Sr(3*~4o) (82) 

The  points  of  inflexion  will  be  located  between  the  fixed  ends  and  tne  loads 
W.  The  distance  of  these  points  from  the  supports  can  be  easily  obtained 
by  putting  (26)  equal  to  zero. 

(d)  Beam  fixed  at  ends,  single  concentrated  load  not  at  center  (Fig.  134).  —  In 
this  case  the  terminal  couples  are  not  equal  and  both  S\  and  Mi  must  be  deter- 
mined from  the  properties  of  the  elastic  curve.    Assume  a  >  b. 


Fig.  134. 


For  values  of  x  from  0  to  a, 

M  -  M 1  +  Sixi, 
Six* 
2   ' 
Six* 


Eli  -  Mxx  + 
Mix* 


EIv 


2    +    6 


(33) 
(34) 

(35) 
(36) 


both  constants  being  equal  to  zero,  since  i  «  0  and  v  ■  0  when  x  =  Q. 
For  values  of  x  from  a  to  J, 

S  -  &  -  W, 

Jf-lfi+&*-W(s-a)y 


£/< 


M'*  +  ^T-?(*-a>,  +  *. 


(37) 
(38) 

(39) 


where,  from  the  condition  of  continuity  when  x  —  a,  it  is  evident  that  Ci  ■■  0, 

tfl»--5T-H — s---s-(x-o)»  +  Ci, (40) 


where,  from  the  condition  of  continuity,  c*  —  0  also. 
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The  values  of  Mi  and  &  may  now  be  determined  from  the  conditions  %  —  0 
and  v  =»  0  when  x  —  J.    Making  the  substitutions  in  (39)  and  (40), 

2AfJ  +  &P-FV-0, 
3  Af  iP  +  «•  -  TF6»  -  0. 

Solving  for  Af i  and  &, 

*--^f (41) 

5,-^(I  +  2a)-55!(6  +  3a) (42) 

Substituting  the  values  of  3,  and  Mi  in  (33),  (34),  (35)  and  (36)  and  re- 
ducing, we  have  for  the  general  formulas,  for  values  of  x  from  0  to  o, 

S-^r(l  +  2a), (43) 

M-^[(l  +  2a)x-aIi, (44) 

EIi-^-[(l  +  2o)x-2aH (46) 

EJv^^[(l  +  2a)x-Ball (46) 

The  greatest  positive  bending  moment  will  be  obtained  when  x  —  a  and, 
substituting  in  (44),  its  value  is  found  to  be  equal  to 

JP-2^K (47) 

Placing  (45)  equal  to  zero,  we  obtain,  for  the  point  of  greatest  deflection, 

2al 
X~l  +  2a; (m 

and  substituting  in  (46)  we  obtain,  for  the  greatest  deflection, 

2Wa*P 

90  "       S(l  +  2a)*EI (49' 


The  deflection  at  the  load  W,  where  x  —  a,  is  equal  to 

WaV . 
3  I'El  ' 


*•  =  ~  inn  » (w> 


and,  when  x  ■-  5 ,  we  have  for  the  deflection  at  the  middle  of  the  span, 

"•--S^0-0 <6i> 

Putting  (44)  equal  to  zero,  we  obtain  for  the  point  of  inflexion 

—  TTT. (62> 

and,  substituting  in  (45),  the  slope  at  this  point  is  equal  to 

*  21(1  + 2a)  El l°°' 
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With  the  exception  of  equations  (48),  (49)  and  (51),  all  of  the  equations 
will  evidently  apply  to  the  portion  of  the  beam  between  the  load  and  the  right 
support,  provided  the  origin  is  taken  at  the  right  end,  with  x  positive  to  the 
left  and  the  dimensions  a  and  b  reversed. 

For  example,  the  expression  for  the  bending  moment  at  the  right  end  will  be 


ljr           Wa*b 
Mt p-; 

and  that  for  the  shearing  force  at  the  right  end, 

Wa* 


(64) 


St 


(a  +  36) (66) 


102.  Determination  of  Supporting  Forces  for  Beams  which  are 
Statically  Indeterminate.  —  The  method  employed  in  Art.  (101), 
by  means  of  which  the  equations  for  slope  and  deflection  are 
made  to  furnish  the  conditions,  in  addition  to  the  laws  of  equilib- 
rium, which  are  needed  to  determine  shearing  forces  and  bend- 
ing moments  in  beams  fixed  at  the  ends,  may  be  extended  to  apply 
to  other  statically  indeterminate  cases. 

By  use  of  the  formulas  for  the  cases  in  Art.  (98)  the  method 
may  be  used  to  determine  the  bending  moments  and  shearing 
forces  in  any  beam  subjected  to  concentrated  and  uniformly  dis- 
tributed loads.  The  beam  may  be  supported  at  any  number  of 
points  and  one  or  both  ends  may  be  either  supported  or  fixed.  The 
method  is  not  convenient  to  use,  however,  except  in  a  few  simple 
cases,  such  as  the  following: 

(a)  Beam  fixed  at  one  end  and  supported  at  the  other  and  loaded  uniformly 
(Fig.  136).  —  Let  W  «  xd  equal  the  total  load  and  assume  that  the  supports 


Fig.  136. 

are  on  the  same  level.  Consider  the  beam  as  a  cantilever  subjected  to  the  two 
load  systems:  (1)  the  uniformly  distributed  load  W  —  ult  (2)  the  right  hand 
supporting  force  R*. 
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The  deflection  at  the  right  end,  if  the  load  W  were  acting  alone,  would  be 

*  "      SEI 

and  the  deflection,  if  the  force  &  were  acting  alone,  would  be 

*'  =  *£ 
*      3  El' 

As  the  supports  are  on  the  same  level,  we  obtain,  by  adding, 

u  ZEl^ZEP 

whence 

*-*f a) 

Therefore  the  bending  moment  at  the  fixed  end  will  be  equal  to 

m-rj      v>P_ZWl_Wl         Wl  .. 

and  the  shearing  force  at  the  fixed  end  will  be  equal  to 

Sl-W-ZJ-6J (3) 

Hence,  for  any  section  at  a  distance  z  to  the  right  of  the  origin, 

S-^-^^^j-gs), (4) 

.-  Wl  .  5 W        wx*     w  /e ,        .   -      m  /cx 

M  -  --g-  +"8"x"--2~  -■§(*** -4* -10,    ...     (5) 


and 


wthlx*     4x«      w  \  ,ftv 

t    ^    q"  I         „~   ~~       n        """  I  X  I      •         •         •         •        •        •        •        •        •        •         •         10-/ 


„.       to  (Six*     s4      fcr*\  «* 

~8\~6         3  """2"/' w 


both  constants  of  integration  being  equal  to  zero. 
The  shearing  force  will  be  equal  to  zero  when 


*-gl .(8) 

and  the  greatest  positive  bending  moment  will  be  equal  to 

"-•k^-m™ (9) 

The  slope  will  equal  zero  when 

x  -  0.58 1  (nearly) (10) 

and  the  greatest  deflection  will  be  equal  to 

0.0054  v#          0.0054  H7«         ,  .  ,11N 

»o ^j — £j (nearly).      .    .    .    (11) 

For  the  point  of  inflexion 

»-i  •' <12> 
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and  the  slope  at  this  point  will  be  equal  to 

llwl*  HTTP 


to  -  — 


768  EI 


70S  El 


(13) 


The  greatest  slope  will  occur  at  the  right  end,  where  x  —  I,  and  will  be 

equal  to 

.         wl*         WP  n« 

**"48^i  "48JEJ K    } 

(b)  Beam  supported  at  three  points  on  the  same  level,  with  the  two  spans  equal, 
and  subjected  to  a  uniformly  distributed  load  (Fig.  136).  —  Evidently  the  slope 
of  the  beam  over  the  middle  support  will  be  equal  to  zero  and  the  elastic  curve 
will  be  symmetrical  with  respect  to  the  vertical  axis  at  the  middle  support; 
and,  moreover,  the  curve  for  each  span  will  be  of  the  same  form  as  the  elastic 
curve  of  the  beam  in  Case  (a). 


Fw.  136. 


Hence,  if  we  let  I  =»  the  length  of  each  span  and  W  =  wl  equal  the  total 
load  in  each  span,  all  of  the  formulas  for  Case  (a)  will  apply  directly  to  the 
right  hand  span;  and,  for  all  points  in  the  left  hand  span,  the  values  of  bending 
moments,  slopes  and  deflections  can  be  determined  from  symmetry. 

The  supporting  forces  at  the  ends  will  evidently  be  equal  to 

A  =  i2,=^Z (15) 


8 

and  the  support  at  the  center  will  be  equal  to 

5wl 


Ro  - 


(16) 


Another  solution  of  the  problem  may  be  made  by  treating  the  beam  as 
having  a  single  span  2  I  and  subjected  to  the  load  system  consisting  of:  (1) 
a  uniformly  distributed  load  of  intensity  w  and  (2)  an  unknown  concentrated 
load  Ro  at  the  middle  of  the  span,  acting  in  the  direction  opposite  to  the  dis- 
tributed load  and  of  sufficient  magnitude  to  make  the  deflection  at  its  point  of 
application  equal  to  zero.  Applying  the  formulas  (Art.  08),  the  deflection  at 
the  center  of  the  span,  due  to  the  uniformly  distributed  load  acting  alone, 
would  be  equal  to 

_  5(2iol)(2Q*  _  _  5tflft 

3842?/  24-0/ 


tf 


(17) 


216 


APPLIED  MECHANICS 


and  that  due  to  the  concentrated  force  Rq  acting  alone  would  be  equal  to 

2W« 


*"« 


QEI 


(18) 


Since  the  resultant  deflection  at  the  middle  support  is  equal  to  aero, 


«o'  +  »>" 


and  hence 


&EI      2AEI 


Rq  «  -^wl, 


0, 


(19) 


as  before.    The  rest  of  the  solution  would  be  the  same  as  that  for  Case  (a). 

The  latter  method  of  solving  the  problem  can  evidently  be  applied  when 
the  middle  support  is  above  or  below  the  level  of  the  other  two,  by  placing  (19) 
equal  to  the  difference  in  level  of  the  supports,  observing  that  the  difference  in 
level  must  be  positive  when  the  middle  support  is  higher  than  the  other  two  and 
negative  when  lower. 

(c)  Beam  fixed  at  one  end  and  supported  at  the  other,  subjected  to  a  uniformly 
distributed  and  a  concentrated  load  (Fig.  137).  —  A  numerical  solution  of  this 
case  will  be  given,  assuming  that  w  =■  1000  lbs.  per  ft.  and  that  the  supports 
are  on  the  same  level. 


Fig.  137. 


Treat  the  beam  as  a  cantilever  and  apply  the  condition  that  the  total 
deflection  at  the  right  support,  due  to  (1)  the  loads  on  the  beam  and  (2)  the 
supporting  force  Rt,  is  equal  to  zero.  Then,  by  substituting  in  formulas  (12). 
(17)  and  (7)  (Art.  98)  and  adding  the  deflections,  we  obtain 

8000  X  36  (12  +  12)  _  10,000  X  1000  ,  Ri  X  1000 

QEI  SEI  +       3EI       =0' 

/.  Rt  -  7206  lbs. 

Observing  that,  according  to  the  usual  system  of  signs,  the  shearing  force 
at  the  left  of  the  support  Rt  is  negative,  and  letting  Si  =  the  shearing  force 
at  the  right  of  the  fixed  support, 

&  -  8000  -  10,000  -  -  7206 

and  hence 

Si  =  10,794  lbs. 
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Following  again  the  usual  system  of  signs,  the  bending  moment  at  the  fixed 
support  will  be  equal  to 

Afi  -  7206  X  10  -  8000  X  6  -  10,000  X  5  -  -  25,940  ft.  lbs. 
The  general  equations,  for  values  of  x  from  0  to  6,  will  be 

S  -  10,794  -  1000*, (1) 

M«  -25,940 +  10,794  a; -600*, (2) 

EH-  -25,940*  + 6397 rf-2^p: (3) 

and 

EIv  -  -  12,970  a*  +  1799  *«  -  ±=p- (4) 

The  shearing  force  is  evidently  zero  under  the  concentrated  load  and  hence 
the  greatest  positive  bending  moment  will  be  equal  to 

M'  -  -  25,940  +  10,794  X  6  -  500  X  36  -  20,820ft. lbs. 

Placing  (3)  equal  to  zero  and  solving  for  x,  we  obtain 

*  -  5.9  ft., 

and,  substituting  in  (4),  the  value  of  EIv  at  the  point  of  greatest  deflection 

becomes  equal  to 

EIv*  =  -  132,000, 

from  which  the  value  of  v*  for  any  given  values  of  E  and  I  may  be  determined. 
Placing  (2)  equal  to  zero,  the  value  of  *  for  the  point  of  inflexion  is  found 

to  be 

*  -  2.8  ft. 

To  obtain  the  greatest  slope  it  would  be  necessary  to  deduce  the  general 
equations  for  values  of  *  from  6  to  10,  the  greatest  value  of  the  slope  being 
evidently  obtained  when  x  —  10.  If  the  solution  of  (3)  had  given  a  value  of 
*  >  6  it  would  also  have  been  necessary  to  use  these  equations  to  determine 
the  greatest  deflection. 

Reference  should  be  made  to  the  note  (Art.  99)  in  regard  to  the  units  for 
the  values  of  E,  I  and  t\>  in  the  preceding  equations. 

103.  Deflection  of  Beams  of  Non-Uniform  Cross  Section. 
Beams  of  Uniform  Strength.  —  If  the  principles  of  the  theory  of 
bending  are  assumed  to  apply  to  beams  in  which  the  cross  sections 
vary,  the  equations  of  the  elastic  curve  may  be  obtained  by  inte- 
grating the  differential  equation  (Art.  96),  provided  the  value  of 

Af 

-j-  can  be  expressed  in  integrable  terms  of  x. 

The  following  are  given  as  illustrations  of  the  application  of  the 
theory  in  the  case  of  beams  of  uniform  strength  and  of  rectangular 
cross  section  (Art.  85),  the  same  limitations  being  imposed  as  in  the 
article  referred  to.  The  formulas  obtained  can  be  used  to  give 
approximate  results  only,  inasmuch  as  for  nearly  all  systems  of 


218  APPLIED  MECHANICS 

loading  it  is  impossible  to  construct  a  beam  of  exact  uniform 
strength  throughout  its  entire  length. 

(a)  Cantilever  beam  of  uniform  depth  subjected  to  a  concentrated  load  at  the 
free  end. — Let  W  —  the  load,  I  —  the  length  of  the  beam,  h  =  the  moment  of 
inertia  and  M o  =»  the  bending  moment  at  the  cross  section  at  the  fixed  end. 
Fig.  (120)  may  be  taken  to  illustrate  the  beam  and  its  bending  moment 
diagram. 

For  a  beam  of  uniform  strength 

/  —  -j-  «■  a  constant. 

Hence  in  this  case,  since  c  —  a  constant,  the  value  at  any  cross  section  of  the 
quantity 

M        Ma         —  Wl  .       A  y-v 

•y  —  -f1 "  — j —  «  a  constant (1) 

i  i©  la 

and,  therefore,  the  equation  of  the  elastic  curve  may  be  written 

db      M      -Wl  . 

d&~  EI~   EI* (2' 

Integrating 

— s • 

and 

Wlx*  ,AS 

r--2ETo W 

both  constants  being  equal  to  zero. 

The  greatest  slope  and  the  greatest  deflection  will  occur  when  x  =  I  and 

hence 

WP  ,_x 

O'-ETo (5) 

and 

Wl* 

(b)  Cantilever  beam  of  uniform  breadth,  subjected  to  a  concentrated  load  at  the 

free  end  (Fig.  120).  —  Following  the  notation  adopted  in  the  preceding  case, 

we  shall  have 

Mc  _  Mffip. 

and,  if  we  let  b  —  the  breadth  of  the  beam  and  ha  =  the  depth  of  the  cross 
section  at  the  fixed  end  and  h  -  the  depth  at  any  section  at  a  distance  x  from 
the  fixed  end,  this  equation  will  reduce  to 

-  6  W  (I  -  x)       -6TTZ 

bh*  "     6V 

Solving  for  the  value  of  the  depth  h  at  any  point,  we  obtain 


h 


-*V^; 


and  hence  at  any  cross  section  the  value  of 

M  =12M  _      12W(l-x)fl  ^  Wl*  m 

I      .bh*  bh**{l-x)*    "      /off-*)*-     #    *    *    OT 
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Substituting  in  the  differential  equation, 

dh      M  Wfi 


and  integrating 


dx*     EI         EI."     **       w 

%      Eh  {      X)       Eh  '••••••    •    W 


2  PPP 
where  the  constant  of  integration  is  equal  to  —  -gy-- 

Integrating  again 

v--*Ehil~X )l--Eh~  +  ~SEh'    "    •    '    *    00) 

4WI* 
the  constant  of  integration  being  equal  to  oirr ' 

Substituting  x  «  I  in  (9)  and  (10)  and  reducing,  the  equations  for  the 
greatest  slope  and  deflection  become 


and 


2TFP  /t1v 

*-— Eh (U) 

*'-3^ (12) 


(c)  Beam  of  uniform  depth,  supported  at  the  ends  and  subjected  to  a  single 
load  concentrated  at  the  middle  of  the  span  (Fig.  123).  —  Let  W  —  the  load  and 
I  a  the  length  of  the  span.  The  half  of  the  beam  on  either  side  of  the  center 
will  evidently  be  loaded  under  the  same  conditions  as  the  cantilever  beam  in 
Case  (a)  and  hence  the  width  of  the  cross  section  will  vary  uniformly  from  zero 
at  the  support  to  a  maximum  at  the  center  of  the  beam. 

The  following  equations  for  the  greatest  slope  and  deflection  can,  therefore, 

W  I 

be  obtained  by  substituting  -=-  for  W  and  5  for  I  in  equations  (5)  and  (6),  and 

making  proper  allowance  for  the  signs,  whence 


and 


*— S (13) 


*--3W. (14) 


where  h  evidently  represents  the  moment  of  inertia  of  the  cross  section  at  the 
middle  of  the  beam. 

(d)  Beam  of  uniform  breadth,  supported  at  the  ends  and  subjected  to  a  single 
load  concentrated  at  the  middle  of  the  span  (Fig.  123).  —  The  two  halves  of  the 
beam  will  be  of  the  same  form  as  the  cantilever  beam  Case  (b)  and  the  equa- 
tions for  the  greatest  slope  and  deflection  can  be  obtained  from  (11)  and  (12) 

TV  I 

by  substituting  -^  for  W  and  ^  for  I  in  the  same  manner  as  in  the  preceding 
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Henoe 


and 

Wl* 

*  -  — 


*--4^Tr (15) 


24  Eh9 
where  h  —  the  moment  of  inertia  of  the  middle  cross  section  as  before. 

With  a  few  exceptions  the  formulas  for  slope  and  deflections  for 
rectangular  beams  of  uniform  strength  can  be  determined  for  all 
simple  systems  of  loading  by  the  methods  indicated  in  the  pre- 
ceding cases. 

104.  Greatest  Deflection  in  Terms  of  the  Greatest  Bending 
Moment  or  the  Greatest  Fiber  Stress.  —  The  formula  for  the 
greatest  deflection  of  a  beam,  subjected  to  any  system  of  loading, 
can  always  be  expressed  in  terms  of  the  greatest  bending  moment 
by  substituting  for  the  load  W  in  the  formula  its  value  in  terms  of 
Afo.  Likewise  by  expressing  W  in  terms  of  the  greatest  outside 
fiber  stress,  determined  from  the  formula 

the  formula  for  the  greatest  deflection  can  be  expressed  in  terms 
of/. 

For  an  illustration  take  the  case  of  a  simple  beam,  of  length  Z, 
subjected  to  a  uniformly  distributed  load  W  (Fig.  124).  The 
greatest  bending  moment  in  this  case  is  equal  to 


and  hence 


8  Mo 
I 


and  the  load,  expressed  in  terms  of  the  greatest  fiber  stress,  is 
equal  to 

w  =  8-f7- 

Ic 

Substituting  these  values  in  the  formula  for  the  greatest  deflection 
and  disregarding  signs  we  have 

5WP  =5MpP_  5/P 
When  the  cross  section  is  symmetrical  with  respect  to  the 
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neutral  axis,  if  we  let  h  =  the  depth  of  the  beam,  equation  (1) 
may  be  written 

*-sfe <2) 

As  another  illustration  we  may  take  the  case  of  the  simple  beam 
symmetrically  loaded  with  two  concentrated  loads  W  (Fig.  126). 
In  this  case  M0  =  Wa  and  hence  each  load 

TF  =  ^°; 
a 

and  each  load,  expressed  in  terms  of  the  greatest  fiber  stress,  will 
be  equal  to 

ac 

Substituting  the  value  in  the  formula  for  the  greatest  deflection, 
disregarding  signs  and  reducing,  we  have 

*  =  ^(3P-4a')  =  2A-c(3p-4°,);    '    '    (3) 

and  for  a  cross  section  of  depth  h,  symmetrical  with  respect  to  the 
neutral  axis, 

«.=  l^r(3P-4a*) (4) 

Similar  expressions  can  easily  be  obtained  for  all  of  the  simple 
systems  of  loading. 

105.  Allowable  Deflection  of  Floor  Beams.  —  To  provide 
against  too  great  a  deflection  of  the  beams  supporting  a  floor, 
when  subjected  to  the  full  load  that  may  be  put  upon  them,  it  is 
customary  to  limit  the  greatest  allowable  deflection  to  some  small 
fractional  part  of  the  span,  such  as 

Vo  =  lOO'    *0  =  360'    °r    Vo  =  W'    •    •    •    W 

where  k  =  any  small  fractional  part  of  the  span. 

In  any  particular  case  the  size  of  the  beam  required  to  satisfy 
this  condition  may  be  found  by  solving  the  formula^  for  the  greatest 
deflection  for  the  value  of  7.  For  example,  if  we  limit  to  kl  the 
greatest  deflection  of  a  beam  supported  at  the  ends  and  subjected 
to  a  uniformly  distributed  load  W  (Fig.  124),  by  substituting  this 
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value  for  vo  in  equation  (31)  (Art.  98)  we  shall  obtain 

„       5WI* 

384JS7 
and  solving  for  /, 

5  WP 

/=s384Sfc (2) 

Having  the  value  of  /,  the  size  of  the  beam  of  any  cross  section 
and  material,  required  to  satisfy  the  condition,  may  be  readily 
found  from  a  table  of  moments  of  inertia. 

If  the  size  of  the  beam,  determined  in  this  manner,  is  compared 
with  that  obtained  from  the  formula 

/  _  M0  _  Wl 

c"J  "  8/'     •••.-•••    W 

we  shall  find  that,  when  the  length  of  the  span  is  greater  than  a 
certain  definite  amount,  the  size  of  the  beam  determined  from 
equation  (2)  will  be  greater  than  that  obtained  from  (3)  and  vice 
versa  when  the  length  of  the  span  is  less  than  the  amount. 

The  length  of  span,  for  which  both  conditions  will  be  satisfied 
simultaneously,  can  be  obtained  by  combining  (2)  and  (3)  and 
solving  for  J,  which  will  give 

l  =  ~bT (4) 

When  the  cross  section  is  symmetrical  with  respect  to  the 
neutral  axis,  the  value  obtained  by  substituting  v0  =  kl  in  formula 
(2)  (Art.  104)  for  the  deflection  in  terms  of  the  greatest  fiber 
stress,  of  the  beam  supported  at  the  ends  and  subjected  to  a 
uniformly  distributed  load,  is, 

M      24  Eh' 
and  solving  for  A, 

h  "  wm (5) 

A  similar  expression  for  the  value  of  c  when  the  cross  section 
is  not  symmetrical  with  respect  to  the  neutral  axis  may  be  ob- 
tained by  substituting  v0  =  kly  in  equation  (1)  (Art.  104)  : 

c-48Sfc (6) 

Similar  expressions  for  determining  the  depth  of  the  beam  in 
terms  of  the  greatest  fiber  stress  and  the  constant  k  for  the 
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other  systems  of  loading  discussed  in  the  preceding  articles  may 
readily  be  obtained. 

It  is  evident  from  the  preceding  that  it  is  always  possible  to 
design  the  cross  section  of  a  beam,  of  any  material  subjected  to 
any  given  system  of  loading,  in  such  a  manner  that  the  greatest 
deflection  and  the  greatest  fiber  stress  shall  have  any  predeter- 
mined values. 

It  is  not  always  practicable  to  do  this,  but  the  determination  of 
the  value  of  h  is  frequently  an  aid  in  making  the  choice  of  the  cross 
section  for  a  given  case.  When,  for  example,  the  depth  of  the 
cross  section  of  a  beam  supported  at  the  ends  and  loaded  uniformly 
is  equal  to  the  value  given  by  equation  (5),  the  required  moment 
of  inertia  of  the  section  may  be  determined,  either  from  the  formula 
for  the  section  modulus  in  terms  of  the  greatest  fiber  stress,  or  from 
the  formula  for  the  moment  of  inertia  in  terms  of  the  greatest 
deflection.  If,  however,  the  depth  h  is  less  than  the  value  given 
by  (5),  the  required  value  of  J  must  be  determined  from  the  de- 
flection formula  and,  if  h  is  greater  than  the  value  given  by  (5),  the 
value  of  J  must  be  determined  from  the  fiber  stress  formula. 

106.  Summary  —  Formulas  for  Bending  Moments  and  De- 
flections. —  The  table  on  page  (224)  comprises  a  summary  of  the 
formulas,  for  the  more  common  cases  discussed  in  Articles  (74), 
(97),  (98),  (101)  and  (105),  the  values  given  for  each  case  being 
the  following: 

(1)  The  greatest  bending  moment  Mo  in  terms  of  W. 

(2)  The  greatest  deflection  i>0:  (a)  in  terms  of  W;  (b)  in  terms 
of  the  greatest  bending  moment  M0;  (c)  in  terms  of  the  greatest 
fiber  stress  /  and  the  depth  A  of  a  symmetrical  cross  section. 

(3)  The  depth  A  of  a  cross  section,  symmetrical  with  respect  to 
the  neutral  axis,  required  to  satisfy  the  two  conditions:  (a)  the 
greatest  deflection  shall  equal  kl  and  (b)  the  greatest  fiber  stress 
shall  equal  /. 

The  numbers  in  the  second  column  refer  to  the  figures  showing 
sketches  of  the  loading  and  bending  moment  diagrams  for  each 
case.    The  algebraic  signs  are  omitted. 
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107.  Slope  and  Deflection  from  the  Bending  Moment  Dia- 
gram. —  If  we  refer  to  the  general  equation  for  the  slope  of  the 
elastic  curve  (Art.  96)  for  any  beam  of  uniform  section,  it  will  be 
evident  that  the  difference  between  the  product  EIix  for  any  point 
on  the  curve,  distant  Xi  from  the  origin,  and  the  product  Elio,  of 
EI  and  the  slope  to  of  the  curve  at  the  origin,  will  be  represented 
by  the  area  of  the  portion  of  the  bending  moment  diagram  be- 
tween the  origin  and  the  ordinate  at  the  point  X\. 

As  an  illustration  let  the  curve  OnX  (Fig.  138)  represent  the 


elastic  curve  of  a  beam,  referred  to  the  axes  OX  and  OV,  and  let 
OBX  represent  the  bending  moment  diagram  for  the  same  beam. 
If  we  let  ii  =  the  slope  at  any  point,  distant  Xi  from  0,  the  general 
equation  may  be  written,  using  limits  of  integration, 

jTp*  dx  =  ElJ^d  (|-)  -  EI  ft  -  to),  .     .     (1) 

and  hence  the  value  of  the  difference  of  the  products  Elii  and 
Elio  is  represented  by  the  area  OAB,  under  the  bending  moment 
curve  between  the  origin  0  and  the  ordinate  AB,  at  the  distance  x\ 
from  0. 

This  furnishes  another  method  of  finding  the  value  of  t*i  when 
the  constant  to  can  be  found.  If  we  let  x2  =  the  coordinate  of  the 
point  on  the  curve  at  which  the  slope  is  zero,  it  is  evident  that  for 
this  point  equation  (1)  reduces  to 


i-0 


M dx  -  -Elio, 


(2) 


and  therefore,  when  the  value  of  x%  is  known,  by  inspection  or 
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otherwise,  the  value  of  Elio  will  be  represented  by  the  area  OCD, 
between  the  origin  and  the  ordinate  CD,  at  the  distance  x%  from  0. 
The  general  equation  for  the  deflection  at  any  point  in  the 
elastic  curve  may  evidently  be  written 


EI  fdv  =  EI  fidx. 


Substituting  for  Eli  in  this  equation  its  general  value  of  Elii, 
determined  from  equation  (1),  and  introducing  limits  we  have 

dv=*  Eliot       dx+l        I      Mdxdx,    .    (3) 

r-0  _  t/x-0.  t/x-0    */*-0 

which  for  any  case  reduces  to 

EIvi  =  Elioxi  +  I*'*1  f*~*M dxdx  =  Elv&t  +  Y,  .    (4) 

t/x-0     */x-0 

where  v\  =  the  deflection  at  any  point,  distant  X\  from  0,  and 

Mdxdx 


J^x-xt    At- 
x=0    J  x={ 


*0 

is  evidently  equal  to.  the  moment  of  the  area  OAB  about  the 
ordinate  AB  at  a  distance  Xi  from  0. 

When  the  beam  is  a  cantilever,  if  the  origin  is  taken  at  the  fixed 
end,  io  =  0  and  (4)  reduces  to 

EIVl  =  Y; (5) 

and  the  greatest  deflection  will  occur  at  the  free  end,  where  F=  the 
moment  of  the  entire  area  of  the  bending  moment  diagram  about 
the  ordinate  through  the  free  end. 

If  the  beam  is  a  simple  beam,  or  a  beam  fixed  at  the  ends,  the 
greatest  deflection  will  occur  when  x  =  x%  and  in  this  case  the 
greatest  deflection  can  be  found  from  the  equation 

EIvo  =  EH&*  +  Y(Xl^h (6) 

the  subscript  of  Y  denoting  the  limit  of  integration.  If  we  let 
xe  =  the  distance  of  the  ordinate  through  the  center  of  gravity 
of  the  area  OCD  (Fig.  138)  from  the  origin,  it  is  evident  that 
equation  (6)  may  be  written 

EIvq  =  -  (area  OCD)  x*  +  (area  OCD)  (a*  -s€) 

=  -  (area  OCD)  xe; (7) 

that  is,  the  greatest  deflection  is  represented  by  the  moment  about 
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the  axis  OV  of  the  area  under  the  bending  moment  curve,  between 
the  origin  and  the  ordinate  at  the  point  of  greatest  deflection. 

When  the  loading  is  symmetrical  a*  - 1  and  it  is  evidently 

unnecessary  to  find  the  value  of  EIU,  in  order  to  determine  the 
value  of  EIvo. 

When  the  loading  is  unsymmetrical  the  value  of  Elio  may  be 
found  by  putting  (4)  equal  to  zero  when  X\  =  I,  whence 

tf/io-^p5; (8) 

that  is,  Elio  is  equal  to  the  moment  of  the  area  under  the  entire 
bending  moment  diagram,  about  the  ordinate  through  the  right 
hand  support,  divided  by  the  length  of  the  span.  Having  the 
value  of  Elio,  the  values  of  Elii  and  EIvi  for  any  point  can  be 
found  from  (1)  and  (4).  The  value  a^,  for  the  point  of  greatest 
deflection,  may  be  obtained  from  the  plot  of  equation  (2)  and  the 
value  of  EIvo  from  (6). 

In  the  application  of  the  foregoing  method,  due  allowance  must 
be  made  for  the  scale  of  the  diagram  and  for  the  signs,  the  area 
of  a  diagram  representing  positive  bending  moments  being  con- 
sidered positive  and  the  area  representing  negative  bending 
moments,  negative. 

As  simple  illustrations  of  the  application  of  this  method  we  may 
take  the  following: 

(a)  The  cantilever  beam  with  a  concentrated  toad  at  the  free  end,  given  in  Case 
(a)  (Art.  98).  —  Following  the  notation  used  in  that  case,  the  area  of  the  bend- 
ing moment  diagram  will  be  equal  to 

-TFZX^=-^ (9) 

Since  Elio  —  0  in  this  case,  it  is  evident  from  (1)  that  the  above  quantity  is 
equal  to  the  value  of  Eli\  at  the  free  end. 

The  distance  of  the  center  of  gravity  of  the  area  from  the  free  end  will  be 

equal  to  -=■  and  hence 

1  "       3   ' 
and,  from  (5),  the  value  of  the  greatest  deflection 

v*=-m (10) 

(b)  Simple  beam  subjected  to  a  uniformly  distributed  load,  given  in  Case  (e) 
(Art.  98). — The  greatest  deflection  is  at  the  center  of  the  span  and  the  bending 
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moment  curve  is  a  parabola.    The  area  of  the  half  segment  under  the  curve 
between  the  origin  and  the  middle  ordinate  will  be  equal  to 

2  Wl      I      WP 

3  X  IT  X  2  ""24' *H* 

and  hence,  from  (2), 

u      %na (12) 

The  distance  of  the  center  of  gravity  of  the  half  segment  from  the  origin 


and  hence,  from  (7), 


I  v  5      51. 
Xc  "  2  X  8  "  16' 


«...        1    y^Y5I.        BWl* 

*  El*  ~24*16  384  El K    ' 

(c)  Beam  fixed  at  the  ends  with  a  concentrated  load  at  the  middle  of  the  span 
(Case  a,  Art.  101).  —  In  this  case  i©  —  0  and  equation  (6)  reduces  to 

£/«o=  Y ,       t (14) 

Taking  account  of  signs, 

(*»--)  ~    8       &      12        8       5      12  192' 

and  hence 

*"  ~192#F (15) 

For  any  symmetrically  loaded  beam,  fixed  at  the  ends,  it  follows  from  (1) 
and  (2)  that  the  total  area  of  the  bending  moment  diagram,  taking  account  of 
signs,  is  equal  to  zero;  and  the  bending  moment  diagram  differs  from  that  for 
a  simple  beam  subjected  to  the  same  load  by  the  constant  ordinate  Mi  =  the 
bending  moment  at  either  fixed  end,  as  illustrated  in  Cases  a,  b  and  c  (Art.  101). 

Therefore,  the  bending  moment  at  the  support  of  any  symmetrically  loaded- 
beam,  fixed  at  the  ends,  is  equal  to  the  average  value  of  the  bending  moments  through- 
out the  span  of  a  simple  beam  subjected  to  the  same  load. 

The  foregoing  method  is  of  the  most  value  in  computing  deflec- 
tions in  cases  in  which  the  load  on  a  beam  is  irregularly  distrib- 
uted in  such  a  manner  that  the  value  of  M  cannot  be  expressed 
as  an  integrable  function  of  x.  In  such  cases  a  load  diagram  can 
be  constructed,  from  which  a  bending  moment  diagram  can  be 
derived  by  graphical  integration,  as  indicated  in  Art.  (72).  Then, 
by  dividing  the  bending  moment  diagram  into  narrow  strips,  of 
width  Ax,  the  areas  and  moments  of  areas  required  to  determine 
the  values  of  Eli^  and  EIv0  can  be  easily  obtained. 

The  following  illustrations  of  the  application  of  this  method 
in  two  simple  cases  are  given. 
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(d)  Cantilever  beam  of  varying  cross  section  with  a  concentrated  load  at  the  free 
end.  —  The  beam  (Fig.  138a)  is  of  rectangular  section,  of  uniform  width  and 
uniformly  varying  depth,  and  is  subjected  to  a  concentrated  load  of  2000  lbs. 
at  the  free  end.  Assuming  that  the  material  is  homogeneous  and  neglecting 
the  weight  of  the  beam,  the  form  of  the  elastic  curve  and  the  deflection  at  any 
point  can  be  found  as  follows: 

Assuming  the  origin  at  0,  divide  the  span  into  small  sections  of  length 
Ax  and  draw  the  bending  moment  diagram  AB.  Since  the  value  of  /  is 
variable,  the  slope  equation  (1)  can  be  expressed  in  the  approximate  form 


Af 


(16) 


and  the  deflection  equation  (4)  can  be  written  in  the  approximate  form 

Ev  -  ZEiAx  +  ci  -  2  fz  -j  AxIax  +  cXAx  +  ct.    .    .     (17) 


ULm 


Fig.  138a, 


In  this  case  the  values  of  both  c  and  Ci  are  evidently  aero.    The  increments 

of  Ei  in  (16)  can  be  found  by  multiplying  the  mean  value  of  -j  for  each 

increment  of  length  by  Ax;  and,  by  adding  successively,  the  values  of  Ei  for 
the  successive  values  of  x  can  be  obtained.  Plotting  these  values,  we  have 
the  curve  OC,  the  ordinates  being  negative  since'  M  is  negative.  The  incre- 
ments of  Ev  in  (17)  can  be  found  by  multiplying  the  mean  value  of  Ei  for 
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each  increment  of  length  by  Ax;  and,  by  adding  successively,  the  values  of 
Ev  for  the  successive  values  of  x  can  be  obtained.  Plotting  these  values 
we  have  the  curve  OD.  The  results  of  the  computation  are  shown  in  the 
following  table. 


Increment. 

M  (in.  lbs.). 

/  (ins.)4. 

M   A 

Ex. 

EiAx. 

Ev. 

1 

-44000 

8.93 

-19700 

-19700 

-39000 

-39000 

2 

-36000 

6.40 

-22500 

-42200 

-124000 

-163000 

3 

-28000 

4.30 

-25500 

-67700 

-220000 

-383000 

4 

-20000 

2.86 

-28000 

-95700 

-327000 

-710000 

5 

-12000 

1.73 

-27700 

-123400 

-438000 

-1148000 

6 

-4000 

0.95 

-16900 

-140300 

-527000 

-1675000 

Assuming  that  E  =  28,000,000  lbs.  per  sq.  in.  we  have,  for  the  values  of  the 
greatest  slope  and  deflection, 

,_ 140^300 00050rads     n,  -        W*&*>=      QQflQ" 

*  28,000,000  "      0005° radS"'   *  28,000,000  U,0W  " 

The  ordinates  of  the  true  elastic  curve  may  evidently  be  obtained  by 
dividing  the  ordinates  of  the  curve  OD  by  the  value  of  E. 

'.0 


Pig.  138b. 


(e)  Beam  of  uniform  cross  section  subjected  to  a  varying  load.  —  Let  the 
broken  line  abed  represent  the  variation  in  the  load  intensity  w  and  Ri  and  Rt 
equal  the  supporting  forces  (Fig.  138b). 
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Writing  equation  (4)  (Art.  72)  in  the  form  of  an  approximate  integral,  we 
have,  for  values  of  x  from  0  to  12, 

S  -  ft  -  2tcAx, (18) 

and,  for  values  of  x  from  12  to  16, 

S  -  ft  +  ft  -  2u>Ax (19) 

Writing  (6)  (Art.  72)  in  the  form  of  the  approximate  integral,  we  have, 
for  values  of  x  from  0  to  12, 

M  =  2£Ax  =  2  (ft  -  2u>Ax)  Ax  =  ftx  -  2  (ZwAx)  Ax,  .     .     .  (20) 

and,  for  values  of  x  from  12  to  16, 

M  -  Rix  +  ft  (x  -  12)  -  2  (2wAx)  Ax (21) 

Since  /  is  constant,  equations  (1)  and  (4)  may  be  written 

EH  =  2ilf Ax  +  c, (22) 

EIv  =  2  (2JfAx)  Ax  +  ex  +  Ci (23) 

Dividing  the  length  into  equal  increments,  Ax  —  2  ft.,  and  tabulating 
results  as  in  Case  (d),  we  find  the  products  of  the  load  intensity  w  and  the 
increments  Ax,  given  in  the  third  column  of  the  table,  and  the  successive  values 
of  2wAx,  given  in  the  fourth  column.  Plotting  the  values  of  2u?Ax  on  the  axis 
OX  as  a  base,  we  obtain  the  broken  line  OS.  By  adding  successively  the 
values  of  (2u>Ax  Ax,  represented  by  the  increments  of  the  area  under  the  line 
OS,  we  obtain  the  values  of  the  summation  2  (2tuAx)Ax,  given  in  the  sixth  col- 
umn of  the  table.  Plotting  these  values  as  ordinates  on  the  base  OX  will  give 
the  curve  OM. 

To  obtain  the  supporting  forces,  apply  the  conditions  that  when  x  =  16, 
the  values  of  S  and  Af,  given  by  (19)  and  (21),  are  equal  to  zero;  then,  by  sub- 
stituting in  (19)  and  (21)  the  values  of  2ioAx  and  2  (2tcAx)  Ax,  when  x  »  16, 

we  have 

ft  +  ft  -  14,800  -  0 
and 

16  ft  +  4  ft  -  116,400  -  0; 

and,  by  solving  simultaneously, 

ft  -  4770  lbs.,        ft  -  10,030  lbs. 

If  horizontal  lines  AB  and  QS  are  drawn  at  distances  representing  ft  and 
(ft  +  ft),  respectively,  from  OX,  the  vertical  intercepts  between  these  lines 
and  the  line  OS  will  evidently  represent  values  of  S. 

The  sections  of  zero  shear  will  be  located  at  the  ordinates  through  *  and  Q, 
the  values  of  x  for  these  points  being 

x  -  5.23  ft.  and  x  =  12  ft. 

The  greatest  shearing  force,  located  at  the  section  to  the  left  of  the  sup- 
port ft,  will  be  equal  to 

So  =  -6030  lbs. 

When  x  —  12,  ftx  =  57,200  and,  if  this  value  is  laid  off  as  an  ordinate 
GN,  at  x  »  12,  and  the  straight  lines  ON  and  NM  are  drawn,  the  ordinates  of 
ON  will  evidently  represent  values  of  ftx,  for  values  of  x  from  0  to  12,  and  the 
ordinates  of  NM,  values  of  [ftx  +  ft  (x  —  12)],  for  values  of  x  from  12  to  16. 
Hence  values  of  M  will  be  represented  by  the  vertical  intercepts  between 
the  broken  line  ONM  and  the  curve  OM. 
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The  greatest  bending  moment  will  evidently  be  located  under  the  point  « 
on  the  shearing  force  diagram  and  will  be  equal  to 

Mo  =  15,900  ft.  lbs. 

The  ordinate  through  the  point  n  on  the  bending  moment  diagram  will 
locate  the  point  of  inflexion  m,  for  which 

x  -  10.3  ft. 

The  increments  Af  Ax,  required  in  equation  (22),  will  be  represented  by  the 
increments  of  the  area  between  the  line  ONM  ana  the  curve  OM.  By  adding 
these  increments  successively,  the  values  of  ZM  Ax,  given  in  the  eighth  col- 
umn of  the  table,  are  obtained  and,  plotting  these  values  as  ordinates  on  the 
base  OX,  will  give  the  curve  OC. 


Incre- 
ment. 

w  lbe. 
per  ft. 

tcAx. 

2toAz. 

(ZwAx)Ax. 

2  (ZtpAx) 
Ax. 

AfAx. 

ZlfAx. 

(ZtfAx)Az 

Z(2AfAx) 
Ax. 

1 

400 

800 

800 

800 

800 

0,200 

9,200 

8,000 

8,000 

2 

1000 

2000 

2,800 

3,600 

4,400 

24,400 

33,600 

40.000 

48,000 

3 

1600 

3200 

6,000 

8,800 

13,200 

31,600 

65,200 

99,000 

147,000 

4 

1200 

2400 

8,400 

14,400 

27,600 

27,200 

92,400 

159,000 

806,000 

5 

800 

1000 

10,000 

18,400 

46,000 

13,000 

105,400 

201,000 

507,000 

6 

400 

800 

10300 

20,800 

66,800 

-7,600 

97,800 

206,000 

713,000 

7 

000 

1200 

12,000 

22,800 

80,600 

-11,800 

86,000 

184,000 

897.000 

8 

1400 

2800 

14,800 

26,800 

116,400 

-1.400 

84,600 

170,000 

1,067,000 

By  adding  successively  the  increments  {2 M Ax)  Ax,  of  the  area  under  the  curve 
OC,  the  values  of  the  ordinates  2  (ZAf Ax)  Ax  of  the  curve  OD,  given  in  the  tenth 
column,  are  obtained.  To  avoid  confusion,  the  curve  OD  is  plotted  with  the 
ordinates  measured  from  the  base  line  OiXx.  Observing  that  v  —  0,  when 
x  =  0  and  also  when  x  =  12,  and  substituting  the  values  of  2  (2AfAx)  Ax  for 
these  values  of  x  in  equation  (23),  we  obtain 

ci  =  0,        713,000  +  12  c  *  0,    and    c  -  -59,400. 

If  a  horizontal  line  HK  is  drawn  at  a  distance  representing  c  from  OX9 
the  vertical  intercepts  between  this  line  and  the  curve  OC  will  evidently  rep- 
resent values  of  EH.  It  is  evident  that  the  greatest  slope  occurs  at  the  left- 
hand  support,  where 

Eli*  -  c  »  -59,400. 

The  slope  is  zero,  evidently,  at  the  foot  of  the  ordinate  through  k. 

If  a  straight  line  Oiu  is  drawn  through  the  origin  and  the  point  of  intersec- 
tion e,  of  the  curve  0\D  with  the  ordinate  through  the  right-hand  support,  the 
ordinates  of  0\u  will  represent  values  of  ex  in  equation  (23);  and  hence  the 
vertical  intercepts  between  the  straight  line  du  and  the  curve  0\D  will  repre- 
sent values  of  EIv.  The  greatest  value  of  EIv  is  evidently  represented  by  the 
intercept  on  the  ordinate  passing  through  the  point  k,  which  is  equal  to 

EIvo  -  210,000, 

the  value  of  x  for  the  point  k  being  equal  to 

x  -  5.6  ft. 

In  constructing  the  diagrams  the  scales  for  the  ordinates  should  be  so  chosen 
that  the  increments  of  the  areas  under  the  different  curves  can  be  determined 
with  sufficient  accuracy  to  give  results  with  the  precision  required. 
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106.  Deflection  of  a  Simple  Beam  under  Two  Concentrated 
Loads.  —  It  has  been  shown  (Art.  100)  that  the  deflection  at  any 
point  in  a  beam,  subjected  to  a  system  of  transverse  loads,  is  equal 
to  the  sum  of  the  deflections  at  the  point,  which  would  be  produced 
by  each  load  acting  separately.  The  application  of  this  principle 
in  the  case  of  a  simple  beam  subjected  to  two  concentrated  loads 
(Fig.  139),  applied  at  any  two  points  in  the  span,  will  lead  to  the 
following  relation  between  the  components  of  the  deflections  due 
to  the  loads. 


Wt 


« — &j — » 


Ri 


Fig.  139. 


Let  TFi  and  W%  equal  the  magnitudes  of  the  loads  applied  at  the 
points  A  and  B}  at  distances  &i  and  6*  from  the  supports  at  0\  and 
ft,  respectively.  The  deflection  va  at  the  point  A,  due  to  the  load 
W%  acting  alone,  could  be  found  by  taking  Ox  as  the  origin  and 
substituting  b\  for  x  and  b%  for  bin  equation  (41)  (Art.  98),  which 
would  give 

ii-Sw-P-MW-^W  +  W-fl..    (l) 


6  IE  I 


6  IE I 


Similarly,  the  deflection  v*  at  the  point  B,  due  to  the  load  W\ 
acting  alone,  could  be  found  by  taking  02  as  the  origin  and  sub- 
stituting b%  for  x  and  b\  for  b  which  would  give 

*"6^-(?-MW-^W  +  W-fl..   (2) 

Therefore, 


Vb 


(3) 


and,  when  TFi  =  TTt,  va  =  v&;  that  is,  when  equal  concentrated 
loads  are  applied  at  any  two  points  A  and  B  in  a  simple  beam,  the 
deflection  at  A,  due  to  the  load  at  B,  is  equal  to  the  deflection  at  B, 
due  to  the  load  at  A.    It  is  evident  from  Art.  (100)  that  the  relation 
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between  the  components  of  the  deflection  due  to  two  concentrated 
loads  will  hold  true  when  loads  in  addition  to  the  two  are  applied 
at  the  same  or  at  other  points  in  the  beam. 

The  following  will  serve  as  an  illustration  of  the  application  of 
this  principle.  The  deflection  at  a  point  A  in  a  beam  due  to  a 
load  of  8000  lbs.  acting  at  another  point  B  is  found  by  calculation, 
or  by  measurement,  to  be  0.16".  If  an  additional  load  of  6000  lbs. 
is  applied  at  A  the  increase  in  the  deflection  under  the  load  at  B 
will  be  equal  to  0.12";  that  is,  the  increase  in  deflection  at  B  is  the 
same  as  would  be  the  increase  in  the  deflection  at  A  if  6000  lbs. 
were  added  to  the  load  of  8000  lbs.  at  B. 

109.  Resilience  due  to  Bending.  —  The  resilience  due  to  bend- 
ing is  the  potential  energy  due  to  the  strain  in  a  member  caused 
by  the  action  of  a  system  of  transverse  forces,  or  couples,  which 
produce  flexure.  If  the  material  is  perfectly  elastic,  the  resilience 
will  be  equal  to  the  work  done  during  the  distortion  of  the  beam 
by  a  gradual  application  of  the  system  of  forces. 

The  term  is  commonly  employed  to  designate  the  strain  energy 
due  to  longitudinal  extensions  only,  the  effect  of  small  strains  due 
to  shear  being  neglected,  as  has  been  done  in  the  derivation  of 
deflection  formulas  by  the  ordinary  theory  of  flexure. 

The  resilience  of  a  beam  of  elastic  material  subjected  to  a 
system  of  concentrated  loads  may,  therefore,  be  determined  by 
computing  the  half  sum  of  the  products  of  the  loads  and  deflec- 
tions at  the  points  of  application  of  the  loads,  the  deflection  at 
each  load  being  determined  from  the  usual  formulas. 

For  example,  in  the  case  of  a  beam  supported  at  the  ends  and 
loaded  at  the  center  with  a  single  concentrated  load  W  (Fig.  123), 
the  resilience  will  be 

Ft*  _  WW  m 

n  "  2  ~96#r w 

where  W  =  the  load  and  va  =  the  deflection  at  the  center  of  the 
beam. 

When  the  loads  are  distributed  the  resilience  may  be  repre- 
sented by  the  expression 

R  =lfwvdxf (2) 

where  w  =  the  load  intensity  and  v  =  the  deflection  at  any  point, 
at  a  distance  x  from  the  origin. 
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For  the  general  case,  applying  to  any  system  of  concentrated 
or  distributed  loads,  the  expression  for  resilience  may  be  deduced 
as  follows: 

Let  ONXK  (Fig.  140)  represent  the  elastic  curve  of  a  beam 
supported  at  two  points  and  loaded  with  a  given  system  of  loads. 
Let  AB  be  any  cross  section  at  a  distance  x  from  the  origin,  and 
OH  a  cross  section  at  a  distance  dx  from  AB.    After  bending 


i   i 


Fig.  140. 


occurs,  let  r  =  the  radius  of  curvature  of  NT,  the  portion  of  the 
elastic  curve  between  the  cross  sections  AB  and  GH,  and  M  = 
the  bending  moment  at  section  AB.  The  angle  between  AB  and 
GH  will  evidently  be  equal  to  di,  the  difference  in  the  slopes  at  N 
and  T.  If  the  forces  producing  the  flexure  are  gradually  applied, 
the  work  done  in  straining  the  portion  of  the  beam  between  the 
sections  AB  and  GH  will  be  equal  to 

M'     M  ds      M*da      M*dx 
2  2 


di=s^T=2EI=-2EI  (very  nearly) ' 


and  hence  the  resilience  of  the  entire  beam  may  be  represented 
by  the  expression 

R  =\'2<ti  =j  ~2eT  (veiy  nearly)'    •     •    •     (3) 

The  following  illustrations  of  the  application  of  the  formula  in 
a  few  simple  cases  are  given. 

(a)  Cantilever  beam,  load  uniformly  distributed  (Fig.  122).  —  Let  W  =  wl 
equal  the  total  load.  In  this  case  the  bending  moment  at  any  section,  at  a 
distance  x  from  the  fixed  end,  is  equal  to 


to 


Jf -  =  (!-»)■. 


(4) 
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Substituting  in  (3)  we  have 

where  v0  =  the  greatest  deflection. 

(b)  Simple  beam,  load  uniformly  distributed  (Fig.  124).  —  Let  W  —  ui 
equal  the  total  load.  The  bending  moment  at  any  section!  distant  x  from  the 
support,  is  equal  to 

Jf-|(&-rf) (6) 

Substituting  in  (3)  we  have 

R~mft^-*)t^-2&~:fim-&w'*  -  •  (7) 

where  tn>  —  the  greatest  deflection. 

(c)  Beam  subjected  to  uniform  bending  (Fig.  118).  —  Let  Af0  —  the  bending 
moment. 

Then 

M0*   f*  M0H      4Mo«o 


R 


2  EI 


J.^"^/"-!- (8) 


where  t*  =  the  deflection  at  the  middle  of  the  span.    The  resilience  in  this 

case  is  evidently  equal  to  the  product  of  -~  ,  and  the  difference  -=£ ,  between 
the  angles  of  slope  at  the  ends  (Art.  97). 

The  same  method  may  be  employed  when  the  loads  are  con- 
centrated but  in  simple  cases  of  this  kind  the  resilience  can  be  more 
easily  determined  by  computing  the  sum  of  the  products  of  the 
half  loads  and  the  deflections  at  the  loads,  as  shown  in  the  follow- 
ing cases. 

(d)  Simple  beam,  single  concentrated  load  W  not  on  ike  center  of  the  span 
(Fig.  125).  —  The  deflection  at  the  load  is  equal  to 

v-sTEl'> <9> 

and  hence  the  resilience 

R--2p~-mr (10) 

(e)  Simple  beam  with  two  concentrated  loads  W  at  equal  distances  from  the 
ends  (Fig.  126).  —  The  deflection  at  either  load  is  equal  to 

*=Si(3*~4a); (11) 

and  hence  the  resilience 

«-2X^-^(3Z-4o) (12) 

Resilience  in  terms  of  the  greatest  fiber  stress.  —  The  resilience  may 
also  be  expressed  in  each  case  in  terms  of  the  greatest  fiber  stress 
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/  and  the  volume  V  of  the  beam.  For  example,  in  the  case  of  the 
simple  beam  with  a  concentrated  load  at  the  middle  of  the  span 
the  load  will  be  equal  to 

*-¥-4-r (>3) 

and,  by  substituting  in  (1), 

96EI       6tfc*       6E<* *    ' 

When  the  cross  section  is  symmetrical  with  respect  to  the  neutral 

axis,  e  =  =and 

*-H£F (15) 

If  the  section  is  rectangular,  p  =  — =,  and 

Similar  expressions  for  the  resilience  in  terms  of  the  greatest 
fiber  stress  and  volume  can  be  determined  for  any  of  the  preceding 
cases.  The  following  is  a  summary  of  formulas  for  a  few  cases 
when  the  cross  sections  are  rectangular.  These  may  be  compared 
with  the  expression  for  resilience  under  uniform  tension  or  com- 
pression (Art.  15). 

(a)  Cantilever  beam,  load  uniformly  distributed: 

R'WE <17> 

(b)  Simple  beam  load  uniformly  distributed: 

*-t5 <18> 

(c)  Beam  subjected  to  uniform  bending: 

*=S <19) 

(d)  Simple  beam  with  concentrated  load,  not  at  the  center  of  the  span: 

*  =  S (20) 

(e)  Simple  beam  with  two  concentrated  loads  at  equal  distances  from  the  ends: 

R  =  lSEiV-2Vl)> (21) 

where  V\  —  the  volume  of  the  portion  of  the  beam  between  the  sections  under 
the  oonoentrated  loads. 
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110.  Deflection  Determined  from  Resilience  —  General  Equa- 
tion. —  If  the  resilience  of  a  beam  has  been  calculated  from  the 
bending  moments  by  equation  (3)  (Art.  109),  the  deflection  may 
be  determined  from  the  resilience.  When  the  beam  is  subjected 
to  a  single  concentrated  load  the  process  is  very  simple,  being  the 
reverse  of  the  method  of  determining  the  resilience  from  the  half 
sum  of  the  products  of  loads  and  deflections. 

As  an  illustration  take  the  case  of  the  rectangular  beam  with 
a  single  concentrated  load  not  at  the  center. 

From  equation  (16)  (Art.  109)  we  have 

Wv      PV 
2        18  W 
Hence 


_  pv 

V~9WE 


(1) 


and,  using  the  usual  notation,  this  expression  reduces  to 

_  /Wabh\*    Al    _  W 
V~\2U  )  9WE~  31EI'      '    ' 


(2) 


which  is  the  same  as  equation  (47)  (Art.  98). 

For  the  general  case  an  expression  for  the  deflection  at  any  point 
may  be  deduced  as  follows:  Let  M  =  the  value  of  the  bending 
moment  at  any  cross  section  AB  of  a  beam  (Fig.  141),  due  to  any 
system  of  loads  acting  on  the  beam.  Let  vi  =  the  deflection  at 
any  point  in  the  elastic  curve,  at  a  distance  x\  from  the  origin. 


To  find  Vi,  assume  that  a  very  small  load  Wi  is  gradually  applied 
at  the  point  Xi,  in  addition  to  the  loads  acting  on  the  beam,  and  let 
m  =  the  increase  in  the  bending  moment  at  the  section  AB,  due 
to  the  load  Wi. 


DEFLECTION  DETERMINED  FROM  RESILIENCE        239 

The  general  equation  of  the  elastic  curve,  if  the  load  W\  were 
acting  alone,  would  be 

dx*~dx~Ei w 

Hence,  for  a  point  on  the  elastic  curve  at  a  distance  x  from  0, 

m 

di  =  gjdx (4) 

The  addition  to  the  total  strain  energy  of  the  beam,  due  to  the 
addition  of  the  load  w]y  would  be  equal  to 


W\ 


(*+Pi)> <«> 


where  Vi  =  the  increment  in  vi9  due  to  the  additional  load  W\. 
Expressed  in  terms  of  the  bending  moments  the  additional  strain 
energy  would  be  equal  to 


C(m  +  ^\di  (Art.  109). 


Substituting  the  value  of  di  from  (4)  and  combining  with  (5), 
we  have  /•/  „fi\ 

This  equation  will  hold  true,  however  small  the  magnitude  of  w\ 

may  be  and,  as  W\  decreases,  [vi  +  ~ )  approaches  the  value  vi  and 

(m2\  ^         * ' 

Mm  +  -o" )  approaches  the  value  Mm. 

Hence,  as  the  value  of  wi  approaches  zero,  equation  (6)  becomes 

WlVl   j  ~Wdx' ^ 

which  reduces  to 

*-f£md*-fi!rdx'  ...  (8) 

fit 
where  mi  =  — will  evidently  be  equal  to  the  increment  in  the  bending 

W\ 

moment  when  W\  =  unity.  By  the  use  of  either  (7)  or  (8)  the 
deflection  at  any  point  in  a  beam  subjected  to  any  load  system 
may  be  found. 

As  an  illustration  of  the  application  of  the  formula  we  may  take 
the  case  of  the  simple  beam,  with  a  single  concentrated  load  not 
at  the  center  (Fig.  125),  for  which  the  deflection  at  the  center  of 
the  span  is  to  be  determined. 
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The  unit  load  will  be  placed  at  the  center  of  the  span  and,  follow- 
ing the  notation  in  Case  (f)  (Art.  98)  and  noting  that  all  bending 
moments  are  positive  and  that  a  >  b,  the  value  of  Mmi,  for  values 

of  x  from  0  to  5  will  be  equal  to 

„         Wbx/x\      Wbx*  /m 

Mwiss~rU/   ~2T    (9) 

and,  for  values  of  x  from  5  to  a, 

"—^[l-H)]-5^-  •  o») 

For  sections  between  the  load  W  and  the  right  hand  support,  if 

the  origin  is  taken  at  the  right  end  of  the  beam  and  x  is  measured 

toward  the  left, 

^          Wax(x\      Was?  ,11N 

Mmi  =  __y  =  __ (11) 

Substituting  in  (8)  we  have 

~2ll2i+   2         3        8  +24+  3  J *    ' 

which  reduces  to 

«=WMiQP-^      •    r    •    •    •    (13) 

This  result  agrees  with  equation  (48)  (Art.  98). 

The  method  can  be  used  to  determine  the  deflection  of  beams 
of  varying  cross  section,  the  value  of  /  in  this  case  being  variable. 
If  the  cross  section  varies  constantly  and  /  can  be  expressed  as  an 
integrable  function  of  x,  the  value  of  V\  can  be  readily  obtained  by 

substituting  — j-  =  0  (x)  in  (8)  and  integrating  as  before.     In 

other  cases  where  the  cross  section  varies,  the  deflection  may  be 
found  by  dividing  the  span  into  sections  and  considering  /  constant 
for  each  section,  taking  for  any  one  section  the  average  value  of  / 
through  that  portion  of  the  span.  This  will  in  some  cases  give 
approximate  results;  the  approximation  depending  on  the  number 
of  sections  into  which  the  span  is  divided. 
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•As  an  illustration  we  may  take  the  case  of  a  girder  supported  at 
the  ends  and  subjected  to  a  uniformly  distributed  load  W  =  wl, 
with  the  outside  cover  plates  on  both  flanges  extending  over  the 
middle  portion  only  (Fig.  142). 
To  find  the  greatest  deflection 
the  unit  load  will  be  placed  at 
the  center  of  the  span  and,  since 
both  halves  of  the  beam  are  under 
the  same  state  of  stress,  it  will  be 
necessary  to  apply  equation  (8) 
to  one-half  of  the  span  only  and  _ 

multiply  the  result  by  two. 

Let  7i  =  the  moment  of  inertia  of  the  cross  section  throughout 
the  end  quarter  of  the  span  and  J2  =  the  moment  of  inertia 
throughout  the  middle  portion  of  the  span. 

For  values  of  z  from  0  to-: , 

4 

Mmx       w  n         „.x       w  n  .       ,x  /    x 

"T""27i(fe"^2"ni(w"*^   •  •  (14) 

and,  for  values  of  x  from  -A  to  r  > 

4      2 

"T""27;(fa""^2"45*BF"afl-    •   •    (15) 

Substituting  in  (8)  and  multiplying  by  2  we  have 

4 

to  T  131*         671*  1        wl*    [13   671 
"  2  E  [_3072  /, +  3072  /J  6144  B  \_h  +  h  J 

_  Wl*   [13   671 

If  the  cross  section  were  uniform  throughout  the  span,  we  would 
have  It  =  /i  =  /,  and  equation  (16)  would  reduce  to 

5WI*  „« 

Pl=384£Z (17) 

111.  Principle  of  Least  Work  as  Applied  to  Beams.  —  This 
principle  of  Mechanics  as  applied  in  the  case  of  elastic  bodies  may 
be  stated  as  follows:  The  deformation  of  any  elastic  body  under  the 
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action  cj  a  balanced  system  of  external  forces  will  be  such  that  the 
work  done  in  causing  the  deformation,  or  the  resilience  of  the  body, 
is  a  minimum.  This  is  based  on  the  principle  of  the  conservation 
of  energy,  whereby  it  may  easily  be  shown  that  in  order  to  have 
stable  equilibrium  the  strain  energy  produced  by  the  action  of 
the  external  force  system  must  be  a  minimum.  Applied  in  the 
case  of  the  beam,  the  principle  can  evidently  be  represented  by 
the  expression 

M*dx            .  .  /1N 

=  a  minimum (1) 


R 


■/■ 


2EI 


This  principle  can  be  employed,  in  conjunction  with  the  static 
conditions  of  equilibrium,  to  determine  the  reactions  at  the 
supports  of  a  beam  in  a  statically  indeterminate  case.  As  an 
illustration  we  may  take  the  following: 

(a)  Beam  supported  at  three  points  and  subjected  to  a  uniformly  distributed 
load  (Fig.  143).  —  Let  w  =  the  load  per  unit  of  length.  The  bending  moment 
at  any  point  of  the  span  h,  at  a  distance  x  from  A,  will  be  equal  to 


*-**-=£, 


(i) 


and  for  the  span  ht  if  we  take  the  origin  at  B, 

tire* 
2  ' 


M-F^r- 


(2) 


y» 


B 


Ft 


F, 


~h 


h 

Fo 

Fig.  143. 


The  resilience  of  the  entire  beam  will  be  equal  to 
>M*dx 


«-/w-sMr(**-f^+/>-!?H 

BS2EIL   3  4"h20i"3  4     "*"  20  J*  "    '    ' 


Taking  moments  about  0. 


and  hence 


FA 


w 


FA-yft'-V). 


(3) 


(4) 


SHEARING  RESILIENCE  243 

Substituting  the  value  of  Fit  in  (3)  and  reducing,  we  have 

-^'{w.-f  (V-wJ  +  gw+V)],       ...    (5) 

which  gives  the  value  of  .ft  in  terms  of  the  supporting  force  Fi. 

In  order  that  R  shall  have  the  minimum  possible  value,  the  magnitude  of 
F\  must  be  such  that 

dFx      u' 
Differentiating 

S-iBF¥!-!?+¥l«-i»'-»r4-!¥']-:  • <• 

Hence 


2  W 
3 


2W,-^(3J,«  +  I1J,-V)-0: 


and  therefore 

Ji-gjAV+tt-W (7) 

By  substituting  in  (4), 

ft-gjCSV  +  W-W-g^W-W-gjrGW+Ui-W.  .    (8) 
Hence  for  the  middle  support, 

-?['R)+<-K)]- » 

When  the  spans  are  equal,  if  we  let 

I  -  *i  -  k, 

ft_  ft.?!* do) 

and 

p.-^ an 

which  agrees  with  the  results  in  Case  (b)  (Art.  102). 

112.  Shearing  Resilience.  —  When  an  elastic  body  undergoes 
a  shearing  strain  a  certain  amount  of  strain  energy  is  stored  up,  the 
same  as  when  the  body  is  subjected  to  tension,  or  compression 
(Art.  15).  This  energy  is  called  the  resilience  due  to  shear,  or 
the  shearing  resilience,  and,  if  the  body  Is  perfectly  elastic,  will  be 
equal  to  the  work  done  during  a  gradual  application  of  the  forces 
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producing  the  shear.    For  example,  if  we  imagine  the  prism  abed 
(Fig.  144)  to  be  distorted  in  simple  shear  by  a  force  W  gradually 

applied,  the  total  displacement  of  W  being  equal 
to  v9  while  the  other  forces  required  to  maintain 
equilibrium  remain  stationary,  the  work  done 
will  be  equal  to 

Wv. 


Fig.  144. 


Let  A  =  the  area  of  the  cross  section,  I  =  the 
length  and  V  =  the  volume  of  the  prism.  Let 
8  =  the  intensity  of  the  shearing  stress  on  the 

cross  section  and  G  =  the  modulus  of  rigidity  of  the  material. 

Then,  if  the  shearing  stress  is  assumed  to  be  uniform  throughout 

the  prism,  the  shearing  strain  at  any  point  in  directions  parallel 

to  ab  and  ad  will  be  equal  to 


Hence 


7  =  ^  =  g     (Art.  7), 


8l        Wl 


f •  "  0  "  AG9 


(1) 


and  the  shearing  resilience  will  be  equal  to 


fi.= 


Wv,      W*l 


2  AG 


2G  ~20  V> 


•     (2) 


which  is  similar  to  the  expression  for  the  resilience  in  tension 
(Art.  15). 

K7  =  unity,  equation  (2)  reduces  to  the  expression  for  the 
shearing  resilience  per  unit  of  volume,  or  the  modulus  of  resilience 
in  shear, 

1  8* 

R*  =  2G* (3) 

Hence,  when  the  shearing  strain  is  uniform  throughout  a  body,  its 
total  resilience  in  shear  is  equal  to 

R.  =  R«V (4) 

113.  Deflection  Due  to  Shearing.  —  Thus  far  in  the  discussion 
of  the  theory  of  flexure,  no  account  has  been  taken  of  the  distor- 
tions due  to  the  shearing  stresses,  which  exist  in  beams  subjected 
to  ordinary  bending.  The  equation  of  the  elastic  curve  was  de- 
duced from  the  relations  existing  between  the  normal  stresses  and 
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the  longitudinal  strains  at  the  various  cross  sections  and  is,  there- 
fore, the  true  equation  of  the  curve,  formed  by  the  central  axis  of 
a  beam,  only  in  the  case  of  simple,  or  uniform,  bending. 

In  a  beam  subjected  to  ordinary  bending  there  is,  in  addition  to 
the  deflection  computed  from  the  ordinary  equation  of  the  elastic 
curve,  a  deflection  due  to  shearing;  but,  since  the  shearing  stresses 
in  a  beam  are  small  as  compared  with  the  fiber  stresses,  the  de- 
flection due  to  shearing  is  so  small  that  it  can  be  neglected  in 
ordinary  calculations.  In  order  to  form  an  idea  of  its  magnitude, 
we  may  deduce  the  expressions  for  the  deflections  due  to  shearing 
alone  in  a  few  simple  cases. 

Approximate  results  may  be  obtained  by  assuming  that  the 
shearing  stress  on  a  cross  section  of  a  beam  is  uniformly  distributed, 
or  more  exact  results  can  be  had  by  taking  into  account  the  varia- 
tion in  the  shearing  stress  intensity  on  the  cross  section,  as  given 
in  Art.  (89).  In  using  the  latter  method,  however,  it  is  to  be 
remembered  that  the  calculations  are  based  on  the  assumptions 
of  the  common  beam  theory  which,  while  giving  the  deflection 
due  to  bending  quite  accurately,  will  not  in  all  cases  give  the 
deflection  due  to  shearing  with  the  same  degree  of  accuracy. 

(a)  Cantilever  beam  of  rectangular  cross  section  with  load  W  at  the  free  end 
(Fig.  120).  —  In  this  case  the  shearing  force  is  constant  for  every  cross  section 
of  the  beam  and,  if  we  assume  that  the  shearing  stress  on  each  cross  section  is 
uniform,  the  deflection  due  to  shearing  can  be  obtained  directly  from  equation 
(1)  (Art.  112),  which  will  give 

Wl     wv 

»•  -  jq  -  jig   (approx.), (1) 

where  A  —  the  area  of  the  cross  section  of  the  beam. 

If  we  assume  the  cross  section  to  be  rectangular  and  the  distribution  of  the 
shearing  stress  to  be  that  given  in  Art.  (89),  we  may  consider  the  beam  to  be 
made  up  of  a  series  of  horizontal  layers,  of  thickness  dy}  and  compute  the 
shearing  resilience  of  each  layer  from  equation  (2)  (Art.  112)  and  add  together 
as  follows: 

Let  b  =  the  breadth  and  h  =»  the  depth  of  the  section.  For  a  layer  at  any 
distance  y  from  the  neutral  layer  we  have  for  the  intensity  of  the  shearing 
stress 

•-S(**-4^ <2> 

and  hence,  for  the  resilience  of  the  layer, 

,p       s*lA       9JF»Z  ,u       .   ...  , 


246 


APPLIED  MECHANICS 


Integrating, 


R. 


9TPI 
SbtfG 


f2  (A*-8AV  +  16y*)di/ 


3WH 
bbhG 


I  AG 


Hence 


em 


(3) 


(4) 


which  is  20  per  cent  higher  than  the  value  given  by  (1). 

Adding  the  value  of  v9  in  (4)  to  the  deflection  due  to  bending,  as  given  by 
equation  (7)  (Art.  98),  and  neglecting  signs,  we  have,  for  the  total  deflection 
at  the  free  end  of  the  beam  due  to  bending  and  shear, 


t*' 


Vq  +  v4  - 


Wl* 
ZEI 


,  6WI      4WI*  ,    %Wl      4TFZ» 


SAG      Ebh* 
ZEh* 


5  Gbh      Ebh* 


\    ^  10GJ2/ 


3£7  \         10OTJ 


10  GP 
If  (7  =  |f  (Art.  7),  equation  (5)  reduces  to 

.      Wl* 


ZE1 


b+m 


(5) 


(6) 


It  is  evident  from  (6)  that  in  this  case  the  deflection  due  to  shearing  is  small 
compared  with  the  deflection  due  to  bending,  the  ratio  between  the  two  being 
equal  to 

"i-ffl-    ;  •  •  ™ 

When  the  ratio  of  length  to  depth  is  10  :  1  the  ratio  of  the  deflections  reduces 
to 

g  -  45o  - 00075; (8) 

that  is,  Vg  is  about  0.75  per  cent  of  vQ.    If  the  deflection  due  to  shearing  were 
assumed  to  be  that  given  by  equation  (1),  the  ratio  would  be 

3  1 


v0      6 


=  0.00625. 


(9) 


K- 


V///////M//////A.  -  %  - 


and  hence 


&- 


1>9 


400      160 

(b)  Cantilever  beam,  with  a  load  W  at 
the  free  end,  having  a  cross  section  of  the 
dimensions  given  (Fig.  145).  —  In  this  case 
an  approximate  solution  may  be  made  by 
assuming  that  the  entire  shearing  stress  on 
any  cross  section  is  uniformly  distributed 
over  the  web  (Arts.  90-91).  If  we  let  I  - 
the  span  and  W  =  the  load,  as  before,  and 
assume  the  dimensions  of  the  section  as 
shown  (Fig.  145),  the  shearing  resilience 
of  the  beam  will  be  equal  to 

m        ml  (10) 


2  AG      2thiG' 

Wl 

thiG'      '    #    * 


(ID 
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If  the  distribution  of  the  shearing  stress  over  the  section  is  to  be  taken  into 
account  the  algebraic  equations  will  become  complex,  but  a  comparison  may 
be  made  for  a  specific  case  in  which  the  approximate  dimensions  of  the  I- 
section  may  be  taken  as  follows: 

h  -  10";  hi  -  9";    b  -  5";  t  -  J". 

For  this  cross  section 

A  —  9.5  sq.  ins.,        /  «  143.3  (ins.)4. 

For  any  point  in  the  flange 

Q  =  1  (5*  -  y*)  =  i  (25  -  jfl, 


and 


5  W  (25  -  |f)      W  (25  -  y8) 
*      2  X  5  X  143.3  286.6 


*-8iSo  <«-»?/  +  *>. 


For  any  point  in  the  web 

0  =  |  X  4.75  +  }  (£y  -  y«)  -  }  (67.75  -  y«)f 

TT  (67.75  -  y»)  =  TT  (67.75  -  y») 
,SS4XiX  143.3  286.6 

and  a»  -  —^  (4590  -  135.5  y*  +  y*). 

Hence  the  total  shearing  resilience  of  the  beam  will  be  equal  to 

R-  =  ^fxS^^/^-^^+^^  +  IxSoGp4590-135^ 

]W*l                                                    W*l 
=  -^-(0.00024  +  0.10292)  =  0.1032-^ (12) 


and  hence 


Wl 
t>,  =  0.206^-*. (13) 


It  is  evident  from  (12)  that  the  shearing  strain  energy  in  the  flanges  is  very 
small  compared  with  that  in  the  web  and  could  be  omitted  in  the  calculation. 
The  value  of  the  deflection  calculated  from  (11)  would  be 

».-  0.222  —?• (14) 

Hence  the  value  of  vt  given  by  (13)  is  about  7.2  per  cent  lower  than  that  given 
by  the  approximate  solution  made  by  assuming  the  total  shearing  stress  to  be 
uniformly  distributed  over  the  web. 

The  greatest  deflection  due  to  bending,  in  this  case,  would  be  equal  to 

*      ZEI      42&0  -  000233  y 
and  hence  the  total  deflection  due  to  shearing  and  bending, 

vj  -  t\>  +  *.  «  0.00233  ^  -f  0.206  ^     ....    (15) 
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IfG-ftf, 


»o'  -  ^  (0.00233  P  +  0.515) (16) 


Henoe  the  ratio  between  the  deflection  due  to  ahft»ring  and  that  due  to  bending 

will  be 

v.  _     0.515         221  _ 

vo     0.00233P       P u  ' 

and,  when  the  ratio  of  the  length  of  the  beam  to  its  depth  is  10  : 1, 1  —  100", 
and  equation  (17)  becomes 

-  =  0.022; (18) 

that  is,  the  deflection  due  to  shearing  is  in  this  case  about  2.2  per  cent  of  that 
due  to  bending. 

(c)  Simple  beam  with  concentrated  load  Wat  the  center  of  the  span  (Fig.  123) .  — 
Let  W  —  the  load  and  I  »  the  length  of  the  span.  In  this  case  since  each  half 
of  the  beam  will  be  under  the  same  state  of  stress  as  the  cantilever,  considered 
in  Cases  (a)  and  (b),  and  the  deflection  due  to  shearing  may  be  calculated  by 

substituting  5  for  I  and  -$-  for  W  in  the  equations  for  v«. 

Rectangular  section.  —  If  the  cross  section  is  rectangular,  by  nudring  these 
substitutions  in  equation  (4)  and  reducing,  we  obtain 

2WI  /fm 

*"w33 (19) 

and  the  total  deflection  due  to  bending  and  shearing  will  be  equal  to 

'    m*  ■  zwl   je?i  n  j- 6  ? /*vi .         /m 

*  "48^  ^lOAG^&EIL   i_5(?U/-r    '    *    '    l    ' 
and,  if  a- 1^, 

*-JM'+°(OT « 

The  ratio  of  the  deflections  will  be 

/AM 

(22) 


5-GJ- 


and  when  I :  h  —  10  :  1,  the  deflection  due  to  shearing  will  be  about  3  per  cent 
of  that  due  to  bending. 

I -Seciion  (Fig.  145). — When  the  cross  section  is  of  the  approximate  dimen- 
sions given  for  a  10"  I-section  (Case  b),  we  have  by  substituting  5  for  I  and 

W 

—  for  W  in  equation  (13)  and  reducing, 

Wl 
vt  =  0.0515  ^- «    .    (23) 

and  the  total  deflection  due  to  bending  and  shearing 

W7*                    Wl 
vj  =  0.000145  ^+0.0515-^; (24) 

and,  if  Q  -  f  E, 

«*'-^  (0.000145  P+  0.129) (25) 
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The  ratio  of  the  deflections  will  be 

v.         0.129         890 


(26) 


vo     0.000145/*       P  ' 

and,  when  I :  h  —  10 : 1,  the  deflection  due  to  shearing  will  be  about  8.9  per 
cent  of  the  deflection  due  to  bending. 

It  is  evident  that,  in  all  the  foregoing  cases,  as  the  ratio  of  length 
to  depth  increases,  the  ratio  of  the  deflection  due  to  shearing  and 
that  due  to  bending  decreases. 

In  making  calculations  of  the  deflections  of  beams  with  I- 
sections,  and  average  spans,  however,  some  allowance  should  be 
iiiade  for  shearing.  This  is  usually  done  by  using  values  of  E,  in 
the  ordinary  formulas  for  deflection  due  to  bending,  which  are 
somewhat  smaller  than  the  actual  tensile  modulus  of  elasticity, 
the  modified  values  of  E  being  based  on  the  results  obtained  by 
actual  measurements  of  the  total  deflection  of  beams  under  dif- 
ferent systems  of  loading.  It  is  evident  that  the  values  of  E, 
calculated  from  such  measurements  by  means  of  the  ordinary 
deflection  formulas,  will  vary,  not  only  with  the  shape  of  the 
cross  section,  but  also  with  the  ratio  of  the  depth  of  the  section 
to  the  length  of  the  beam. 

114.  Transverse  Curvature.  —  No  mention  has  been  made,  so 
far,  of  any  ch&nge  in  the  shape  of  the  cross  sections  of  a  beam  sub- 
jected to  flexure.    That  a  slight  distortion  does  take  place,  how- 
ever, is  evident  from  the  fact  that  the 
longitudinal    strains    in    the    different 
layers  are  always  accompanied  by  lat- 
eral strains  unless  the  latter  are  pre- 
vented by  constraining  forces  (Art.  5).  — 1^      f — 

If  we  assume  the  lateral  movement  Dl^iipiii!c     / 

in  the  different  layers  to  be  free,  each  j  : 

layer  contracting,  or  expanding,  inde-  \  j" 

pendently  of  the  others,  in  the  same  '  ' 

manner  in  which  the  longitudinal  con- 
traction or  expansion  is  assumed  to  take  place  (Art.  66),  the  layers 
which  are  in  compression  will  expand  laterally  and  those  in  tenr 
sion  will  contract. 

If  a  beam  of  rectangular  cross  section  is  bent  so  that  it  is  con- 
cave upwards  the  section  will  take  the  general  form  shown  in 
(Fig.  146).  Since  the  longitudinal  strains  are  uniformly  varying, 
the  lateral  strains  will  be  likewise  uniformly  varying;    and  the 
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lateral  strain  in  any  layer  will  be  —  X  the  longitudinal  strain  in 

m 

the  layer.    Hence  the  horizontal  axis  through  the  center  of  the 

section  will  become  slightly  curved  and,  if  the  longitudinal  curva- 

1      e 
ture  at  the  section  is  equal  to  -  =  -,  the  curvature  of  the  hori- 

r      y 

zontal  axis  will  be  equal  to  —  =  — 

T\      my 

Hence  I--1,    or    n-mr. 

The  assumption  that  the  lateral  expansion  or  contraction  is 
free,  while  nearly  correct  when  the  depth  of  the  cross  section  is 
greater  than  the  breadth,  is  not  correct  in  the  case  of  a  wide  flat 
section.  In  such  a  case  the  lateral  strains  except  at  the  edges  will 
be  resisted  by  shearing  stresses  between  the  layers. 

115.  Limitations  of  the  Theory  of  Flexure.  —  All  of  the  results, 
obtained  in  the  discussion  of  the  theory  of  bending  in  this  and  the 
preceding  chapter,  have  been  based  on  the  primary  assumption 
of  the  theory  of  simple  bending;  viz.,  that  plane  cross  sections 
remain  plane  after  bending  (Art.  66).  This  assumption  was  first 
made  by  Bernouilli  and  is  frequently  called  Bernoulli's  Assumption. 

A  more  exact  analysis  of  the  stresses  and  strains  due  to  flexure 
by  means  of  the  principles  of  the  Theory  of  Elasticity  was  first 
made  by  St.  Venant,  who  took  as  a  basis  the  assumption  that  the 
layers,  or  fibers,  are  free  to  expand  or  contract  laterally  but  did 
not  assume  that  plane  cross  sections  remain  plane. 

The  results  of  his  investigation  show  that  Bernoulli's  assumption 
is  correct  when  the  shearing  force  is  constant,  but  in  other  cases 
a  plane  cross  section  does  not  remain  exactly  plane  after  bending 
takes  place. 

The  results  obtained  by  the  common  theory,  however,  when 
compared  with  those  given  by  the  more  complex  theory  of  St. 
Venant  are  found  to  be  substantially  in  agreement  as  far  as  fiber 
stresses  and  deflections  due  to  bending  are  concerned,  the  largest 
difference  being  found  in  the  shearing  stresses  and  strains. 

For  practical  purposes,  the  common  theory,  when  used  within 
the  limitations  imposed  (Art.  63),  gives  results  with  as  much 
accuracy  as  the  conditions,  regarding  the  distribution  of  the  loads, 
the  dimensions  and  homogeneity  of  the  beams  with  which  the 
engineer  ordinarily  has  to  deal,  will  warrant. 
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116.  Problems  —  Deflection  of  Beams.  — 

Problem  1. 

A  standard  15"  I-beam,  42  lbs.  per  ft.,  is  subjected  to  a  system  of  loads  such 
that  the  radius  of  curvature  of  the  neutral  layer  at  a  given  section  is  1200  ft. 
Find  the  magnitude  of  the  outside  fiber  stress  at  the  section.  E  —  30,000,000 
lbs.  per  sq.  in. 

Problem  2. 

Find  the  diameter  of  the  smallest  pulley  upon  which  a  steel  band  saw,  -fa" 
thick,  may  be  run,  provided  the  allowable  fiber  stress  due  to  bending  is 
25,000  lbs.  per  sq.  in.    E  «=  30,000,000  lbs.  per  sq.  in. 

Problem  8. 

A  standard  12"  I-beam,  31.5  lbs.  per  ft.,  is  supported  at  the  ends  and  sub- 
jected to  a  single  concentrated  load  of  10,000  lbs.  applied  at  the  center.  Find 
the  greatest  deflection  and  the  deflection  at  a  section  4  ft.  from  the  left  end. 
Span  =  16  ft.    E  =  28,000,000  lbs.  per  sq.  in.    I  =  215.8  (ins.)4. 

Note.  —  Find  the  deflection  due  to  the  concentrated  load  and  that  due  to 
the  weight  of  beam  acting  separately  and  add  together  (Art.  100). 

Problem  4. 

Solve  Problem  (3),  assuming  that  the  load  of  10,000  lbs.  is  uniformly  dis- 
tributed over  the  entire  length  of  the  beam,  instead  of  being  concentrated  at 
the  center. 

Problem  5. 

A  wooden  beam  6"  X  12//  cross  section  and  12  ft.  long  is  fixed  at  one  end 
and  subjected  to  a  single  concentrated  load  of  1200  lbs.  applied  at  the  free  end. 
Find  the  greatest  deflection.    E  »  1,000,000  lbs.  per  sq.  in. 

Problem  6. 

Solve  Problem  (5),  assuming  that  the  load  of  1200  lbs.  is  uniformly  dis- 
tributed over  the  entire  length,  instead  of  concentrated  at  the  free  end. 

Problem  7. 

Solve  Problem  (5),  assuming  that  the  load  of  1200  lbs.  is  applied  at  a  point 
8  ft.  from  the  fixed  end,  instead  of  at  the  free  end. 

Problem  8. 

4000 

Find  the  greatest  deflection  of 
a  standard  8"  I-beam,  18  lbs.  per 
ft.,  due  to  a  single  concentrated 
load  of  4000  lbs.,  acting  as  shown 
(Fig.  147).  J-  56.9  (ins.)4.  E- 
28,000,000  lbs.  per  sq.  in.  Also  R 
find  the  deflection  under  the  load  p_     iaj 

and  at  the  middle  of  the  span. 

Problems  9-18. 

Note.  —  In  Problems  (9-13)  inclusive,  deduce  the  general  formulas  for  slope 
and  deflection  and  find  the  greatest  slope  and  greatest  deflection.    Express 
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these  values  in  terms  of  E,  I  and  the  constants.    When  the 
sions  are  given,  find  the  greatest  deflection  in  inches. 


dimen- 


Problem9. 

Cantilever  beam,  uniformly  vary- 
ing load,  as  shown  (Fig.  148). 


Fig.  148. 


Problem  10. 

Simple  beam,   uniformly  varying 
load,  as  shown  (Fig.  149). 


Fig.  149. 


Problem  11. 

Simple  beam,  uniformly  vary- 
ing load,  as  shown  (Fig.  150). 


Fig.  160. 


Problem  12. 

A  wooden  beam  10"  X  12"  cross  sec- 
tion, subjected  to  a  load  of  16,000  lbs. 
uniformly  distributed  over  its  entire 
length  (Fig.  151).  E  -  1,500,000  lbs. 
per  sq.  in. 

Problem  18. 

A  standard  6"  I-beam,  12.25  lbs.  per 
ft.,  subjected  to  concentrated  loads  of   h 
2000  lbs.  and  1000  lbs.,  as  shown  (Fig. 
152).    E  =  28,000,000  lbs.  per  sq.  in. 


1000  lba  per  ft 

A 
Ri 

Rt         ! 

Fig.  151. 


-i<^ 


1000 


V-* 


Fig.  152. 


Problem  14. 

A  simple  beam  is  subjected  to  a  total  load  of  12,000  lbs.  uniformly  distributed 
over  a  portion  of  the  span,  as  shown  (Fig.  153).    Using  the  general  formulas 


PROBLEMS 


253 


// 


(Case  i,  Art.  98),  write  the  general  equations  for  the  slope  and  deflection  for 
this  particular  case,  neglecting  the  weight  of  the  beam.  Also  find  the  value 
of  EIvq. 


Problem  15. 

A  floor  is  supported  on  standard  15 
I-beams,  42  lbs.  per  ft.,  having  a  20-ft. 
span.  If  the  total  load,  including  the 
weight  of  the  floor  and  beams,  is  200  lbs. 
per  sq.  ft.  of  floor  area,  determine  the 
spacing  of  the  beams  required  to  fulfil 
the  condition  that  the  greatest  deflection 
is  not  to  exceed  jfa  of  the  span.  I  =  442 
(ins.)4.     E  -  28,000,000  lbs.  per  sq.  in. 


iooo  It*,  per  ft 


Fig.  153. 


What  is  the  magnitude  of  the  greatest  outside  fiber  stress  in  this  case? 


-*! 


4001ba.per  ft. 


Fig.  154. 


Problem  16.  woo         *oo         woo 

Find  the  necessary  moment  of  inertia 
and  select  a  suitable  I-section  for  a 
beam  to  support  the  loads  shown  (Fig. 
154),  provided  the  greatest  allowable 
deflection  is  0.5".  E  =  28,000,000  lbs. 
per  sq.  in.  Use  the  method  indicated 
in  Art.  (100),  dividing  the  load  system 
into  three  parts. 

Problem  17. 

An  8"  steel  I-beam,  18  lbs.  per  ft.,  is  fixed  at  the  ends  and  subjected  to  a 
total  uniformly  distributed  load  of  9600  lbs.  (including  the  weight  of  the  beam). 
The  span  is  12  ft.  Find  the  greatest  deflection  and  the  magnitude  of  the 
greatest  outside  fiber  stress.    /  «  57  (ins.)4.    E  =»  28,000,000  lbs.  per  sq.  in. 

Problem  18. 

Solve  Problem  (17),  assuming  that  the  load  of  9600  lbs.  is  concentrated  at  the 
center  of  the  span  instead  of  being  uniformly  distributed  over  the  entire  length 
of  the  beam.    Neglect  the  weight  of  the  beam. 

Problem  19. 

A  12"  steel  I-beam,  31.5  lbs.  per  ft.,  having  a  span  of  12  ft.,  is  fixed  at  the 
ends  and  subjected  to  a  single  concentrated  load  of  4000  lbs.,  acting  at  a  dis- 
tance of  8  ft.  from  one  end.  Find  the  deflection  at  the  center  and  under  the 
concentrated  load.  /  =  216  (ins.)4.  E  »  28,000,000  lbs.  per  sq.  in.  Find 
the  greatest  outside  fiber  stress. 

Problem  20. 

Solve  Problem  (19),  assuming  that  the  load  of  4000  lbs.  is  divided  equally 
into  two  parts  and  applied  at  points  4  ft.  from  the  ends. 
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Problems  21-24. 

Note.  —  Id  Problems  (21-24),  inclusive,  determine  the  magnitudes  of  the 
supporting  forces,  and  find  the  maximum  shearing  force  and  maximum  bend- 
ing moment.    The  supports  are  assumed  to  be  on  the  same  level  in  each  case. 

Problem  21. 

Beam  fixed  at  one  end  and  subjected  to  a  uniformly  distributed  load  of 
1000  lbs.  per  ft,  as  shown  (Fig.  155). 


k 


i 


4400 


-1* 


Fig.  156. 


Fig.  155. 

Problem  22. 

Beam  fixed  at  one  end  and  subjected  to  a  single  concentrated  load,  as  shown 
(Fig.  156). 

Problem  28* 

Beam  fixed  at  one  end  and  subjected  to  a  single  concentrated  load,  as  shown 
(Fig.  157). 


r 


I 


4000 


I— 


■40* 


r 


1000  lba  per  ft 


_1©j_ 


Fig.  157.  Fig.  158. 

Problem  24. 

Beam  fixed  at  one  end  and  subjected  to  a  uniformly  distributed  load,  as 
shown  (Fig.  158). 

Problem  26. 

A  wooden  beam  10"  X  12"  cross  section  is  supported  at  three  points  at 
equal  distances  apart,  and  is  subjected  to  a  total  uniformly  distributed  load  of 


1200  lba  per  ft 


—10^- 


— 10*— 


Fig.  159. 

24,000  lbs.  (including  the  weight  of  the  beam)  (Fig.  159).  Find  the  magni- 
tudes of  the  supporting  forces  ft,  R%  and  R%:  (a)  When  the  supports  are  on  the 
same  level;  (b)  When  the  middle  support  is  J"  below  the  level  of  the  end 
supports.    E  -  1,200,000  lbs.  per  sq.  in. 
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Problem  26. 

Find  the  greatest  outside  fiber  stress  in  the  beam  given  in  Problem  (25) :  (a) 
When  the  supports  are  on  the  same  level;  (b)  When  the  middle  support  is 
i"  below  the  level  of  the  end  supports. 

Problem  27. 

Find  the  deflection  at  the  middle  point  in  each  span  of  the  beam  given  in 
Problem  (25) :  (a)  When  the  supports  are  on  the  same  level;  (b)  When  the 
middle  support  is  \"  below  the  level  of  the  end  supports.  Use  the  method 
given  in  Art.  (100). 

Problem  28. 

Find  the  difference  in  level  between  the  middle  support  and  the  two  end 
supports  of  the  beam  in  Problem  (25),  when  the  two  greatest  positive  bending 
moments  are  equal  to  the  greatest  negative  bending  moment. 

Problem  29. 

Find  the  difference  in  level  between  the  middle  support  and  the  two  end 
supports  of  the  beam  in  Problem  (25),  in  order  that  the  end  reactions  shall  be 
equal  to  zero. 

Problem  80. 

A  wooden  beam  6"  X  12"  cross  section  is  supported  at  the  ends  and  sub- 
jected to  a  single  concentrated  load  at  the  center  of  the  span.  Find  the 
length  of  beam  required  to  satisfy  both  of  the  following  conditions:  (a)  The 
greatest  deflection  is  jfa  of  the  span;  (b)  The  greatest  outside  fiber  stress  is 
1000  lbs.  per  sq.  in.;   (c)  E  =-  1,200,000  lbs.  per  sq.  in. 

Problem  81. 

Solve  Problem  (30),  assuming  the  load  to  be  uniformly  distributed  over 
the  entire  length  of  the  beam,  instead  of  concentrated  at  the  center. 

Problem  82. 

A  round  bar  is  fixed  at  one  end  subjected  as  a  cantilever  beam  to  a  single 
concentrated  load  at  the  free  end.  Find  the  ratio  of  length  to  diameter  re- 
quired to  satisfy  the  conditions:  (a)  The  greatest  deflection  is  equal  to  T^; 
(b)  The  greatest  outside  fiber  stress  is  equal  to  20,000  lbs.  per  sq.  in.;  (c)  E 
=  28,000,000  lbs.  per  sq.  in. 

Problem  88. 

Find  the  values  of  the  diameter  and  length,  if  the  load  on  the  beam  in 
Problem  (32)  is  20,000  lbs. 

Problem  84. 

A  standard  24"  steel  I-beam,  80  lbs.  per  ft.,  is  supported  at  the  ends  and 
loaded  uniformly  throughout  its  entire  length.  If  the  span  is  30  ft.,  find  the 
greatest  deflection  if  the  greatest  allowable  outside  fiber  stress  is  16,000  lbs. 
per  sq.  in.    E  -  28,000,000  lbs.  per  sq.  in. 
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Problem  85. 

A  wooden  beam  of  rectangular  cross  section,  12  ft.  long  and  supported  at 
the  ends,  is  subjected  to  a  single  concentrated  load  at  the  center  of  the  span. 
Find  the  depth  of  beam  required  to  satisfy  the  following  conditions:  (a)  The 
greatest  deflection  is  T^  of  the  span;  (b)  The  greatest  outside  fiber  stress  is 
1000  lbs.  per  sq.  in.  If  the  ratio  of  breadth  to  depth  is  1  :  2,  what  load  will 
be  required  to  fulfil  these  conditions?    E  —  1,200,000  lbs.  per  sq.  in. 

Problem  36. 

Solve  Problem  (35),  assuming  the  load  to  be  uniformly  distributed  over  the 
entire  length  of  the  span  instead  of  concentrated  at  the  center. 

Problem  87. 

A  steel  I-beam,  20  ft.  span,  is  supported  at  the  ends  and  subjected  to  a  single 
concentrated  load  at  the  center.  Find  the  depth  of  beam  required  to  satisfy 
both  of  the  following  conditions:  (a)  The  greatest  deflection  is  ji*  of  the 
span;  (b)  The  greatest  outside  fiber  stress  is  16,000  lbs.  per  sq.  in.  What 
is  the  size  of  the  standard  beam  which  will  most  nearly  satisfy  the  con- 
ditions?   What  load  would  be  required?    E  =  28,000,000  lbs.  per  sq.  in. 

Problem  88. 

Solve  Problem  (37),  assuming  the  load  to  be  uniformly  distributed  over  the 
entire  length  of  the  beam,  instead  of  concentrated  at  the  center. 

Problem  89. 

Solve  Problem  (37),  assuming  that  the  beam  is  fixed  at  the  ends. 

Problem  40. 

Solve  Problem  (38),  assuming  that  the  beam  is  fixed  at  the  ends. 

Problem  41. 

Determine  the  reaction  R  (Fig.  157)  for  the  beam  given  in  Problem  (23)  by 
the  method  of  least  work  (Art.  HI). 

Problem  42. 

Determine  the  reaction  R  (Fig.  158)  for  the  beam  given  in  Problem  (24) 
by  the  method  of  least  work. 
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Problem  48. 

Two  15"  steel  I-beams,  42  lbs. 
per  ft.,  together  support  a  total  uni- 
formly distributed  load  of  12,800  lbs. 
The  upper  beam  AB  rests  on  three 
rollers  carried  by  the  lower  beam 
CD,  and  the  lower  beam  rests  on 
supports  as  indicated  (Fig.  160). 
Find  the  reaction  at  the  center  roller 
and  the  maximum  fiber  stress  in  each  beam.  E  =  30,000,000  lbs.  per  sq.  in. 
/  =  442  (ins.)4.     Neglect  the  weight  of  the  beams. 

Note.  —  Let  R  —  the  reaction  at  the  center  roller  and  apply  the  principle 
of  least  work. 


Fig.  160. 
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Problem  44. 

Two  square  bars  of  equal  length  I  are  fixed  at  one  end  as  indicated  (Fig. 
161).    The  lower  bar  is  supported  at 
the  free  end  and  the  upper  bar  carries  ™ 
a  concentrated  load  W  at  the  free  end  w. 


and  rests  on  a  roller  at  A.    Assuming  %  ^A 

that  the  supports  of  the  lower  bar  are  ^  T" 

on  the  same  level  and  neglecting  the  p< a ^| 

weight  of  the  bars  find  the  reaction  p< , 

on  the  roller  and  the  supporting  force  *"* 


+ 


W 


F. 


Fig.  161. 


Problem  46. 

Find  the  deflection  at  the  center  of  the  beam  given  in  Problem  (8),  using 
the  general  formula  for  deflection  (Art.  110). 

Problem  46. 

Find  the  deflection  of  the  beam  given  in  Problem  (16)  under  the  center 
load  of  2000  lbs.,  using  the  general  formula  for  deflection. 

Problem  47. 
Solve  Problem  (14),  by  using  the  general  formula  for  deflection. 

Problem  48. 

Determine  by  graphical  integration  the  greatest  deflection  of  a  built-up 
girder,  represented  in  Fig.  (103),  under  the  greatest  allowable  load  W,  con- 
centrated at  the  middle  of  the  span.  The  dimensions  of  the  girder  are  as 
follows:  span  —  30  ft.;  depth  of  cross  section  at  center  =■  33.5";  web  plate  — 
30"  X  I";  4  flange  angles  —  5"  X  3"  X  J";  2  flange  plates  —  12"  X  i"  X  24 
ft.  long;  2  flange  plates  —  12"  X  i"  X  16  ft.  long;  2  flange  plates  —  12"  X  J" 
X  8  ft.  long.    E  -  28,000,000  lbs.  per  sq.  in.,  /  =  12,000  lbs.  per  sq.  in. 

Problem  49. 

Determine  by  graphical  integration  the  greatest  deflection  of  the  tapered 
shaft  (Fig.  105)  due  to  the  load  of  400  lbs.  acting  at  the  center  of  the  span, 
neglecting  the  weight  of  the  shaft.    E  =  30,000,000  lbs.  per  sq.  in. 

Problem  60. 

Determine  by  graphical  integration  the  greatest  deflection  of  the  tapered 
shaft  (Fig.  105),  due  to  its  own  weight  only,  assuming  w  —  0.28  lb.  per  cu.  in. 
and  E  =  30,000,000  lbs.  per  sq.  in. 


CHAPTER  VI. 

CONTINUOUS  BEAMS. 

117.  Continuous  Beams.  —  A  beam,  or  girder,  which  is  sup- 
ported at  more  than  two  points  and  is  continuous  through  two  or 
more  spans  is  called  a  continuous  beam,  or  a  continuous  girder. 
An  illustration  of  the  simplest  type  of  a  continuous  beam  has 
already  been  given  in  the  case  of  the  beam  supported  at  three 
points  (Art.  102).  Evidently,  a  beam  may  be  continuous  over 
any  number  of  supports  and  the  supports  may,  or  may  not,  be  on 
the  same  level;  and  in  addition,  such  a  beam  may  be  fixed  at  the 
ends,  as  in  the  case  of  the  built-in  beam,  or  the  ends  may  be  free  to 
turn  as  in  the  case  of  the  simple  beam  supported  at  two  points. 
The  supporting  forces  cannot  be  determined  from  the  laws  of 
equilibrium  of  Statics  alone,  but  only  when  conditions  in  addi- 
tion to  these  laws  can  be  applied,  as  was  done  in  the  above- 
mentioned  case  of  the  beam  supported  at  three  points. 

The  elastic  curve  will  be  continuous  throughout  the  length  of  the 
beam,  and  the  conditions  resulting  from  continuity  at  the  sup- 
ports, as  well  as  at  concentrated  loads,  will  be  found  sufficient, 
when  employed  in  conjunction  with  the  static  conditions  of  equi- 
librium, to  determine  the  supporting  forces  for  any  beam  of  this 
type.  The  assumptions  of  the  common  beam  theory  will  evi- 
dently apply  equally  as  well  as  in  the  case  of  the  beam  supported 
at  two  points.  Hence  the  differential  equation  of  the  elastic 
curve  will  be  the  same  in  either  case;  and  the  integration  of  this 
equation  under  the  conditions  of  continuity  at  the  supports  will 
furnish  the  additional  conditions  required  in  the  calculation  of  the 
reactions  at  the  supports. 

When  the  beam  is  of  uniform  cross  section  and  material  and  the 
loads  are  concentrated,  or  uniformly  distributed,  the  determina- 
tion of  the  supporting  forces  is  comparatively  simple.  When  the 
loading  is  irregular  and  the  cross  section  varies,  an  approximate 
solution  is  ordinarily  all  that  can  be  made. 

In  the  following  discussion,  therefore,  only  beams  of  uniform 
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section,  subjected  to  load  systems  comprised  of  concentrated  and 
uniformly  distributed  loads,  will  be  considered. 

118.  The  Theorem  of  Three  Moments.  —  By  means  of  the 
conditions  due  to  the  continuity  of  a  continuous  beam  over  any 
intermediate  support,  an  algebraic  relation  between  the  bending 
moment  at  that  support  and  the  bending  moments  at  the  adjacent 
supports  on  either  side  can  be  determined.  This  relation  is 
commonly  known  as  the  three  moment  equation  and  the  process  of 
its  derivation  is  known  as  the  theorem  of  three  moments.  The 
derivation  of  the  three  moment  equation  will  be  given  here  for 
some  of  the  common  systems  of  loading,  the  beams  being  assumed 
to  be  horizontal  and  the  loads  vertical  in  each  case. 

Case  I.  —  A  Single  Concentrated  Load  in  Each  Span.  —  Let  B} 
0  and  A  (Fig.  162)  be  any  three  consecutive  supports  of  a  beam 
which  is  continuous  over  three  or  more  supports.  Take  the  origin 
at  0  and  the  horizontal  axis  XOX  through  the  intersection  of  the 
neutral  layer  of  the  beam  and  the  cross  section  over  the  support  0. 

Let      M0  —  the  bending  moment  at  0, 
Ma  =  the  bending  moment  at  A, 
Mb  =  the  bending  moment  at  B, 
Sq  =  the  shearing  force  at  a  section  adjacent  to  and  at 
the  right  side  of  the  support  0, 
S-q  =  the  shearing  force  at  a  section  adjacent  to  and  at 
the  left  side  of  the  support  0, 
%q  =  the  slope  at  0,  the  angle  being  measured  between 
the  tangent  and  the  axis  OX  to  the  right  of  0, 
i-o  =  the  slope  at  0,  the  angle  being  measured  between 

the  tangent  and  the  axis  OX  to  the  left  of  0} 
va  =  the  difference  in  level  between  the  supports  A 

and  0, 
Vt>  =  the  difference  in  level  between  the  supports  B  and 

o, 

li  =  the  length  of  the  span  OA, 
U  =  the  length  of  the  span  OB, 
TTi  =  a  concentrated  load  at  any  point  in  the  span 

0-A,  at  distances  C\  from  0  and  d\  from  A, 
TTj  =  a  concentrated  load  at  any  point  in  the  span 

0-B,  at  distances  o*  from  0  and  d%  from  B, 
Mi  =  the  bending  moment,  ti  =  the  slope  and  Vi  =  the 
deflection  under  the  load  Wh 
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the  bending  moment,  i%  —  the  slope  and  Vt  =  the 

deflection  under  the  load  W*} 
the  shearing  force,  M  =  the  bending  moment,  i  = 

the  slope  and  0  =  the  deflection  at  any  cross 

section  at  a  distance  x  from  0. 


4 


B 


W, 


|0 


w, 


R* 


■>< — 

R* 

Fig.  162. 


Consider  first  the  span  O-A ,  taking  x  plus  when  measured  to 
the  right  of  the  origin  and  using  the  convention  regarding  signs 
which  has  been  followed  in  the  theory  of  ordinary  bending. 

Then  for  values  of  x  from  0  to  ci} 

S  =  So, (1) 

M  -  Mo  +  S*x  (Art.  73) (2) 


EH 


'-/■ 


Sq3? 


Mdx  =  M ox  +  -x-  +  c, 


(3) 


where  c  ->  Elin,  since  i  =  i,  when  a;  =  0, 

AfoX*  ,  Sox* 


EIv 


=Elfidx  = 


.E/ioz  + 


+ 


+  C, 


2      '     6 

where  d  —  0,  since  «  =  0  when  a;  =  0. 
For  values  of  x  from  ct  to  h, 

S  =  So  -  Wu 

M  =  Af0  +  /Sox  -  TTi  (a:  -  Ci)  (Art.  73),      .     .     . 

*K  -  fjf  <fc  =  Jfe  +  ^  -  ^  (s  -  c,)*  +  c",  . 


(4) 


(5) 
(6) 

(7) 


where  c"  =  2?ito,  since  from  the  continuity  the  value  of  Eli  giv«n 
by  (7)  is  equal  to  the  value  given  by  (3)  when  x  =  Ci, 

EIv  =  Elfidx  =  EIia  +  ^  +  ^-^(x-cd>  +  c'",  (8) 

where  c"'  =  0,  since  the  value  of  EIv  given  by  (8)  is  equal  to  the 
value  given  by  (4)  when  x  =  C\. 
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Substituting  £  =  h  in  (6)  we  obtain 

Ma  =  M o  +  SJk  -  Tfi  (Zi  -  d)  -  M o  +  SoZi  -  Widh  .    (9) 
and  hence 

So  =  m^lMo  +  w^1 

By  substituting  x  =  Zi  in  (8), 

W^-WiA+^  +  ^-Elft-flO.;     .     .     .     (11) 

and  eliminating  So  between  (11)  and  (10)  and  reducing, 

and  solving  for  EHq, 

VT.      Elvg     Moli     MJi      Widi  n  t       .  .  ,    . 

If  we  treat  the  span  O-B  in  the  same  manner,  taking  x  positive 
when  measured  to  the  left  and  reversing  the  signs  which  have  been 
previously  used  in  designating  the  directions  of  shearing  forces 
and  slopes,  the  expressions  obtained  for  S-o  and  EH-q  will  be 
analogous  to  (10)  and  (13)  and  the  equations  will  take  the  forms 

^  =  ^LZjJ^  +  WA \    (14) 

Wi^»W»_ffi_^_!§*  (jyi-dW.    .    .    (15) 

Adding  (13)  and  (15)  and  observing  that,  since  the  signs  of  the 
slope  given  by  the  two  equations  are  opposite,  the  condition  of 
continuity  at  0  will  give  i0=  —  t-o,  we  shall  have 

n      EIva  ,  EIvh      M0n    ,   .  .       Mah      Mih 

-^-W-^-*'-     (16) 

which  is  a  form  of  the  three  moment  equation  for  this  case. 

It  should  be  observed  that  values  of  va  and  %  will  be  positive 
when  the  supports  A  and  B  are  higher  than  the  support  0,  and 
negative  if  A  and  B  are  lower  than  0;  also  that  equations  (14) 
and  (15)  will  give  positive  values  of  the  shear  and  slope,  respec- 
tively, when  the  shear  and  the  slope  are  opposite  in  direction  to 
those  which  have  been  previously  called  positive. 
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In  the  case  of  a  continuous  beam,  therefore,  the  rule  for  the  sign 
of  the  shearing  force,  as  determined  from  the  algebraic  equations, 
will  be:  the  shearing  force  at  a  section  is  positive  when  the  part  of 
the  beam  between  the  section  and  the  origin  tends  to  slide  upwards  by 
the  part  on  the  other  side  of  the  section,  and  negative  when  the  tendency 
to  slide  is  the  reverse;  and  the  slope  is  positive  when  the  tangent  slopes 
upward  and  away  from  the  origin.  Having  adopted  this  system  of 
signs  for  shearing  forces  and  slopes,  the  signs  of  bending  moments 
and  deflections,  as  determined  by  the  algebraic  equations,  evidently 
will  be  the  same  as  those  previously  adopted,  whether  the  span  is 
taken  to  the  right  or  the  left  of  the  origin.  In  plotting  shearing 
force  diagrams  for  continuous  beams,  however,  it  will  be  convenient 
to  follow  the  convention  of  signs  adopted  for  simple  beams. 

When  the  supports  are  on  the  same  level,  the  three  moment 
equation  (16)  reduces  to  the  form 

Mali  +  2MQ(h  +  h)  +  MJ*  -  -  ^(V  -  #) 

-^Q*-U) (17) 

h 

When  the  loads  are  applied  at  the  middle  of  each  span,  equation 
(17)  reduces  to 

MaU  +  2  Mo  <h  +  k)  +  MJ*  =  -  |  (WiV  +  WJJ).       (18) 

When  the  spans  are  equal,  if  we  let  I  =  h  =  1%,  equation  (17) 
reduces  to 

{Ma  +  4M0  +  Mb)  P  -  -  Wxdx  (P  -  d,*)  -  W*k  (P  -  df),    (19) 
and,  if  in  this  case  the  loads  are  applied  at  the  middle  of  each  span, 

(Ma  +  4M0  +  3ffr)  =  -|W  +  TP2).  .    .    .     (20) 

Also,  when  the  supports  are  on  the  same  level  and  the  load  is  at 
the  middle  of  the  span,  equation  (13)  will  reduce  to 

JfoJi      Mali      Wih\  , 

alto  = « g rg-  ,    .     .     .     .     (Zl) 

and  equation  (10)  will  reduce  to 

So  =  M±-Mo  +  Wi 

Case  II.  —  Any  Number  of  Concentrated  Loads  in  Each  Span.  — 
Using  a  notation  similar  to  that  in  Case  (I),  let  k  =  the  length  of 
the  span  O-A  and  denote  the  loads  in  the  span  by  the  symbols 
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Wi',  Wi",  Wi"\  etc.,  the  distances  of  the  loads  from  0  by  the 
symbols  d',  Ci",  Ci'",  etc.,  and  their  distances  from  A  by  the 
symbols  di',  di",  d/",  etc. 

The  expressions  for  the  shearing  force  and  the  slope,  at  the  right 
of  the  support  0,  can  be  found  for  each  load  acting  separately; 
and  the  values  of  these  quantities  due  to  the  combination  of  all 
the  loads  in  the  span  may  then  be  found  by  adding  together,  by 
the  method  indicated  in  (Art.  100). 

Let  to',  Mo,  So,  represent  the  values  of  the  slope,  bending 
moment  and  shearing  force,  respectively,  at  the  support  0;  and 
Ma  and  vd  the  bending  moment  and  deflection  at  the  support  A 
if  the  load  W  were  the  only  load  in  the  span  O-A ;  and,  similarly, 
let  io",  M0",  So",  Ma"  and  va"  represent  the  respective  values  of 
these  quantities  if  the  load  W"  were  the  only  load  in  the  span; 
and  io"',  Af0'",  So'",  Ma"'  and  va"'  the  respective  values  due  to  the 
load  W"  alone;  etc. 

Then  from  equation  (13) 

_-.,     EIva'     Mo%     Ma%     Wi'di'u      ,,„ 

„.„         ElVa"         Mo'%         Ma"h         WMfn%  w,2v 

„_Eivr   Mo'%   Ma'"h    wrdr (l . 

By  adding  these  equations  and  substituting 

io  =  to-rto    T"to     +  •  •  '  > 

»a  =  ».'  +  Va"  +  !>a'"  +    •    •    •    , 

Mo  -  Mo'  +  Mo"  +  Mo'"  + 

M0  =  Ma'  +  Ma"  +  Ma'"  + 

we  obtain  for  the  value  of  Elio,  when  all  the  loads  act  together, 

Fr.       EIva     Moli      Mah      SWVii  ft*  -  df)  ,OQN 

EIio-^  3  g  ^ ,     .     (23) 

where 

HWA  (V  -  df)  -  F'4'  (V  -  **)  +  HY'dx"  (V  -  d/*) 

+  WY"<fi'"  (fc»  -  di'"2)  +  etc. 

In  the  same  manner,  a  similar  expression  for  the  value  of  Eli-*, 
in  terms  of  the  loads  acting  in  the  span  0-5,  can  be  obtained,  viz., 

„.        Elvt     Mok      Mjh      VWifoW-dt)  ,OA. 

EIl~*  =  -k 3 6 6k •     (24) 


•  •  • 


i 
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By  adding  (23)  and  (24),  the  three  moment  equation  for  any 
system  of  concentrated  loads  is  obtained,  viz., 

QssEIVa      EIVb^Mo^    ,,.  _Malx       MJ* 


k  k         3  v  *  '  ""         6  6 

2TFidi  (h*  -  **)      2W*ck  (V  -  A1) 


(25) 
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Proceeding  in  the  same  manner,  the  expressions  for  the  shearing 
force  at  the  right  of  0,  due  to  each  load  in  the  span  0-A  acting 
alone,  would  be 

Q ,      Ma'  -  Mo'  ,  WW 

Letting  So  =  So'  +  So"  +  etc.,  equal  the  shearing  force  at  the 
section  at  the  right  of  0,  due  to  the  combined  action  of  the  loads 
in  the  span  0  —  A,  and  adding  together  as  before, 

Si-MaZiMi  +  WA, (26) 

where  STT^  -  WW  +  WW  +  WJW"  +  etc. 

Similarly, 

„        Mb  —  HI, o  ,  SITVfr  /0-v 

o-o  = r 1 r (27) 

When  the  supports  are  on  the  same  level,  the  three  moment 
equation  (25)  may  be  written 

STTidi  (tf  -  dfl 


Mak  +  2M0(k  +  k)  +  Mbk=- 

•    (28) 


STF^,  (tf  -  <tf) 


7  9 

and  if,  in  addition,  the  spans  are  equal  and  we  let  I  =  h  =  U, 
equation  (28)  reduces  to 

{Ma  +  4Mfl  +  ilf6)P=  -ZFi*  (P  -  di^-STfarfi  (P  -  df).     (29) 

The  formulas  for  this  case  will  evidently  apply  when  any  of  the 
loads  act  upwards,  instead  of  downwards,  by  simply  giving  a 
negative  sign  to  the  numerical  value  of  any  upward  load,  when 
substituting  in  the  algebraic  equations. 

Case  III.  —  Load  Uniformly  Distributed  over  Each  Span  (Fig. 
163). 
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Let  tPi  =  the  load  intensity  in  the  span  O-A  and  vh  =  the 
load  intensity  in  the  span  O-B.  Then,  using  the  same  notation 
as  in  Case  (I)  we  have  for  all  values  of  x  in  the  span  O-A 

S  =  So  -  wix, (30) 

M  =  M0  +  5o»-^(Art.73), (31) 

EIi=fMdx  =  M&  +  ^-^  +  c,     .    .    (32) 

where  c  =  Elio,  since  i  =  to  when  x  =  0, 

EIv  =  Elfidx  =  EIi0  +  ^ +  $£-?£  +  &,     (33) 

where  tf  =  0,  since  »  =  0  when  a?  =  0. 
Substituting  x  =  k  in  (31)  we  obtain 

M.  -  Mo  +  -SoJ,  -  ^, 


and  henee 


& 


M„  — Jf0      Wi . 
h        +~2~' 


and  by  substituting  x  ~  Zi  in  (33), 


EIv.  -  tf/ioii  + 


MA*  ,  ^Wi« 


+ 


6 


tQiZi4 
24 


(34) 


(35) 


.    .    (36) 


B 


1 


"ftp] 


f 


^r 


*> 


Ro 
Fig.  103. 


-iT" 


Eliminating  50  between  (36)  and  (35)  and  reducing  and  solving 
for  Elio, 


6 


24 


Treating  the  span  O-B  in  the  same  manner  and  reversing  the 
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signs  of  shearing  forces  and  slopes,  as  in  Case  (I),  we  obtain  from 
the  analogy  with  (35)  and  (37), 

Q         Mb-  M0      wj*  ,oq\ 

= U. '  "2"' '    ' 

W7.        Elvb     Mok     MJi%     wJt*m  /om 

tf/iH>  =  -£ 3 Q---W    •    •    •     <39> 

and  by  adding  (37)  and  (39)  we  obtain 

A      Elvg  ,  Elvb     M0n    ,,x      Mak     Mbk     Wih*     wj**     ,    N 

o  =  -ir+-r-T(ii  +  W--g 6---2T--2T'  (*°) 

which  is  the  three  moment  equation  for  this  case. 

When  the  supports  are  on  the  same  level,  equation  (40)  may  be 
written 

MJ>  +  2M0(ll  +  U)+M&=-^-^;    .    (41) 
and  equation  (37)  reduces  to 

„T.  MJ,l         Mall         Will9  ,       . 

EI*  = 3 g---5T (42) 

When  the  spans  are  equal,  if  we  let  I  =*  h  =*  Ut  equation  (41) 
reduces  to 

Jlfa  +  4Jlf0  +  M6=  -^(wi  +  u*).    .     .     .     (43) 

Case  IV.  —  Concentrated  Loads  and  Uniformly  Distributed  Loads 
over  the  Entire  Length  of  Each  Span.  —  By  the  same  method  of 
reasoning  as  that  employed  in  Case  (II),  the  following  expressions 
for  the  three  moment  equation,  and  for  the  slope  and  shearing 
force  at  the  origin,  for  the  span  O-A,  for  any  system  of  con- 
centrated loads  and  loads  uniformly  distributed  over  the  entire 
length  of  each  span  may  be  obtained: 


A       ElVa   ,   ElVh       M0n     ,    M       Mali       MJ* 

0  =  -ZT  +  ir"'"3"Gl  +  fe)~"6 6~ 

SWyfi  (Iia  -  di*)      toA8      TWA  W  -  <k*)      wjf 
6Zi  24  6k  24 


(44) 


„T.       ElVa      Moll      Mali       SlFirfi  (li*  -  di2)       WJt9  ,AK, 

0       Ma-  Mp      ZWidi     wJi  t    . 

&= — h~+-ir+~T (46) 
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When  the  supports  are  on  the  same  level,  or  when  the  spans  are 
equal,  these  equations  may  be  easily  reduced  to  simpler  forms,  as 
before. 

Case  V.  —  Load  Uniformly  Distributed  over  a  Portion  of  Each 
Span.    General  Case.     (Fig.  164.) 


!v 


I    « 


Hf-1 


**' 


!*-! 


&L 


"flgTI 


io   I  $"» 


-dr->j^ 


*r 


Fig.  164. 


Let  w\  =  the  load  intensity,  fti  =  the  distance  over  which  the 
load  extends,  c\  =  the  distance  from  0  and  d\  =  the  distance  from 
A  to  the  center  of  the  load  in  the  span  0-A,  and  let  Wi  =  Wib\ 
equal  the  total  load  in  this  span. 

Let  w%  =  the  load  intensity,  62  =  the  distance  over  which  the 
load  extends,  c2  =  the  distance  from  0  and  d%  =  the  distance  from 
B  to  the  center  of  the  load  in  the  span  O-B;  and  let  W*  =  wjb% 
equal  the  total  load  in  this  span. 

Using  the  same  notation  as  in  Case  (I),  we  have,  for  values  of 


from  0  to  f  Ci  —  ■£)  in  the  span  0-A9 


5  =  So, (47) 

M  =  Mo  +  Sox  (Art.  73), (48) 


EIi  =  M&+^+c, 


(49) 


where 


c  =  Elio,  since  i  =  io  when  3  =  0, 

tf/i>  =  £Ji0a+^  +  ^+c',  . 


2      '     6 
where  c7  =  0,  since  v  =  0  when  s  =  0. 

For  values  of  z  from  (ci  —  ^J  to  f  Ci  +  -x y 
S^So-wtfx-Cx  +  ^J,      .    , 


(50) 


(51) 
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M-Mo  +  Sos-^s-d  +  l)2, (52) 

EK-Ma  +  ^-^z-Ci  +  ^  +  J',     .    .    (53) 

where  c"  =  Elio,  since  (53)  and  (49)  give  the  same  value  for  EH 
when  x  =  f  Ci  —  -^J* 

»f-«4,+«+^-g(,-ft+|)4+^,  (54) 

where  c'"  =  0,  since  (54)  and  (50)  give  the  same  value  for  EIv 
when  x  —  I  Ci  —  ^V 

For  values  of  x  from  (  d  +  £  jto  Zi, 

S  =  So-Wi&i, (55) 

Af  =  Afo  +  Sox  —  Wi&i  (x  —  Ci), (56) 

EIi  =  M&  +  ^-^(x-Cl)*  +  <r,   .    .     (57) 

where  c^  =  J?/io <jt~  *  from  the  condition  that  (57)  and  (53) 

give  the  same  value  for  Eli  when  x  =  lei  +  ~J> 

*/,  -  */*,  +^+^-^c»  -  «)'  -!tr+^  (58) 

where  cT  —    *  *  1 ,  from  the  condition  that  (58)  and  (54)  give  the 


same  value  for  EIv  when  x 


-(<■+!)■ 


Substituting  x  =  h  in  (56),  we  obtain 

Ma  =  Afo  +  SoZi  -  wfodi  .....     (59) 

and  hence 

e       Ma  —  Mo  .  wibidi      Ma  —  Mo      Widi  /AA* 

So  =  j 1 j —  =  j 1 t — .     .     .     (oO) 

L\  l\  l\  l\ 

By  substituting  x  =  h  in  (58), 

tfZ*-tfJiA  +  — +  -g e 24"  +  ~24~;    (61) 


THE  THEOREM  OF  THREE  MOMENTS  269 

and  eliminating  So  between  (61)  and  (59)  and  reducing, 

BK-BIiA  +  ^  +  ^  +  ^lLW-dn-bfl;    (62) 

and  solving  for  Elio,  and  substituting  W\  =  101&1, 

^/io  =  ^?_^_^_^|[4(V-d1*)-V].     .     (63) 

For  the  span  0-B  we  shall  have,  by  analogy, 

Q        Mb  —  Mp      W*h  faA\ 

and 
*Ju,-^-^-^-^[4W-dW-Wl.    .     (65) 

Adding  (63)  and  (65)  we  have,  for  the  three  moment  equation 
for  this  case, 

A      EIva  ,  EIvb      Mon    ,   ,  v       Mali      Mbl% 

0="ir+"fe — t(Zi+w""6 — e" 

"  SfiT l4  (y  "  dl2)  "  bl  ?] "  IS [4  ( v  "  tf) "  wl  •   (66) 

When  the  supports  are  on  the  same  level  (66)  reduces  to 
MM  +  2  Mo  (I,  +  k)  +  M„k  -  -  ^  [4  (tf  -  **)  -  6x»] 

-  ^  [4  (V  -  *•)  -  W]  J (67) 

and  when  the  spans  are  equal,  if  we  let  I  =  Zi  =  k,  equation  (67) 
reduces  to 

(Ma  +  4  Mo  +  Mb)  P  -  -  ^  [4  ft»  -  **)  -  M 

-^[4(y-d22)-&22] (68) 

When  the  loads  are  uniformly  distributed  over  the  entire  length 
of  each  span,  bi  =  li9  di  =  ^ ,  b^  —  U  and  efe  =  s  and  equations 

(60)  and  (63-68)  inclusive  reduce  to  the  corresponding  equations 
for  Case  (III). 

When  the  loads  are  concentrated,  6i  =  0  and  62  =  0  and  equa- 
tions (60)  and  (63-68)  inclusive  reduce  to  the  corresponding 
equations  for  Case  (I). 

When  there  are  two  or  more  superimposed  loads  in  a  span,  by 
the  same  method  of  reasoning  as  that  employed  in  Case  (II),  the 
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following  expression  for  the  three  moment  equation  can  be  ob- 
tained, 

A      EIva  ,  EIvi,     M0n    ,  , .      M ak      MhU 

U  =  —7 1 ; 5-  \l\  -h  (2;  — 


li  It  3  X1  6  6 

STFirfi  [4  (V  -  *')  -kg     ZIPA  [4  (b2  -  df)  -  ftfl . 


(69) 


24 /x  242s 

also,  the  following  expressions  for  the  shearing  force  and  the  slope 
at  the  origin, 

(So  =  ^-M?  +  2^ (7Q) 

WT.      EIva     Molt     Mah     SJTA  [4  (V  -  d,*)  -  hi        ,71, 
^/t0  =  _ _ _ _ (71) 

The  equations  for  this  case  may,  therefore,  be  considered  to  be 
the  general  equations  for  a  continuous  beam,  subjected  to  any 
system  of  concentrated  and  uniformly  distributed  loads,  which 
can  easily  be  reduced  to  the  forms  obtained  for  the  four  special 
cases  previously  considered. 

119.  Determination  of  the  Bending  Moments  and  Reactions 
at  the  Supports  of  any  Continuous  Beam.  —  The  bending 
moments  and  reactions  at  the  supports  of  any  continuous  beam  of 
uniform  cross  section,  subjected  to  concentrated  and  uniformly 
distributed  loads,  may  be  determined  by  the  use  of  the  three 
moment  equation,  in  its  various  forms,  and  the  equations  for  the 
shearing  forces  and  slopes  deduced  in  Art.  (118).  The  method 
of  procedure  will  be  as  follows:  Let  the  sketch  (Fig.  165)  represent 
a  continuous  beam,  having  four  spans,  which  is  subjected  to  a 
system  of  concentrated  and  uniformly  distributed  loads  as  in- 
dicated. 

By  use  of  the  three  moment  equation,  with  the  origin  taken 
successively  at  the  supports  2,  3  and  4,  three  separate  equations 
in  terms  of  the  unknown  bending  moments  at  the  supports  can  be 
obtained.  If  the  beam  is  free  at  the  ends  and  does  not  overhang 
the  end  supports,  the  bending  moments  at  the  end  supports  will 
be  equal  to  zero  and,  by  solving  the  equations  simultaneously, 
the  bending  moments  at  the  intermediate  supports  can  be  found. 
If  the  beam  overhangs  the  end  supports,  the  bending  moments  at 
these  supports  can  be  calculated  from  the  loads  on  the  overhangs, 
leaving  the  bending  moments  at  the  intermediate  supports  to  be 
determined  as  before.    If  the  ends  of  the  beam  are  fixed,  the  three 
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moment  equation  can  be  applied  with  the  origin  taken  at  each 
intermediate  support,  as  before;  and  the  additional  equations, 
required  to  determine  the  bending  moments  at  the  ends,  can  be 
obtained  by  substituting  io  =  0  in  the  equation  for  the  slope  at  a 
support  taken  as  the  origin. 


1 


V    ft 


Fig.  165. 


TTTTFTTm     v    » 


aa 


Having  calculated  the  values  of  the  bending  moments  at  the 
supports,  the  shearing  forces  on  both  sides  of  each  intermediate 
support  and  at  the  inside  of  each  end  support  can  be  found  by  use 
of  the  formulas  for  the  shearing  force  at  the  right,  or  left,  of  any 
support  taken  as  an  origin. 

The  supporting  force  for  any  intermediate  support  can  then  be 
found  by  adding  the  shearing  forces  on  the  two  sides,  keeping  in 
mind  the  reversal  of  the  signs  of  the  shears  on  the  two  sides  of  the 
support.  When  the  ends  are  free,  the  end  supports  will  evidently 
be  equal  to  the  shearing  forces  at  the  ends,  and,  when  the  ends  are 
fixed,  the  reactions  at  each  end  will  be  made  up  of  a  shearing  force 
and  a  bending  moment,  the  latter  being  found  as  previously 
described. 

An  inspection  of  the  equations  given  in  Art.  (118)  and  of  the 
process  of  deriving  them  will  show: 

(a)  That  any  of  the  equations  for  the  shearing  force,  or  the 
slope,  at  the  right,  or  left,  of  a  support  taken  as  an  origin,  are 
entirely  independent  of  the  loads  or  dimensions  in  any  span, 
other  than  that  to  which  the  equations  apply.  Hence  these  can 
be  applied  with  any  support  (intermediate  or  end  support)  taken 
as  the  origin.  In  fact  these  equations  will  be  found  to  apply  in 
the  case  of  any  simple  beam,  or  a  beam  fixed  at  the  ends,  such  as 
were  discussed  in  Chapter  V. 

(b)  That  the  different  forms  of  the  three  moment  equation 
will  apply  only  when  the  origin  is  taken  at  one  of  the  intermediate 
supports,  since  these  equations  embody  the  length  of  the  span 
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and  the  difference  in  level  of  the  adjacent  support,  on  each  side 
of  the  origin. 

(c)  That,  when  the  supports  are  on  the  same  level,  the  bending 
moments,  shearing  forces  and  slopes  at  the  different  supports  are 
independent  of  the  size  and  material  of  the  beam,  provided  the 
conditions  are  in  accord  with  the  limitations  and  assumptions  of 
the  beam  theory. 

(d)  That,  when  the  supports  are  not  on  the  same  level,  the 
bending  moments,  shearing  forces  and  slopes  at  the  supports  will 
depend  on  the  material  and  the  size  and  dimensions  of  the  cross 
section  of  the  beam.  In  many  cases  a  small  change  in  the  level  of 
one,  or  more,  supports  will  be  found  to  affect  the  bending  moments 
and  shearing  forces  to  a  very  considerable  extent. 

For  this  reason  continuous  beams  are  not  suitable  to  use  in 
types  of  construction  where  a  small  change  in  level  of  supports, 
due  to  unequal  settlement  of  foundations  or  other  causes,  will 
seriously  affect  the  magnitudes  of  the  stresses. 

(e)  That,  when  the  cross  sections  of  the  beam  vary,  or  the  load 
is  distributed  non-uniformly,  a  form  of  the  three  moment  equation 
can  be  derived,  provided  the  moment  of  inertia  and  the  load 
intensity  can  be  expressed  as  integrable  functions  of  x.  Ordi- 
narily in  cases  of  this  kind,  it  is  necessary  to  make  an  approximate 
solution  by  dividing  the  beam  up  into  sections  and  taking  average 
values  for  the  load  intensity  and  the  moment  of  inertia  for  each 
section,  the  approximation  evidently  depending  <jn  the  number 
of  the  sections  into  which  the  beam  is  divided. 

(f)  If,  for  a  continuous  girder  which  is  of  non-uniform  section 
or  is  constructed  in  such  a  manner  that  the  central  axis  is  not 
straight,  the  supports  are  made  to  conform  to  the  shape  of  the 
girder,  the  shearing  forces  and  bending  moments  throughout 
the  length  of  the  girder  will  vary  in  the  same  manner  as  when 
the  central  axis  is  a  straight  line  and  the  supports  are  on  the  same 
level. 

120.  Determination  of  the  Greatest  Fiber  Stress  and  the 
Greatest  Deflection.  —  After  having  determined  the  bending 
moments  and  the  shearing  forces  at  the  supports,  the  shearing 
force  and  bending  moment  at  any  section  in  any  span  of  a  con- 
tinuous beam  can  be  found  by  the  method  indicated  in  Art.  (73). 
The  sections  in  the  different  spans  at  which  the  shearing  force  is 
equal  to  zero  will  be  sections  at  which  the  bending  moment  has 
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maximum  values.  Ordinarily  the  bending  moments  at  the  inter- 
mediate supports,  or  at  the  fixed  ends,  will  be  negative  and  the 
bending  moments  at  the  sections  of  zero  shear  in  the  different 
spans  will  be  positive.  It  is  possible,  however,  that  the  loading 
and  the  conditions  at  the  supports  may  be  such  that  the  signs  in 
either  case  will  be  reversed. 

Having  calculated  the  maximum  value  of  the  bending  moment 
in  each  span,  as  well  as  the  values  of  the  bending  moments  at  the 
supports,  the  greatest  bending  moment  in  the  entire  beam  can  be 
determined  by  inspection;  and  the  greatest  outside  fiber  stress 
can  be  calculated  by  the  usual  formula. 

To  determine  the  greatest  deflection  in  any  span  it  is  necessary 
to  write  the  bending  moment  equations,  in  terms  of  the  bend- 
ing moment  and  shearing  force  at  one  end  of  the  span  (Art.  73), 
and  by  integration  to  determine  the  slope  and  deflection  equa- 
tions; the  constant  of  integration  for  the  slope  equation  being 
determined  from  one  of  the  expressions  for  the  slope  at  a  support 
which  have  already  been  deduced.  The  point,  or  points,  of 
greatest  deflection,  above  or  below  the  horizontal  axis,  can  then 
be  found  by  placing  the  slope  equation  equal  to  zero^  after  which 
the  greatest  deflection  in  the  span  can  be  calculated.  By  deter- 
mining in  this  manner  the  greatest  deflection  in  each  span,  the 
greatest  deflection  in  the  entire  beam  from  any  horizontal  axis  as 
a  datum  line  is  readily  obtained. 

It  is  evident  from  the  foregoing  analysis  that  it  is  unnecessary 
to  calculate  the  supporting  forces  of  a  continuous  beam,  in  order  to 
determine  the  greatest  fiber  stress  or  the  greatest  deflection.  If 
desired,  however,  the  magnitude  of  any  intermediate  support  may 
be  obtained  by  adding  the  shearing  forces  on  either  side  together, 
taking  account  of  signs.  The  magnitude  of  an  intermediate  sup- 
porting force  can  be  expressed  in  terms  of  the  bending  moments,  at 
the  support  and  the  two  adjacent  supports,  using  the  notation  for 
the  general  case  (Case  V),  as  follows: 

fa  =  So  +  S-o  -  Ma"Mo  +  Mt-Mp      ZTTidi      2W*k  ^        ^ 

h  h  h  h 

where  — p-^  and   — j —  are  evidently  the  components  at  the 

support,  which  would  be  obtained  by  treating  the  adjacent  spans 
as  two  simple  beams. 
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For  an  end  support,  when  the  beam  is  free, 

„    ,   „     _Ma-  Mp  ,  2Widi  ,   c  f. 

where  S-o  =  the  shear  due  to  the  load  on  the  overhanging  end,  if 

any,  the  previous  observation  in  regard  to  the  term  —J-*-*  applying 

l\ 

as  before. 

After  having  obtained  the  supporting  forces,  the  expressions 
for  the  shearing  force,  bending  moment,  slope  and  deflection  at 
any  section  of  a  continuous  beam  can  evidently  be  written  in 
terms  of  all  the  forces  acting  on  the  portion  of  the  beam  between 
the  section  and  either  end,  as  in  the  case  of  any  simple  beam. 
This  method  involves,  in  general,  the  use  of  more  complicated 
equations  than  the  one  previously  outlined. 

121.  Continuous  Beams  with  Equal  Spans  and  Loads  Uni- 
formly Distributed.  —  The  formulas  for  continuous  beams  of 
this  type,  having  the  supports  on  the  same  level,  are  more  generally 
used  than  those  for  any  other  type. 

For  a  beam,  with  any  number  of  equal  spans  and  a  uniformly 
distributed  load  of  the  same  intensity  10  throughout  its  entire 
length,  having  the  supports  on  the  same  level,  the  three  moment 
equation  (Case  III)  wilt  reduce  to  the  form 

Mm  +  4Mo  +  M>=~, (1) 

and  the  expression  for  the  shearing  force  at  the  right  of  the  origin 

will  take  the  form 

Q       M„  -  Mp     wl  ,0v 

So  =  — I +  T" (2) 

In  applying  these  equations  in  the  following  cases,  the  bending 
moments  at  the  supports  will  be  denoted  by  Mi,  M%,  Ma,  etc.,  the 
subscripts  corresponding  to  the  numbers  at  the  supports,  the 
maximum  positive  values  of  the  bending  moments  between  the  sup- 
ports will  be  denoted  by  M' ,  M",  AT",  etc.,  the  primes  corre- 
sponding to  the  number  of  the  span.  The  shearing  forces  at  the 
right  of  the  supports  will  be  denoted  by  positive  subscripts  and 
those  at  the  left  by  negative  subscripts. 

(a)   Two  equal  spans  (Fig.  166). 

Applying  equation  (1)  with  the  origin  at  the  support  (2) 

Mi  =  0,        Mi  -  -  ^,         M,  =  0.    .    .    .    (3) 
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Applying  equation  (2)  with  the  origin  at  the  support  (1), 

Si  =  iwl; (4) 

and,  following  the  usual  convention  of  signs  for  shearing  forces, 

&+  =  lwl-wl=  -$wl; (5) 

and,  from  symmetry, 

St  =  lwl,       &-t=-ttd. (6) 


Fia.  166. 

A  maximum  value  of  the  bending  moment  in  the  span  (1-2) 

3 1 
will  occur  at  a  distance  -jr  from  the  support  (1)  and  will  be  equal  to 


Af '  _  ?«Z      i?  _  3j£?  v  3]  _    9      p    r 
"8*8         8    *  16  ~  128      ' ' 


(7) 


and,  from  symmetry,  the  Tr»»rim»m  positive  bending  moment  in 
the  span  (2-3), 

(8) 


JT  =  £*. 


The  supporting  forces  will  be  equal  to 

Ri  =  |  wl,       R%  =  |  wl,       Rz  «  }  wl.   .    .    •    (9) 

The  greatest  bending  moment  for  the  entiro  beam  will  evidently 
be  that  at  the  middle  support, 

m,--^, (10) 

and  the  greatest  shearing  force  will  be  that  on  either  side  of  the 
middle  support, 

8,-S^-^ (11) 

(b)   Three  equal  spans  (Fig.  167). 

Applying  equation  (1)  with  the  origin  at  the  support  (2), 

M,  +  4ilf,=  -^ (12) 

and  applying  (1)  again,  with  the  origin  at  the  support  (3), 

AM.  +  Af,--^ (13) 
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Solving  (12)  and  (13)  simultaneously 


also, 


W  WP  X*  WP 

1 "  ""  lo '  10  '     "    *    # 


(14) 
(15) 


Fio.  167. 

Applying  equation  (2)  with  the  origin  at  the  support  (1), 

S1  =  iwl (16) 

and,  following  the  usual  convention  of  signs, 

&4  -  i  wl  -  tfl  -  -iwl.     .....    (17) 

From  the  symmetry  of  loading, 


Q       wl 


Q     _      wl 


(18) 


and  also, 

&  -  I  wl,     S-A  =  %wl (19) 

A  rnftTimnin  value  of  the  bending  moment  in  the  span  (1-2) 

2 1 
will  be  obtained  at  the  section,  distant  -=-  from  the  support  (1), 

and  will  be  equal  to 


„,      2wl^2l     2wl^l      2wP 

M   » 


5    X  5         5 


X5~   25   " 


•     . 


(20) 


Prom  symmetry,  the  maximum  value  in  the  span  (3-4)  will  in 
like  manner  be  equal  to 

M"'  =  ^ (21) 

A  nmTimum  value  of  the  bending  moment  will  also  be  obtained  at 
the  middle  section  of  the  span  (2-3)  and  will  be  equal  to 

--#.  wP  .  wl      I      wl      I      wP  r«^\ 

M    s=--iO  +  TX2-2XI  =  iO'    •    •    (22) 

The  supporting  forces  will  be  equal  to 

Bi.  =  iwl,    %-ttwZf    Rz  =  iiwl,    Rt  =  iwl.    .    (23) 
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The  greatest  bending  moment  for  the  entire  beam  will  be  that 
at  either  intermediate  support, 

wl2 

M 2  =  M 3  =  —  -tt:  , (24) 

and  the  greatest  shearing  force  will  be  in  either  end  span,  at  the 
intermediate  support, 

&=-S-2  =  ^ (25) 

5 

By  applying  equations  (1)  and  (2)  to  the  supports  in  succession, 
the  values  of  the  bending  moments,  shearing  forces  and  supporting 
forces  for  similar  beams,  with  any  number  of  equal  spans,  can  be 
easily  determined.  In  every  case  the  greatest  bending  moment 
will  occur  at  one  of  the  intermediate  supports  and  the  greatest 
shearing  force  will  occur  in  the  end  span,  at  the  first  intermediate 
support.  The  bending  moments  at  the  supports  will  in  each  case 
be  expressed  in  the  form 

KwP, (26) 

where  km  =  a  numerical  coefficient,  and  the  expressions  for  the 
shearing  forces  at  the  supports  will  take  the  form 

k.wl, (27) 

where  Jfc.  -  a  numerical  coefficient. 

The  following  diagram  on  page  (278)  shows,  in  tabulated  form, 
the  numerical  values,  disregarding  signs,  for  km  and  k,  at  the  sue- 
cessive  supports  of  continuous  beams,  having  from  two  to  seven 
equal  spans,  subjected  to  uniformly  distributed  loads.  . 

The  central  axis  of  the  beam  and  the  supports  in  each  case  are 
represented  in  the  conventional  manner,  the  span  numbers  being 
indicated  by  figures  placed  in  the  middle  of  each  span.  These 
numbers  in  each  case  may  also  be  taken  as  the  Aumbers  at  the 
supports  of  the  beam  indicated  above.  The  values  of  &»  for  each 
support  are  placed  directly  over  the  center  of  the  support,  while 
the  values  of  ka  are  indicated  below  the  central  axis.  To  save 
repetition,  the  numerators  of  the  fractions,  representing  the  values 
of  K  on  each  side  of  each  support,  are  shown,  while  under  the 
middle  of  the  support  the  common  denominator  for  both  fractions 
is  given.  By  adding  the  numerators  on  the  two  sides  of  any 
support  the  coefficient  of  wl,  giving  the  magnitude  of  the  support- 
ing force  at  that  point,  is  evidently  obtained. 
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For  example,  in  the  case  of  the  beam  with  four  spans  the  magni- 
tude of  the  bending  moment  over  the  second  support  will  be  equal 
to 

and  the  magnitude  of  the  shear  to  the  right  of  the  same  support 
will  be 

while  that  to  the  left  will  be 

&4-ttirt; 
and  the  supporting  force  at  this  point  will  be  equal  to 

It  should  be  noted  that,  as  the  number  of  spans  increases,  the 
values  of  the  shearing  forces  and  bending  moments  in  the  central 
spans  become  nearly  equal  to  the  values  of  these  quantities  for  a 
beam  fixed  at  the  ends,  subjected  to  a  uniformly  distributed  load 
(Art.  101). 
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122.  Approximate  Method  of  Determining  Shearing  Forces 
and  Bending  Moments  in  a  Continuous  Beam.  —  If  the  loading 
on  a  continuous  beam  is  complex,  or  if  the  conditions  regarding  the 
level  of  the  supports,  or  the  constraining  forces  at  the  ends,  when 
the  ends  are  not  free,  are  not  definitely  known,  an  approximate 
solution  for  the  shearing  forces  and  bending  moments  in  any  one 
span  can  be  made  by  estimating  the  position  of  the  points  of 
inflexion  and  following  the  usual  method  employed  in  the  case  of 
simple  and  cantilever  beams. 


For  example,  let  the  sketch  (Fig.  168a)  indicate  a  span  of  a  con- 
tinuous beam,  subjected  to  a  system  of  concentrated  and  dis- 
tributed loads.  Assume  points  of  inflexion  at  m  and  n  at  distances 
Oi  and  a*,  respectively,  from  the  supports.  On  this  basis  the  por- 
tion of  the  beam  between  m  and  n  can  then  be  treated  as  a  simple 
beam  (Fig.  168b),  which  is  supported  on  the  ends  of  two  cantilever 
beams  A-m  and  B-ny  extending  inward  from  the  ends  of  the 
span.  The  supporting  forces  for  the  portion  m-n  can  be  found 
in  the  same  manner  as  in  the  case  of  any  simple  beam,  and,  having 
these,  the  greatest  bending  moment  in  m-n  can  easily  be  deter- 
mined. The  greatest  bending  moments  and  the  greatest  shearing 
forces  in  the  portions  A-m  and  B-n  will  be  at  the  supports  R^ 
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and  Rt  and  can  be  determined  in  the  same  manner  as  for  any 
cantilever  beam. 

The  forms  of  the  bending  moment  and  shearing  force  diagrams, 
resulting  from  this  analysis  are  indicated  in  the  sketch  (Fig.  168c). 
The  accuracy  of  the  results  will  depend  on  the  accuracy  in  locating 
the  points  of  inflexion  m  and  n.  The  choice  of  the  locations  of  m 
and  n  will  be  solely  a  matter  of  judgment,  based  on  a  knowledge 
of  the  conditions  at  the  supports,  the  loads  in  the  neighboring 
spans  and  the  positions  the  points  of  inflexion  in  the  more  common 
types  of  continuous  beams. 

The  method  can  evidently  be  used  with  equal  facility  in  the  case 
of  a  beam  fixed  at  the  ends,  the  beam  having  one  or  more  spans. 

123.  Problems.  —  Continuous  Beams.  —  In  each  of  the  follow- 
ing problems  the  beam  is  of  uniform  section  with  the  central  axis 
a  straight  line  before  loading.  In  all  cases,  for  which  sketches  are 
shown,  the  supporting  forces  are  indicated  as  acting  upwards.  It 
sometimes  occurs,  however,  with  certain  systems  of  loading,  that 
a  downward  force  is  required  at  one  or  more  supports  to  maintain 
the  level  at  the  supports.  In  such  cases  negative  values  will  be 
obtained  for  the  downward  supporting  forces.  Particular  atten- 
tion should  be  given  to  the  solutions  of  the  numerical  problems, 
which  illustrate  the  application  of  the  theorem  of  three  moments 
and  the  method  of  determining  shearing  forces,  bending  moments 
and  deflexions  in  a  few  representative  cases. 

Problem  1. 

Determine  the  greatest  bending  moment,  the  greatest  shearing  force,  the 
supporting  forces  and  the  points  of  inflexion  for  the  continuous  beam,  carried 
on  three  supports  at  the  same  level  and  loaded  as  indicated  (Fig.  169).  Neglect 
the  weight  of  the  beam. 

Solution.  —  For  this  case  the  origin  must  be  taken  at  the  support  (2)  and 
the  general  form  of  the  three  moment  equation  (equation  44,  Art.  118)  will 
reduce  to 


Wldl   /i.         j.v     ,    W; 


t 


0  «  2M0(li  +M  +MaJi  +M&  +-^p  ft«  -d»  +?f 

and,  since  the  bending  moments  at  the  end  supports  are  both  equal  to  zero, 
by  substituting  in  the  above  equation,  we  shall  obtain 

0  =  70Af,+  10'00^X10(400-100)  +  1000><3375; 

and  solving  for  Ms, 

Mt  -  -  33,480  ft.  lbs. 
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By  substituting  in  equation  (46)  (Art.  118),  taking  the  origin  at  the  support 

(1),  we  obtain 

fii-  ^480      1000X15.  626glbfc 

and  hence 

5-t  -  5268  -  15,000  -  -9732  lbs. 

By  substituting  again  in  equation  (46),  taking  the  origin  at  the  support  (2), 

<gi.3^o+io,oroxio.66741ba 


and  hence 


&h  -  6674  -  10,000  =  -3326  lbs. 


It  should  be  observed  that,  if  the  general  equation  for  S-o  had  been  used  to 
obtain  the  values  of  £-*  and  &-a,  the  results  would  have  been  positive  in  each 
case  instead  of  negative.    The  supporting  forces  will  evidently  be 

Ri  =  5268  lbs.,      R,  =  9732  +  6674  -  16,406  lbs.,      Rt  =  3326  lbs. 

The  greatest  shearing  force  in  the  beam  is  evidently  the  shearing  force  5-t, 
at  the  left  of  the  middle  support. 

To  determine  the  maximum  positive  value  of  the  bending  moment  in  the 
span  (1-2),  we  have,  for  the  expression  for  the  shearing  force  at  any  distance  z 
from  the  support  (1)  as  an  origin, 

S  -  5268  -  1000  x; 

and  placing  S  =  0  and  solving  for  x, 

x  -  5.27  ft. 

Hence  the  maximum  value  of  the  bending  moment  will  be  equal  to 
M'  -  5270  X  5.27  -  500  X  JT271  =  13,880  ft.  lbs. 

To  determine  the  maximum  value  of  the  positive  bending  moment  in  the 
span  (2-3),  observe  that  the  shearing  force  is  zero  under  the  concentrated 
load.    Hence  the  maximum  bending  moment  will  be  equal  to 

M' *  =  3326  X  10  -  33,260  ft.  lbs. 
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The  bending  moment  M%  at  the  middle  support  is,  therefore,  the  greatest 
bending  moment  in  the  beam. 

There  will  be  two  points  of  inflexion  which  can  be  found  as  follows:  Taking 

the  origin  at  the  support  (1),  the  equation  for  the  bending  moment  in  the  span 

(1-2)  will  be 

M  -5268* -5004*. 

Placing  M  —  0  and  solving  for  x,  we  have 

x  -  10.54  ft. 

Taking  the  origin  at  the  support  (3)  and  x  positive  when  measured  to  the 
left,  the  equation  for  the  bending  moment  for  values  of  x  from  10  to  20  will  be 

M  -  3326x  -  10,000  (x  -  10). 

Placing  M  —  0  and  solving  for  x,  we  have 

x  -  14.98  ft. 

Sketches  showing  the  forms  of  the  bending  moment  and  ahft^ring  force 
diagrams  for  this  case  are  shown  in  Fig.  (169b). 

Problem  2. 

Determine  the  greatest  bending  moment,  the  greatest  shearing  force,  the 
supporting  forces  and  the  points  of  inflexion  for  a  beam  supported  at  three 
points  on  the  same  level,  with  two  equal  spans,  of  length  I,  when  subjected  to 
each  of  the  following  load  systems: 

(a)  Load  uniformly  distributed  over  one  span  only;  w  «-  load  intensity; 

(b)  Two  concentrated  loads  W}  one  in  the  middle  of  each  span; 

(c)  Single  concentrated  load  W  in  the  middle  of  one  span; 

(d)  Single  concentrated  load  W  at  any  distance  kl  from  one  of  the  end 
supports. 

Neglect  the  weight  of  the  beam  in  each  case.  Sketch  the  shearing  force 
and  bending  moment  diagrams  for  each  case. 

Problem  3. 

Determine  the  bending  moments  at  the  supports  and  the  supporting  forces 
for  the  continuous  beam  carried  on  four  supports  at  the  same  level,  having  the 
two  end  spans  equal  and  subjected  to  a  uniformly  distributed  load  (Fig.  170). 

Solution.  —  Let  W  =  the  intensity  of  the  load,  I  =  the  length  of  each  end 
span  and  nl  —  the  length  of  the  center  span. 

For  the  bending  moments  at  the  supports  we  shall  have  Afi  =  0,  Af 4  —  0; 
and  Aft  =  Af i,  from  the  symmetry  of  the  loading.  Applying  the  three  moment 
equation  (41)  (Art.  118),  with  the  origin  at  the  support  (2),  we  shall  have 

and  solving, 


Taking  the  origin  at  the  support  (1)  and  substituting  in  equation  (35)  (Art. 
118),  we  obtain 

*"        4  \2  +  3n/+  2  "  4   \     2  +  3n     / 
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Taking  the  origin  at  the  support  (2)  and  substituting  in  equation  (38)  (Art. 

118), 

a        wl  I  1  +  n'  \      wl      xd  /5  +  6n  +  n»\ 

^•'4  l2  +  3n/+2"4i     2  +  3n     / 


1 

flTTv        ^» 

^^m^ 

IIITlK         \ 

'•-..y    n!j 

^s          )r^ 

Fig.  170. 

From  the  symmetry  of  loading  it  is  evident  that 

«       wrd 

and  that  the  shearing  forces  at  the  supports  (3)  and  (4)  are  equal  to  the  corre- 
sponding values  at  the  supports  (2)  and  (1). 
For  the  supporting  forces 


*-*-TV    2  +  3n     )x 
\d  /5  +  6n  +  n'\ 
4  i      2  +  3n     ) 


ft-& 


+ 


trin 


tfll/5  +  lOn-f  6n»  +  n»y 


4  V 


2  +  3n 


) 


A  sketch  showing  the  general  forms  of  the  bending  moment  and  shearing 
force  diagrams  is  given  in  Fig.  (170b).  It  should  be  observed  that  when  n  is 
Bmall  the  bending  moment  at  the  section  in  the  middle  span,  at  which  the 
shearing  force  is  zero,  has  a  minimum  instead  of  a  maximum  value,  as  indicated 
by  the  sketch. 

Problem  4. 

Deduce  the  expression  for  the  bending  moments  at  the  supports  and  the 
supporting  forces  for  the  continuous  beam  given  in  Problem  (3)  for  the  follow- 
ing load  systems: 

(a)  Load  uniformly  distributed  over  the  two  end  spans  only;  w  -» load 
intensity; 

(b)  Load  uniformly  distributed  over  one  end  span  only;  w  —  load  intensity; 

(c)  Load  uniformly  distributed  over  the  middle  span  only;  w  —  load 
intensity; 

(d)  Load  uniformly  distributed  over  the  middle  span  and  one  end  span 
only;  w  —  the  load  intensity; 
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(e)  Single  concentrated  load  W}  applied  at  any  distance  Id  from  one  of  the 
end  supports; 

(f )  Single  concentrated  load  W  applied  at  the  middle  point  of  the  center 
span  (2-3). 

Problem  6. 

Given  a  continuous  beam,  fixed  at  one  end  and  subjected  to  the  system  of 
concentrated  and  uniformly  distributed  loads  as  indicated  (Fig.  171a),  the 
supports  being  on  the  same  level.    The  beam  is  a  12"  I-beam,  31.5  lbs.  per  ft., 

for  which  /  -  216  (ins.)4  and  -  -  36  (ins.)'. 

c 

Determine: 

(a)  The  bending  moments  at  the  supports; 

(b)  The  shearing  forces  at  the  supports; 

(c)  The  maximum  positive  bending  moment  in  each  span; 

(d)  The  greatest  outside  fiber  stress; 

(e)  The  value  of  Eli  at  each  support; 

(0  The  general  equations  for  slope  and  deflection  for  each  span  and  the 
overhanging  end;  and  the  greatest  value  of  Elv  for  each  span  and 
the  overhanging  end; 

(g)  The  greatest  deflection  in  the  entire  beam,  assuming  E  —  28,000,000 
lbs.  per  sq.  in. 

Solution.— (&)  The  bending  moment  at  the  support  (3)  will  be  equal  to 

Mi  -  -2000X4-2400X2-  -12,800  ft.  lbs.       .    .     (1) 

Taking  the  origin  at  the  support  (2)  and  applying  the  three  moment  equa- 
tion, in  the  form  given  in  equation  (44)  (Art.  118),  we  obtain 

Mi 32     12,800X16     Mi  16     5000X10  (256 -100) +3000X4  (256-16) 
U  3     "i"         6  6  6X16 

600  X  4096      4000  X  10  (256  -  100)       1200X4096 
24  6  X  16  24         ' 

which  reduces  to 

0=  -43f,  -  Mi  -168,494 (2) 

Taking  the  origin  at  the  fixed  end  (1)  and  applying  the  equation  for  the 
slope  at  the  support,  in  the  form  given  in  equation  (45)  (Art.  118),  and  noting 
that  to  —  0,  we  obtain 

_  Jfil6  _  3f,16  _  4000  X  6  (256  -  36)  _  1200  X  4096 1 
0  3  6  6  X  16  24 

which  reduces  to 

0-  -2Af, -Afi  -97,425. (3) 

Solving  equations  (2)  and  (3)  simultaneously, 

M i  =  -  31,601, (4) 

Mi  -  -  34,223 (5) 
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(b)  Taking  the  origin  at  (1)  and  applying  the  general  equation  for  the 
shearing  force  at  a  support,  as  given  in  equation  (46)  (Art.  118), 

-  34,223  +  31,601  .    4000  X  6  .   1200  X  16 


&- 


16  16         '  2 

and  computing  &-t  by  the  ordinary  method, 

5L,  =  10,936  -  4000  -  16  X  1200  =  -12,264  lbs. 


10,936  lbs.,     (6) 


(7) 


ooo 


Ma--l«00 
S,— 76M 


(6)  St— «»4 

Fig.  171. 


Taking  the  origin  at  (2)  and  applying  the  shearing  force  equation, 

0      -12,800+34,223  ,  5000X10+3000X4  ,  600X16     inniill.  /Q, 

St  ■■ jg 1 jg 1 g —  "*  10>014  "*.,     W 

and  computing  &-«, 

S->  -  10,014  -  5000  -  3000  -  600  X  16  -  -  7586  lbs.       .    .     (9) 

From  the  loads  on  the  overhanging  end, 

Sa  =  2000  +  4  X  600  -  4400  lbs (10) 

Hence  the  greatest  shearing  force  for  the  entire  beam  is  at  the  left  of  the  middle 
support  and  is  equal  in  magnitude  to  12,264  lbs. 

Hie  diagram  showing  the  variation  in  shearing  force,  following  the  conven- 
tion of  signs  for  the  ordinary  beam  theory,  is  shown  by  the  dotted  lines  (Fig. 
171b). 

(c)  Taking  the  origin  at  (1),  the  general  equations  for  the  shearing  force 
and  bending  moment  in  the  span  (1-2)  will  be  the  following: 

For  values  of  x  from  0  to  10, 

S  -  10,936  -  1200  x, (11) 

M  --  31,601  +  10,936  x  -  600  z* (12) 
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For  values  of  z  from  10  to  16, 

8  -  10,936  -  1200  x  -  4000, (13) 

M  -  -  31,601  +  10,936*  -600**-  4000  (z  -  10).     .    .    (14) 

Placing  (11)  equal  to  aero,  we  obtain,  for  the  section  of  zero  shear, 

x  =  9.11  ft (16) 

and,  substituting  in  (12)  and  reducing,  the  maximum  positive  value  of  M  for 
the  span  (1-2)  is  found  to  be  • 

M'  -  18,231  ft.  lbs (16) 

Taking  the  origin  at  (2),  the  general  equations  for  the  shearing  force  and 
bending  moment  in  the  span  (2-3)  will  be  the  following: 
For  values  of  z  from  0  to  6, 

S  -  10,014  -  600  x, (17) 

M  =  -  34,223  +  10,014  *-  300  x* (18) 

For  values  of  x  from  6  to  12, 

S  -  10,014  -  600  z  -  6000,       (19) 

M  -  -34,223  +  10,014  z  -300  a*  -6000  (x  -  6).   ...    (20) 

For  values  of  z  from  12  to  16, 

S  -  10,014  -  600  z  -  6000  -  3000, (21) 

M  -  -  34,223  -  10,014*  -  300 a*  -  6000  (z  -  6)  -  3000  (z  -  12).    (22) 

Placing  (19)  equal  to  sero,  the  value  of  z  for  the  section  of  zero  shear  is  found 

to  be 

z  -  8.36  ft (23) 

and,  substituting  in  (20)  and  reducing,  the  maximum  positive  value  of  the 
bending  moment  in  the  span  (2-3)  is  found  to  be 

M"  -  16,727  ft.  lbs (24) 

Taking  the  origin  at  (3),  the  equations  for  the  overhanging  end  will  be 

£  =  4400-600z, (26) 

M  --  12,800  +  4400  z  -  300  x».    .      ....    (26) 

A  sketch  of  the  bending  moment  diagram  is  shown  in  Fig.  (171b). 

(d)  Comparing  the  values  of  M'  and  M"  with  the  values  of  the  bending 
moments  at  the  supports,  the  greatest  bending  moment  for  the  entire  beam  is 
found  to  be  at  the  middle  support;  and  is  equal  in  magnitude  to  34,223  ft.  lbs. 
Hence  the  greatest  outside  fiber  stress  is  equal  to 

/  ■  34,2336X  12  -  11,400  lbs.  per  sq.  in (27) 

(e)  The  slope  at  the  fixed  end  being  zero, 

E1U  -  0 "  (28) 

Applying  equation  (46)  (Art.  118),  with  the  support  (2)  as  an  origin,  and 
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applying  the  corresponding  equation  for  the  slope  at  the  left  of  a  support,  with 
support  (3)  as  an  origin!  the  following  values  for  EI  it  and  EIi%  are  obtained: 

„T.      34,223X16      12,800X16      5000X10  (256 -100) +3000X4  (256 -16) 
tt*B         3         +         6  6X16 

_  600  X4M6  m  mh (2Q) 

...        12,800X16     34,223X16     5000X6  (266-36)4-3000  X  12  (256-144) 
m%^  =         3         +        6  6X16 

-^-^   ....    (30) 

Hence 

.  EIi*  =  53,619 (31) 

(f )  The  general  equations  for  slope  and  deflexion  can  be  obtained  by  inte- 
gration from  the  bending  moment  equations  (c),  the  constants  being  deter- 
mined by  the  usual  methods  employed  in  dealing  with  ordinary  beams.  For 
the  span  (1-2),  taking  the  origin  at  (1),  the  equations  will  be  the  following: 

For  values  of  x  from  0  to  10, 

EH-  -  31,601x4-  5468a*  -200x»,. (32) 

EIv-  -15800a*4-1823x»-50x* (33) 

For  values  of  x  from  10  to  16, 

Eli  --  31,601  x  4-  5468  a*  -  200  x«  -  2000  (x  -  10)»f      .    .    (34) 
EIv  -  -  15800a*  4-  1823x»  -  50a*  -  667  (x  -  10)».     .    .    .    (35) 

By  placing  (32)  equal  to  zero,  the  value  of  x,  for  the  point  of  zero  slope,  is 

found  to  be 

x- 8.28ft (36) 

and,  by  substituting  this  value  in  (33),  the  maximum  value  of  EIv  for  the  span 

is  found  to  be 

Eli/  =  -  283,000 (37) 

Taking  the  origin  at  (2),  the  equations  for  the  span  (2-3)  will  be  the 
following: 
For  values  of  x  from  0  to  6, 

tf/t-3011  -34,223  x  4-  5007  a*-  100  x«,    ....    (38) 
EIv  =  3011  x-  17,112  a*  4- 1669  x*  -  25  a*.      .    .    .    (39) 

For  values  of  x  from  6  to  12, 

#Jt  =  3011  -34,223x4-  5007  a*-  100x«-  2500  (x  -  6)»,     .     (40) 
EIv  -  3011  x-  17,112a*  4-  1669x»-25x*-  833  (x  -  6)».    .    (41) 

For  values  of  x  from  12  to  16, 

Eli  -3011-34,223x4-5007  a*-100x*-2500(x-6)1-1500  (x-12)«,     .    (42) 
jyip-3011x-17,112a*4-1669x>-25x«-833(x-6)«-500(x-12)».      .    (43) 

By  placing  (40)  equal  to  zero,  the  value  of  x,  for  the  point  of  zero  slope,  is 
found  to  be  equal  to 

*- 8.69  ft. (44) 
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and,  by  substituting  in  (41)  the  nwrannm  value  of  EIv  for  the  span  is  found 

to  be 

EIv"  =  -330,000/ (45) 

Taking  the  origin  at  (3),  the  equations  for  the  overhanging  end  will  be 

Eli  -  53,619  -  12,800x  +  2200 x*  -  100 x»,  ....     (46) 
Elv  -  53,619  x  -  6400  s*  +  733  x*  -  25  x* (47) 

An  inspection  of  (46)  will  show  that  the  greatest  deflection  in  this  section  will 
come  at  the  end  of  the  beam;  and,  substituting  x  —  4  in  (42), 

EIv"'  -  152,000 (48) 

(g)  Comparing  the  maximum  values  of  EIv,  the  greatest  deflection  will 
evidently  occur  in  the  span  (2-3)  and  will  be  equal  to 


,,  330,000 

' BT-* 


(49) 


where  the  linear  units  are  all  expressed  in  ft.    Hence  to  obtain  the  value  of 
v"  in  inches  we  have 


»"  = 


330,000  X  12 


28,000,000  X  144  X  216  X  12  "  -0094"     •••(») 

For  the  sake  of  completeness,  the  equations  for  S,  M ,  Eli  and  EIv  have  been 
written  for  every  section  of  the  span,  although  some  of  the  equations  were  not 
required  in  making  a  solution  of  the  problem. 

Problem  6. 

Find  the  greatest  deflexion  of  the  beam  given  in  Problem  (1),  assuming 
E  =  28,000,000  lbs.  per  sq.  in.  and  /  =  200  (ins.)4. 

Problem  7. 

Find  the  greatest  bending  moment  and  the  greatest  deflexion  in  the  beam 
given  in  Problem  (1),  assuming  E  =  28,000,000  lbs.  per  sq.  in.,  /  =  200  (ins.)4: 

(a)  When  the  middle  support  is  \"  below  the  level  of  the  end  supports. 

(b)  When  the  middle  support  is  J"  above  the  level  of  the  end  supports. 

Problem  8. 

Solve  Problem  (5),  assuming  that  the  end  of  the  beam  is  free,  instead  of 
fixed,  at  the  support  (1),  all  other  conditions  remaining  the  same. 


// 


Problem  9. 

A  standard  riveted  plate  girder,  made  up  of  a  24"  X  }"  web  plate  and  4  —  5 
X  3}"  X  }"  angles,  is  supported  at  three  points  at  the  same  level  and  loaded 
uniformly  over  its  entire  length,  as  shown  (Fig.  172). 
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(a)  Find  the  maximum  load  per  ft.  of  length  (w),  including  the  weight  of 
the  girder,  provided  the  greatest  allowable  fiber  stress  is  12,000  lbs.  per  sq. 

in.;  given  -  «=  204  (ins.)'. 

(b)  Find  the  maximum  deflexion,  given  E  —  28,000,000  lbs.  per  sq.  in. 
and  the  total  depth  of  the  girder  *  24}". 

Problem  10. 

Solve  Problem  (9),  assuming  that  the  support  (1)  is  i"  below  the  level  of 
the  supports  (2)  and  (3). 

Problem  11. 

Find  the  bending  moments  at  the  supports  and  the  supporting  forces  for  a 
four-span  continuous  beam,  loaded  as  shown  (Fig.  173),  assuming  that  the 
supports  are  maintained  at  the  same  level. 


Problem  12. 

Solve  Problem  (11),  assuming  that  the  beam  is  subjected  to  a  total  load  of 
16,000  lbs.,  uniformly  distributed  over  a  length  of  8  ft.,  the  center  of  the  load 
being  over  the  support  (3). 

Problem  13. 

(a)  Find  a  suitable  I-beam  to  use  for  the  continuous  beam  (Problem  11), 
provided  the  greatest  allowable  fiber  stress  «  12,000  lbs.  per  sq.  in. 

(b)  Find  a  suitable  I-beam  to  use  for  the  continuous  beam  (Problem  12) 
assuming  the  greatest  allowable  fiber  stress  =  12,000  lbs.  per  sq.  in. 


Problem  14* 

Deduce  the  equation  for  the  bending  moment  at  the  middle  support  and 
determine  the  supporting  forces  and  the  maximum  values  of  the  bending 
moments  in  each  span  of  a  continuous  beam,  having  two  equal  spans  subjected 
to  equal  loads  W,  distributed  over  each  span  as  shown  (Fig.  174). 
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Solution.  —  Let  w  —  the  load  intensity  at  any  point  in  the  beam.    Taking 
the  origin  at  (2)  and  following  the  usual  notation  we  shall  have  for  values  of  x 

from  0  to  x : 


where  the  constant  a  — 


4TT 


t*  —  ox, 


and 


0       <*** 


(1) 


(2) 


AT  -  M s  +  S*  - 


ax1 
6 


(Art.  73) (3) 


Substituting  in  the  equation  of  the  elastic  curve  and  integrating, 

EH-M*  +  $£-^,     .... 


(4) 


the  constant  of  integration  being  equal  to  zero,  since  the  slope  at  the  middle 
support  is  equal  to  aero.    Integrating  again 


vr       Miifi  .  Ax1      ox* 

EI*-—+-i — iao' 


(«) 


the  constant  being  equal  to  lero. 


For  values  of  x  from  5  to  I, 


ax 


and 


-2a(s-^-o(l-«), 


(•) 


5  -  S»  -  ^  -  f'u>dx-St-  j  +  ?d  -  *)' 


&-^+^f^(Art.73). 


•        •       • 


M  «  f*ax-&x- 


a  (I  —  x)'      oftx  ,     . 

6     --r+c% 


•    •    • 


(7) 
(8) 


and,  putting  (8)  equal  to  (3)  when  i-^we  obtain  d  —  Aft  +  -£- 

&x*  ,  a  (I  -  x)«      aPx1  ,  aLH 


EH  =$Mdx  -M*+^f  + 


24 


8 


+  Y  +  C"'    •    (9) 


and,  putting  (9)  equal  to  (4)  when  x  ■*  ~  >  we  obtain  c"  -  —  -r^r-  • 

*l»-*Ijt<fe- -£-+-£ m _+____+•    (10) 

I  aF 

and,  putting  (10)  equal  to  (5)  when  x  =  « ,  we  obtain  c"'  »  rr=  • 


When  x  -  {,  (8)  reduces  to 


oZ* 


Af,-0-Af,+&!-^-;l 


(ID 
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and  hence 

oi™  — r"  r "g" V     ~2  * -" 

and,  when  x  =  Z,  (10)  reduces  to 

mvi  =  0  —  -=-  +  -g —  jsg \lo) 


Fliminftting  5i  between  (12)  and  (13),  we  have 

3    +384 


o-*  +  5S; (H) 


and  hence 

M  6oZ«  6JFI  /1W 

^--128  --"32" (16) 

Substituting  in  (12), 


and  hence 


5-,-^^ (17) 

The  supporting  forces  will  be  equal  to 

^  ™  32  ^*    ^  ™  16  ^*    ^*  ""  32  ^ ^^ 

Taking  the  origin  at  the  support  (1),  the  shearing  force  and  bending  moment 

equations,  for  values  of  x  from  0  to  =,  will  be 

11„,      ax1      11™.      2Wx*  ,„,** 

a.      11  w       ar»      11  w       2TTjg»  /OAN 

^■iB^'T"^1^""^" (20) 

Putting  (19)  equal  to  zero,  we  obtain  for  the  section  of  zero  shear 

*-^P*  =  0.4151; (21) 

and  substituting  in  (20)  we  have,  for  the  maximum  value  of  the  positive 
bending  moment  in  the  span  (1-2)  and  also  for  the  span  (2-3), 

M'  -  H3^  Wl  -  0.095  Wl (22) 

Problem  15. 

.  Using  the  notation  in  Art.  (118),  deduce  the  following  form  of  the  three 
moment  equation  for  a  continuous  beam,  loaded  as  shown  (Fig.  174),  when  the 
spans  are  unequal,  the  supports  being  on  the  same  level. 

Problem  16. 

Determine  the  supporting  forces  and  the  greatest  bending  moment  for  the 
continuous  beam  given  in  Problem  (14)  if  the  load  on  one  span  is  omitted,  the 
distribution  of  the  load  on  the  other  span  being  as  shown  in  Fig.  (174). 


CHAPTER  VII. 

COMBINED  STRESSES. 

124.  Combined  Stresses.  —  In  the  discussion  of  the  applica- 
tions of  the  theory  of  bending,  it  has  been  shown  (Arts.  75  and  100) 
that  the  values  of  the  shearing  force,  bending  moment,  slope  and 
deflection,  at  any  cross  section  of  a  beam  subjected  to  bending  by 
the  action  of  a  system  of  transverse  loads  or  couples,  can  be  ob- 
tained by  calculating  the  values  of  these  quantities  due  to  each 
load,  or  couple,  acting  separately  and  adding  the  results,  alge- 
braically. It  is  plainly  evident  that  the  value  of  the  normal  or 
the  shearing  stress  intensity  at  any  point  in  the  cross  section  could 
be  obtained  in  the  same  manner,  by  adding  together  the  compo- 
nents of  the  stress  intensity  at  the  point  due  to  each  load  acting 
separately.  The  discussion  thus  far,  however,  has  been  confined 
to  load  systems,  comprised  of  transverse  forces  and  couples,  in 
which  all  the  forces  act  in  a  single  plane. 

The  method  of  analysis  may  be  extended  to  cases  in  which  the 
external  forces  are  not  restricted  to  transverse  forces  and  couples, 
nor  confined  necessarily  to  a  single  plane.  Since  the  resultant  of 
the  stress  on  any  cross  section  of  a  stationary  member  must  be  in 
equilibrium  with  the  external  forces  acting  on  the  portion  of  the 
member  on  one  side  of  the  section,  it  is  evident  that,  when  the 
system  of  external  forces  can  be  divided  into  parts  such  that  the 
component  of  the  stress  on  the  section  due  to  each  part  acting  alone 
can  be  determined,  the  resultant  or  combined  stress  on  the  section 
can  be  found  by  adding  together  in  the  same  manner  as  in  the 
case  of  bending  under  transverse  loads. 

In  the  preceding  chapters,  an  analysis  has  been  made  of  the 
stresses  due  to  three  types  of  load  systems. 

(a)  When  the  resultant  of  the  system  of  external  forces,  acting  on 
the  part  of  a  member  on  one  side  of  a  given  cross  section,  is  a  single 
force,  whose  line  of  action  passes  through  the  center  of  gravity  of  the 
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section.    In  this  case,  the  stress  on  the  section  is  a  uniformly  dis- 
tributed normal  stress  and  the  intensity  at  any  point  is  equal  to 

2  (Arts.  60-52). 

(b)  When  the  resultant  of  the  external  forces  acting  on  one  side 
of  the  cross  section  is  a  couple,  in  a  plane  intersecting  the  cross 
section  along  an  axis  of  symmetry.  In  this  case,  the  stress  on  the 
section  is  a  uniformly  varying  normal  stress,  the  resultant  of 
which  is  also  a  couple,  and  the  intensity  at  any  point  is  equal  to 

^  (Art.  66). 

(c)  When  the  external  forces  acting  on  the  part  of  the  member  on 
one  side  of  a  cross  section  are  perpendicular  to  the  central  axis  of 
the  member  and  lie  in  a  single  plane  which  intersects  the  cross 
section  in  an  axis  of  symmetry.  In  this  case,  the  resultant  of  the 
system  consists  of  a  couple  and  a  shearing  force  and  the  resultant 
of  the  stress  on  the  section  is  made  up  of  a  uniformly  varying 
normal  stress,  as  in  the  preceding  case,  and  a  shearing  stress 
(Art.  69). 

We  shall  now  consider  a  number  of  cases  in  which  the  stress  on  a 
cross  section  of  a  member  can  be  determined  by  dividing  the  exter- 
nal forces,  acting  on  the  portion  on  one  side  of  the  section,  into 
two  or  more  of  the  above-mentioned  systems  and  finding  the 
resultant  stress  intensities  at  different  points  in  the  section  by 
combining  the  direct  and  bending  stress  intensities  due  to  the 
component  systems.  The  greatest  combined  stress  intensity  in 
every  case  is  assumed  to  be  within  the  elastic  limit  of  the 
material. 

125.  Axial  and  Transverse  Loads.  —  Let  the  sketch  (Fig.  175) 
represent  a  member  which  is  subjected  to  the  action  of  a  system  of 
transverse  forces,  in  a  plane  intersecting  any  cross  section  AB  in 
an  axis  of  symmetry  YY,  in  combination  with  axial  forces,  causing 
compression  in  the  member. 

Divide  the  external  forces  acting  on  the  part  to  the  left  of  the 
section  AB  into  two  groups,  viz.,  the  transverse  forces  and  the 
axial  load  P.  If  we  assume  that  the  deflection  of  the  central  axis 
due  to  the  transverse  forces  is  so  small  that  it  can  be  neglected,  the 
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stress  due  to  the  load  P  will  be  a  uniform  compression  stress  and 
its  intensity  at  any  point  in  the  section  will  be  equal  to 


>-!■ 


where  A  =  the  area  of  the  cross  section. 


Pig.  175. 


(1) 


The  normal  stress  due  to  the  transverse  loads  will  be  uniformly 
varying  and  its  intensity  at  any  point,  at  a  vertical  distance  y 
from  the  center  of  gravity  of  the  section,  will  be  equal  to 


-^Mv 


/.  =  ± 


(2) 


where  I  =  the  moment  of  inertia  of  the  cross  section  about  the 
horizontal  axis  through  the  center  of  gravity.  The  plus  sign  indi- 
cates compression  and  the  minus  sign  tension,  the  symbols  M  and  y 
being  used  in  this  chapter  to  represent  magnitudes  only. 

Adding  (1)  and  (2)  the  resultant  normal  stress  intensity  at  any 
point  in  the  cross  section  will  be  equal  to 


(3) 


The  resultant  normal  stress  on  the  section  will  evidently  be  uni- 
formly varying  and  the  neutral  axis  will  pass  through  some  point 
0i,  at  a  distance  OOi  from  the  center  of  gravity. 

The  variation  in  the  resultant  stress  intensity  is  clearly  shown  in 
Fig.  (175a),  where  the  ordinates  between  AB  and  db  represent  the 
uniform  stress  components  /i  and  the  ordinates  between  ab  and  de 
the  uniformly  varying  stress  components  /2.    The  neutral  axis  of 
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X. 

the  resultant  stress  will  be  the  line  Z\0\Z\  (Fig.  175b),  parallel  to* 
the  principal  axis  ZOZ  through  the  center  of  gravity.    If  we  let 
yi  =  the  distance  00\,  it  is  evident  that 

P_Myi 

A~    I   ' 
and  hence 

*  =  MA-M*> (4) 

where  p  =  the  radius  of  gyration  of  the  cross  section  about  the 
axis  ZOZ. 

The  compressive  stress  intensity  will  evidently  be  greatest  at 
the  side  of  the  section  which  is  farthest  from  0\  and  will  be  equal 
in  magnitude  to 

>-!+¥ « 

where  c  =  the  distance  from  the  axis  through  the  center  of  gravity 
to  the  most  strained  fiber  in  compression. 

If  the  cross  section  is  symmetrical  with  respect  to  the  axis  ZOZ, 
the  minimum  intensity  of  stress,  or  the  greatest  intensity  of  the 
tensile  stress,  on  the  cross  section  will  be  equal  to 

r=j-f w 

When  the  axial  loads  are  applied  at  the  ends  of  the  member  as 
indicated  (Fig.  175)  the  cross  section  at  which  the  fiber  stress  is 
greatest  will  evidently  be  the  section  of  greatest  bending  moment. 

The  shearing  stress  on  the  section  may  be  assumed  to  be  dis- 
tributed as  in  the  case  of  a  beam  subjected  to  ordinary  bending! 
the  intensity  at  any  point  being  represented  by  the  usual  formula 
(Art.  89). 

When  the  deflection  of  the  central  axis,  due  to  the  transverse 
loads,  is  so  great  that  a  serious  error  results  from  assuming  that 
the  force  P  passes  through  the  center  of  gravity  of  the  cross  section, 
allowance  can  be  made  for  the  displacement  of  the  cross  section,  as 
explained  in  the  next  article. 

The  foregoing  analysis  will  evidently  apply  equally  well  in  the 
case  in  which  the  axial  load  P  produces  tension  instead  of  com- 
pression, the  plus  sign  being  used  to  indicate  a  tensile  instead  of  a 
compressive  stress. 
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126.   Loads    Parallel  to   the  Axis.  —  Eccentric    Loading.  — 

When  the  loads  are  parallel  to  the  central  axis  of  a  member,  the 
resultant  of  the  forces  acting  on  the  part  on  one  side  of  any  given 
cross  section  can  be  found  by  the  usual  method  of  dealing  with 
any  system  of  parallel  forces. 
We  have  already  considered: 

(a)  The  case  in  which  the  resultant  is  a  single  force,  whose  line 
of  action  coincides  with  the  axis  of  the  member.     (Arts.  51-52.) 

(b)  The  case  in  which  the  resultant  is  a  couple,  located  in  a  plane, 
intersecting  the  cross  section  at  an  axis  of  symmetry  (Art.  66). 

Two  additional  cases  will  now  be  considered: 

(c)  When  the  resultant  is  a  single  farce,  parallel  to  the  central  axis, 
its  line  of  action  intersecting  the  cross  section  at  an  axis  of  symmetry. 

(d)  When  the  resultant  is  a  single  force,  parallel  to  the  central  axis, 
not  intersecting  the  cross  section  in  an  axis  of  symmetry,  and  the  cross 
section  has  two  axes  of  symmetry  at  right  angles. 

In  both  of  these  cases,  the  load  on  the  member  is  said  to  be 
eccentric  and  the  distance  between  the  line  of  action  of  the  resultant 
force  and  the  central  axis  is  called  the  eccentricity  of  the  load. 

(c)  In  this  case  the  force  can  be  resolved  into  an  equal  parallel 
force,  coinciding  with  the  central  axis,  and  a  couple,  acting  in  the 
plane  of  symmetry.  Hence,  if  we  neglect  the  deflection  due  to  the 
bending  produced  by  the  couple,  the  normal  stress  on  the  cross 
section  will  be  the  resultant  of  a  uniform  stress,  due  to  the  com- 
ponent force  acting  along  the  axis,  and  a  uniformly  varying  stress, 
due  to  the  couple. 

For  an  illustration,  let  the  force  P  represent  the  resultant  of  a 
system  of  forces,  acting  on  the  portion  on  one  side  of  the  cross 
section  AB  and  parallel  to  the  central  axis  ZZ  of  the  member  shown 
(Fig.  176),  the  line  of  action  of  P  intersecting  the  cross  section  at  a 
point  on  the  axis  of  symmetry  YY,  at  a  distance  a  from  the  center 
of  gravity  0.  If  the  force  P  is  resolved  into  a  parallel  force  through 
O  and  a  couple,  the  moment  of  the  couple  will  be  equal  to  M  =  Pa 
and,  if  we  use  the  notation  of  Art.  (125),  the  normal  stress  intensity 
at  any  point  in  the  cross  section,  at  a  distance  y  from  the  center  of 
gravity,  will  be  equal  to 

f-r  +f  _P,My_P     Pay  *   m 

where  the  plus  sign  indicates  compression, 
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The  expression  for  the  distance  )ft,  between  the  center  of 
gravity  and  the  neutral  axis  X,Xh  will  be 

«-mL-m*--« <2> 

and  the  magnitude  of  the  greatest  fiber  stress 

/■5^-5(>+55 <*> 

where  p  =  the  radius  of  gyration  of  the  cross  section  about  the 
principal  axis  XX. 

If  the  curvature  of  the  central  axis  due  to 
bending  is  to  be  taken  into  account,  the  arm  a 
of  the  couple  will  be  increased  by  an  amount  v, 
equal  to  the  displacement  of  the  center  of 
gravity  due  to  the  deflection  of  the  member; 
and  the  couple  M  will  be  increased  by  an 
amount  equal  to  Pv.  Hence  equation  (1)  may 
be  written 

where  v  will  evidently  be  always  positive.  In 
using  equation  (4),  a  value  of  v,  which  is  slightly 
approximate,  can  be  found  by  substituting  M  — 
Pa  in  the  deflection  equation  (Art.  97). 

In  this  case  it  is  obvious  that  there  is  no 
shearing  stress  on  any  cross  section.  _      ,_„ 

If  the  forces  are  applied  at  the  ends  of  the 
member  and  the  stress  component  due  to  deflection  is  neglected, 
the  state  of  stress  on  every  cross  section  will  be  the  same. 

The  foregoing  analysis  will  apply  equally  well  when  the  axial 
component  produces  tension  instead  of  compression. 

It  will  be  evident  that  if  the  deflection  of  the  beam,  in  the  case 
considered  in  Art.  (125),  is  to  be  taken  into  account,  it  is  simply 
necessary  to  add  to  the  bending  couple,  the  couple  due  to  deflection, 
estimated  as  above;  the  formula  for  the  normal  stress  intensity 
at  any  point  being  written, 

/-;*?*? » 

which  is  another  form  of  equation  (4). 
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(d)  In  this  case,  neglecting  the  deflection  due  to  bending,  let  the 
line  of  action  of  the  resultant  force  P  intersect  any  cross  section 
A  BCD  at  a  point  whose  coordinates,  with  respect  to  two  axes  of 
symmetry  OX  and  OY,  are  (a,  b),  as  indicated  (Fig.  177).    Let 

(x,  y)  be  the  coordinates  of  any  point 

in  the  cross  section. 
The  force  P  may  be  resolved  into 

an  equal  parallel  force,  acting  along 

the  central  axis  OZ  of  the  member, 

and  two  couples, 

My  -  Pa  and  Mx  -  Pft, 


in  planes  perpendicular  to  the  axes 
OY  and  OX,  respectively. 

Proceeding  by  the  same  method  as 
before,  letting  Ix  and  Iy  equal  the  mo- 
ments of  inertia  of  the  cross  section 
about  the  axes  OX  and  OY,  respec- 
tively, the  stress  intensity  at  the  point 
(x,  y),  due  to  the  axial  component  P, 
will  be  equal  to 


that  due  to  the  component  couple  Mx  will  be  equal  to 

Jt      ±  J.       *  I.  ' 
and  that  due  to  the  component  couple  Mv  will  be  equal  to 


Fw.  177. 


,  M yX Pax 


/•-± 


I, 


Hence  the  resultant  stress  intensity  at  the  point  (x,  y)  will  be 
equal  to 


the  plus  sign  indicating  compression  and  the  minus  sign  tension. 
The  greatest  intensity  of  the  resultant  stress  on  the  cross  section 
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shown  will  evidently  occur  at  the  point  C,  whose  oo5rdinates 
(ci,  Ct)  are  the  greatest  values  of  x  and  y,  respectively.  When  the 
shape  of  the  section  is  such  that  the  point  at  which  x  has  the 
greatest  value  is  not  the  same  as  that  at  which  the  value  of  y  is 
greatest,  the  point  in  the  cross  section  at  which  the  resultant 
stress  intensity  is  a  maximum  can  be  determined  by  inspection. 
The  resultant  stress  on  the  section  will  be  uniformly  varying 
and  the  neutral  axis  will  be  a  straight  line,  indicated  by  the  line 
MN  in  the  sketch,  cutting  the  coordinate  axes  obliquely  and  not, 
in  general,  perpendicular  to  the  plane  of  loading.  Let  (xh  0)  and 
(0, 2/1)  be  the  coordinates  of  the  points  of  intersection  of  MN  and 
the  axes  OX  and  OY,  respectively.  For  all  points  on  the  axis  OX 
the  component  stress  ft  =  0;  and  hence,  at  the  intersection  of  OX 
with  the  neutral  axis, 

P  =  M^xi 


and 


/„ 


*  "  MyA  ~  M9py  "  a  ' Kn 


where  pv  =  the  radius  of  gyration  about  the  axis  OY. 

Similarly,  for  all  points  on  OYf  /«  =  0;  and  hence,  at  the  inter- 
section of  OF  with  the  neutral  axis, 

P  _  Msyx 

A       U 
and 

Vl-MA~Mxpx  ~T> (8) 

where  pm  »  the  radius  of  gyration  about  the  axis  OX. 

The  foregoing  analysis  will  evidently  apply  equally  well  when 
the  axial  stress  is  tension  instead  of  compression.  In  either  case 
there  will  be  no  shearing  stress  and,  if  the  deflection  is  neglected, 
the  state  of  stress  on  every  cross  section  will  be  the  same. 

127.  Maximum  Eccentricity  without  Reversing  Stress.  — 
When  a  member  is  subjected  to  eccentric  loading,  as  explained  in 
Art.  (126),  the  distance  between  the  center  of  gravity  of  any  cross 
section  and  the  neutral  axis  of  the  stress  on  the  section  has  been 
shown  to  vary  inversely  as  the  eccentricity  of  the  load.  When  the 
eccentricity  is  large,  the  neutral  axis  will  lie  within  the  limits  of 
the  cross  section,  the  stress  over  part  of  the  section  being  compres- 
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sion  and  over  the  remainder  tension,  as  indicated  by  the  sketch 
(Fig.  178a).  When  the  eccentricity  is  small,  the  neutral  axis  will 
lie  outside  of  the  limits  of  the  section  and  the  stress  over  the  whole 
section  will  be  of  the  same  sign,  as  indicated  (Fig.  178b). 

It  is  sometimes  essential  to  determine  the  eccentricity  for  which 
the  neutral  axis  will  coincide  with  one  side  of  the  cross  section,  the 
stress  on  the  section  being  of  the  same  sign  throughout  and  vary- 
ing in  intensity  from  zero  to  a  maximum,  as  indicated  (Fig.  178c). 


When  the  resultant  load  acts  in  a  plane  intersecting  the  cross 
section  at  an  axis  of  symmetry  we  have,  by  transforming  equation 
(2)  (Art.  126), 

a  =  ^  =  -^, (1) 

and,  by  substituting  for  y\  the  distance  from  the  center  of  gravity 
to  the  edge  of  the  cross  section,  the  value  of  the  eccentricity  re- 
quired to  satisfy  the  last  of  the  above-mentioned  conditions  can  be 
obtained. 
If  the  cross  section  is  rectangular,  of  breadth  b  and  depth  h, 

when  yi  =  g  bh*       2      h 

a  =  WbhXhss6 (2) 

If  the  cross  section  is  circular,  of  diameter  d,  when  yi  =  « 

-  ±£.  v  2  -  d  (*\ 

a""McP*d~"8 w 

For  other  sections,  the  eccentricity  required  to  fulfill  the  same 
condition  may  easily  be  obtained  by  the  solution  of  equation  (1). 

128.  Oblique  Loads.  —  When  the  external  forces  acting  on  a 
member  are  inclined  to  the  central  axis  at  angles  less  than  90°  and 
the  lines  of  action  lie  in  a  plane  cutting  any  cross  section  in  an 
axis  of  symmetry,  the  forces  can  be  resolved  into  components  per- 
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pendicular  and  parallel  to,  or  coinciding  with,  the  central  axis.  By 
the  methods  of  analysis,  stated  in  Arts.  (125-126),  the  resultant 
stress  on  the  cross  section  can  then  be  determined. 

For  example,  take  the  upright  member  fixed  at  the  lower  end  and 
subjected  to  the  oblique  loads  Pj  and 
P%  (Fig.  179),  acting  in  a  plane  of 
symmetry.  To  determine  the  stress 
on  a  cross  section  A-B  resolve  Pi 
and  P%  into  H  and  V  components  as 
indicated.  The  component  Vi  can 
in  turn  be  resolved  into  an  equal 
component,  acting  along  the  central 
axis  OX,  and  a  couple  Via.  Hence 
the  resultant  of  the  external  forces 
acting  above  the  section  AB  will  be 
made  up  of  a  single  force 

P  -  V,  +  V2,  .    .    .  (1) 
acting  along  the  axis  OX,  a  couple 
M  =  Hixt  -  V&  -  H&t,   .  (2) 

which  is  the  bending  moment  at  the 
section,  and  a  shearing  force  at  the  section, 

S  =  Hx  -  H2.     . (3) 

The  normal  stress  intensity  at  any  point  in  the  cross  section  will, 
therefore,  be  equal  to 

/--ri-F*; (4) 


and  the  greatest  intensity  of  stress  and  the  position  of  the  neutral 
axis  can  be  determined  as  in  the  preceding  cases. 

If  required,  the  shearing  stress  intensity  can  be  calculated  by 
the  usual  formula  (Art.  89). 

If  a\  and  oa  represent  the  moment  arms  of  the  forces  Pi  and  Pj 
with  respect  to  the  center  of  gravity  0  of  the  cross  section,  the 
value  of  M  will  evidently  be  equal  to 

M  =  Piai  -  Ptfi (5) 

Occasionally  the  last  expression  gives  a  simpler  solution  for  M 
than  that  given  by  equation  (2).  The  cross  section  at  which  the 
maximum  combined  stress  intensity  occurs  can  be  determined  by 
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inspection.    It  should  be  observed  that  this  section  is  not  neces- 
sarily the  section  of  greatest  bending  moment. 

129.  Transverse  Loads  not  in  the  Same  Plane.  —  When  the 
cross  section  of  a  member  has  two  axes  of  symmetry  at  right  angles 
and  the  external  forces  act  in  different  planes,  passing  through  the 
central  axis,  each  force  can  be  resolved  into  components  in  the  two 
planes  at  right  angles,  which  intersect  any  cross  section  in  the 
axes  of  symmetry.  In  this  manner,  the  entire  system  of  external 
forces  can  be  resolved  into  two  systems  acting  in  the  two  planes  of 
symmetry  and  the  resultant  stress  on  any  cross  section  can  be 
found  by  combining  the  stresses  due  to  each  of  the  component 
force  systems.  For  example,  assume  the  member  (Fig.  180)  to 
be  in  equilibrium  under  the  action  of  a  system  of  forces  Pl9  Plt 
etc.,  perpendicular  to  the  central  axis  ZZ,  any  cross  section  ABCD 
having  two  axes  of  symmetry,  XX  and  YY. 


Fig.  180. 


By  resolving  each  force  into  V  and  H  components  in  the  planes 
containing  XX  and  YY,  respectively,  the  system  of  external  forces 
can  be  resolved  into  two  balanced  systems,  one  of  which  will  cause 
bending  in  the  plane  ZOX  and  the  other  in  the  plane  ZOY.  If  we 
let  Mx  =  the  bending  moment  at  the  section  ABCD,  due  to  the  H 
components,  Mv  =  the  bending  moment  due  to  the  V  components, 
Ix  —  the  moment  of  inertia  of  the  section  with  respect  to  the  axis 
XX  and  Iy  =  the  moment  of  inertia  with  respect  to  YY,  the  re- 
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sultant  intensity  of  the  normal  stress  at  any  point  in  the  cross 
section,  whose  coordinates  are  (x,  y),  will  be  equal  to 

/=±J^±M2« (1) 

The  resultant  normal  stress  on  the  cross  section  will  be  uni- 
formly varying,  with  the  neutral  axis  passing  through  the  center 
of  gravity,  and  the  greatest  intensity  of  the  stress  will  evidently 
occur  at  the  opposite  corners  of  the  section. 

If  we  let  M  =  the  magnitude  of  the  resultant  bending  moment 
at  the  cross  section  A  BCD  it  is  evident  that 

M  =  VMJ+M}\ (2) 

and,  if  0  =  the  angle  between  the  moment  axes  of  M  and  Mx, 

cos  6  =  -j~,  and  sin  $  =  -^ (3) 

When  written  in  terms  of  the  resultant  bending  moment  M, 
equation  (1)  becomes 

.       ,  MyoosS  ,  MxsinO      ,-./  ,  ycosd  ,  ssin0\        ,.. 

/=±— t^*— ^=3f(±-rr±-7r>  (4) 

If  (x',  yi)  are  the  coordinates  of  any  point  on  the  neutral  axis, 

^-'-^  =  0, (5) 

which  may  be  taken,  with  proper  assumptions  in  regard  to  signs, 
as  the  equation  of  the  neutral  axis.  The  neutral  axis  will  not,  in 
general,  be  perpendicular  to  the  plane  of  the  resultant  couple  M. 

When  the  form  of  the  cross  section  is  such  that  the  point  at 
which  the  coordinate  x  is  greatest  is  not  the  same  as  that  at  which 
the  coordinate  y  is  greatest,  the  point  at  which  the  resultant  stress 
intensity  is  a  maximum  can  be  determined  by  inspection. 

When  the  greatest  values  of  Ms  and  Mv  occur  at  the  same  cross 
section,  that  section  will  evidently  be  the  one  on  which  the  com- 
bined stress  intensity  has  its  greatest  value.  When  the  greatest 
values  of  Mx  and  Mv  do  not  occur  at  the  same  cross  section,  the 
section  on  which  the  combined  stress  is  a  maximum  must  be 
determined  by  inspection. 

The  components  of  the  shearing  stress  intensity  at  any  point 
in  a  cross  section,  due  to  the  H  and  V  load  components  may  be 
calculated  by  the  usual  formula  (Art.  89)  and  combined  to  give 
approximately  the  resultant  intensity  of  the  shearing  stress. 
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Bending  by  Couples.  —  A  special  case  under  the  preceding  occurs 
when  the  force  system  is  composed  of  two  couples,  not  in  a  plane 
of  symmetry,  acting  at  the  ends  of  the  bar.  In  this  case  the 
couples  may  be  resolved  into  components  Mx  and  Mv  in  planes 
perpendicular  to  the  axes  of  X  and  Y,  respectively,  and  the  normal 
stress  intensity  at  any  point  in  a  cross  section  found  by  the  use  of 
equation  (1).    In  this  case  no  shear  will  accompany  the  bending. 

Oblique  Loads.  —  If  the  loads  are  oblique,  instead  of  perpendicu- 
lar to  the  central  axis,  each  load  can  be  resolved  into  a  component 
acting  along  the  axis  and  one  perpendicular  to  it,  after  the  method 
in  Art.  (128).  The  transverse  components  can  then  be  resolved 
as  indicated  above  and  the  formula  for  the  combined  stress  in- 
tensity will  take  the  form 

/  -  P  o-  M*y  o-  MyX  rttt 

the  effect  of  the  deflection,  caused  by  the  transverse  components, 
being  neglected. 

130.  Resilience  Due  to  Combined  Stresses.  —  When  the 
material  is  perfectly  elastic,  the  resilience  of  a  member  subjected 
to  combined  stress  will  evidently  be  equal  to  the  algebraic  sum 
of  the  works  done  by  the  different  components  into  which  the 
system  of  external  forces  may  be  divided,  provided  each  of  the 
components  of  the  force  system  is  gradually  applied. 

For  example:  when  a  member  is  subjected  to  eccentric  loading, 
as  in  Case  (c)  (Art.  126),  if  the  external  forces  are  applied  at  the 
ends  of  the  member,  and  we  let  A  =  the  area  of  the  cross  section 
and  I  =  the  length,  the  resilience  due  to  the  axial  force  P  will  be 
equal  to 

S(Art-15); (1) 

and  the  resilience  due  to  the  couple  M  will  be  equal  to 

^  (Art.  109) (2) 

Hence  the  total  resilience  will  be  equal  to 

*C~2AE~t2EI~2E\A~r  l)~  2AE\    "V/'  "     W 

where  a  =  the  eccentricity  of  the  loading  and  p  =  the  radius  of 
gyration  of  the  cross  section  about  the  axis  through  the  center  of 
gravity. 
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In  a  similar  manner,  the  following  expression  for  the  resilience 
of  a  member  loaded  eccentrically  as  in  Case  (d)  (Art.  126)  may  be 
obtained,  the  notation  being  the  same  as  in  the  article  referred  to. 


ft  = 


P>1     ,   M.H 


+ 


+ 


M*l 


P*l 


( 


i+^+ 


ft) 


(4) 


2AE  ■  2EIS  ■  2EIW     2AE\       px 

Similar  expressions  for  the  resilience  in  the  other  cases  of  com- 
bined stress,  discussed  in  this  chapter,  can  be  obtained  by  adding 
the  expressions  for  the  resilience  due  to  the  axial  loads  and  those 
due  to  bending  under  the  load  systems  in  the  different  planes. 

131.  Truss  Members  Subjected  to  Combined  Stresses.  —  In 
the  simple  trusses,  which  were  discussed  under  the  subject  of 


Statics  (Vol.  I),  the  loads  were  applied  at  the  joints  and  the  mem- 
bers were  assumed  to  be  framed  together  in  such  a  manner  that 
the  resultant  stress  on  each  member  acted  along  its  central  axis, 
which  resulted  in  the  stress  in  each  member  being  uniform  com- 
pression, or  uniform  tension.  Sometimes  loads  are  applied  to 
members  of  a  truss  at  sections  between  the  joints,  in  which  case 
bending  will  take  place,  combined  with  compression  or  tension. 
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An  illustration  of  a  truss  loaded  in  this  manner  is  given  in  Fig. 
(181),  where  the  load  on  the  truss  is  divided  into  equal  parts  W, 
concentrated  at  points  on  the  upper  chords,  at  equal  distances 
apart,  with  the  exception  of  the  l6ads  at  the  ends  A  and  E,  which 

W 
are  each  equal  to-^- .    The  members  of  the  upper  chords  are  sub- 
jected to  combined  bending  and  axial  stresses,  but  all  the  other 
members  are  joined  together  in  such  a  manner  that  each  one  is 
subjected  to  axial  tension,  or  axial  compression,  only. 

The  analysis  for  the  stresses,  neglecting  deflections  due  to  bend- 
ing, can  be  made  as  follows:  First  separate  from  the  load  system, 
the  forces  causing  bending  in  the  members  of  the  upper  chords. 
For  the  member  AB  these  forces  will  be  the  load  W,  acting  at  its 

W 

middle  point,  and  the  reactions  ~~-  at  A  and  B,  required  to  balance 

the  load  W,  as  indicated  (Fig.  181b).  The  stress  in  the  member 
AB  due  to  these  forces  can  be  found  by  the  method  of  analysis  for 
bending  under  oblique  loads  (Art.  128).  On  resolving  the  forces 
into  components,  perpendicular  to  and  coinciding  with  the  central 
axis  AB,  it  will  be  evident  that  the  greatest  intensity  of  the  com- 
pressive stress  in  the  member  will  occur  at  the  top  of  a  cross  section 
just  to  the  left  of  the  intersection  of  the  line  of  action  of  the  load  W 
and  the  central  axis;  and,  if  we  let  I  =  the  length  of  AB,  the 
stress  intensity  at  this  point  will  be  equal  to 

/  -  *L  a.  Ml  _  w*in$  .  WIcobOc  m 

h~  A+  i    -     2A     +      4/      •     •     •     •    W 

The  same  expression  will  evidently  represent  the  resultant  in- 
tensity of  the  tensile  stress  at  the  bottom  of  a  section  just  to  the 
right  of  W,  provided  the  cross  section  is  symmetrical  with  respect 
to  the  neutral  axis  and  the  plus  sign  is  taken  to  indicate  tension 
instead  of  compression. 

If  the  members  of  the  upper  chords  are  all  of  the  same  cross 
section,  the  maximum  compressive  stress  intensity  /i,  due  to  the 
loads  W  at  the  middle  points,  will  be  the  same  for  all  four 
members. 

Having  determined  the  component  stresses  in  the  members, 
due  to  the  loads  causing  bending,  the  axial  stresses  in  the  different 
members  of  the  truss  as  a  whole  can  be  determined  by  adding  to 
the  loads  at  the  joints  the  reactions,  due  to  the  intermediate  loads 


TRUSSED  BEAMS  307 

between  the  joints,  and  calculating  the  stresses  in  the  members 
from  the  resultant  joint  loads,  as  indicated  in  Fig.  (181c).  This 
is  evidently  equivalent  to  resolving  each  intermediate  load  into 
two  parallel  components,  acting  at  the  adjacent  joints. 

Finally,  in  order  to  determine  the  resultant  stress  on  any  cross 
section  of  an  upper  chord  member,  the  uniform  stress  component, 
due  to  the  axial  load,  must  be  combined  with  the  component 
stress,  due  to  bending.  In  the  member  AB,  for  example,  the  axial 
stress  will  evidently  be  equal  to 

sinfl 
and  the  stress  intensity  on  any  cross  section  will  be  equal  to 

ft~  A-Jrinl (2) 

Therefore,  to  obtain  the  greatest  intensity  of  stress  for  the  entire 
member,  the  value  of  ft  must  be  added  to  the  value  of  /i,  which 
will  give 

/  =  /l+/2  =  "TA"+       4/      +  JE*'  •     •     (3) 

The  stress  in  BC  can  be  found  in  a  similar  manner. 

In  this  analysis,  each  upper  chord  has  been  assumed  to  be  made 
up  of  two  parts  hinged  at  the  joints.  When  the  chord  is  con- 
tinuous, as  is  practically  always  the  case,  the  foregoing  analysis 
for  the  stress  due  to  bending  is  evidently  approximate.  It  is  hardly 
worth  while,  however,  to  undertake  the  more  complex  solution 
required  if  the  member  is  to  be  treated  as  a  continuous  beam, 
owing  to  the  uncertainty  in  regard  to  the  conditions  at  the  joints. 

132.  Trussed  Beams.  —  Beams  are  sometimes  trussed  for  the 
purpose  of  increasing  the  strength  and  stiffness.  Such  beams 
may  be  considered  to  be  simple  forms  of  trusses  in  which  a  part 
of  the  members  are  subjected  to  bending.  Hence  the  method  of 
determining  the  stresses  is  similar  to  that  given  in  Art.  (131). 

The  following  case  may  be  taken  as  an  illustration.  The  beam 
AB  (Fig.  182)  is  braced  with  a  strut  CD  at  the  middle  point,  the 
strut  being  supported  by  the  tie  rods  AD  and  BD,  and  is  sub- 
jected to  a  uniformly  distributed  load  of  intensity  w.  Let  I  = 
the  length  of  each  span  of  the  beam  and  W  =  2wl  equal  the 

W 
total  load.    The  supporting  forces  will  each  be  equal  to  -^-* 
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AB  is  the  member  of  the  truss  which  is  subjected  to  bending 
and  will  be  treated  as  a  beam  which  is  continuous  over  the  sup- 
port C.  We  will  assume  that,  when  the  truss  is  subjected  to  the 
total  load  W,  the  points  A,  C  and  B  are  on  the  same  level.  Then, 
if  the  system  of  forces  acting  on  the  truss  as  a  whole  is  resolved 
into  two  component  systems,  one  component  including  the  forces 
producing  bending  in  the  beam  AB  and  the  other  including  the 
forces  producing  axial  stresses  only  in  the  members  of  the  truss, 
the  forces  producing  bending  in  AB  will  be  those  shown  in  Fig. 
(182b)  (see  Case  b,  Art.  102)  and  those  producing  the  axial 
stresses  in  the  members  will  be  those  shown  in  Fig.  (182c). 


*w 


The  greatest  bending  moment  in  the  beam  AB  will  occur  at  the 
point  C  and  will  be  equal  to 


M  =  -  ^  =  -  ^  (Art.  102). 


(1) 


If  we  let  d  —  the  length  of  the  strut  CD,  the  axial  stress  in  the 
beam  AB  will  be  equal  to 

5Wl (2) 


P  = 


16  d 


Hence  the  greatest  intensity  of  the  combined  stress  will  be  equal 


to 


1     A*   I  ' 


(3) 
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which  is  the  intensity  of  the  compression  at  the  lower  side  of  the 
cross  section  at  C. 
The  stress  in  the  tie  rod  AD  will  be  equal  to 

P       5  Wl*  U\ 

where  U  =  VP  +  <P9 

and  the  stress  in  the  strut  CD  will  be  equal  to 

P.  =  |tT (5) 

The  foregoing  analysis  could  easily  be  made,  if  the  final  de- 
flection at  C  instead  of  being  zero  were  assumed  to  have  any  small 
finite  value,  by  determining  the  corresponding  values  of  the  re- 
actions at  A,  C  and  B,  as  indicated  in  Art.  (102).  In  any  case, 
the  accuracy  of  the  result  will  evidently  depend  on  the  correctness 
of  the  estimate  of  the  final  deflection  at  the  point  C,  as  the  bending 
stress  in  AB  will  be  affected  to  a  considerable  degree  by  a  small 
change  in  level  at  this  point. 

Solution  by  Method  of  Least  Work.  —  A  solution  of  the  foregoing 
problem  can  also  be  made  by  applying  the  method  of  least  work 
as  follows: 

Let  A  =  the  area  and  I  =  the  moment  of  inertia  of  the  cross 
section  and  E  =  the  modulus  of  elasticity  of  the  member  AB; 
Ai  =  area  of  the  cross  section  and  Ei  =  the  modulus  of  elasticity 
of  the  tie  rod  ADB;  A*  =  the  area  of  the  cross  section  and  Ei  =* 
the  modulus  of  elasticity  of  the  strut  CD.  Let  P,  Pi  and  P% 
equal  the  axial  stresses  in  the  members  ACB}  ADB  and  CD,  re- 
spectively, and  let  h  =  VP  +  d*  equal  the  length  of  the  two  sec- 
tions AD  and  BD  of  the  tie  rod. 

Expressing  the  axial  stresses  in  terms  of  the  stress  in  the  strut, 
we  have 

P=H w 

and 

ft-S W 

The  expression  for  the  resilience  of  the  strut  may  then  be 
written 

ft  =  2^(Art*15);  ••••.••    (8) 
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that  for  the  total  resilience  of  the  two  sections  of  the  tie  rod  will  be 

tCl"Z2A^1"4Al(PE1f W 

and  for  the  component  of  the  resilience  of  the  beam  AB,  due  to  the 
axial  stress  P, 

R'ss22AE=:4A<PE (10) 

The  component  of  the  resilience  of  AB,  due  to  bending,  will  be 

J"1  M* 
.ra*- (11) 

where  M  =  the  bending  moment  at  any  section  at  a  distance  x 
from  the  end  support.    The  expression  for  M  may  be  written 

and  then 

M*  =  Lt-Zj)**  -  w(wl  -  yV  +  ^- 

Substituting  the  value  of  M*  in  (11)  and  integrating, 

«"A[(--S)"5-(-$)i;+£] 

=  3l7r5 8^  +  TJ (12) 

Adding  (8),  (9),  (10)  and  (12),  the  expression  for  the  total  re- 
silience of  the  trussed  beam  becomes 

R  =  R2  +  Rl  +  R'  +  R"  =  £rSEr+    r*k 


2A2E2     4Ai(PEx 
,     P*2P     ,     P    T2   _      5D    .  ,  P2>1     ,1QX 
+  U^E  +  TEl[5^1 %-SP**  +  -Ti    (13) 
Differentiating, 

dK^pfd  V        ,        P     1  ,      P   f     5    ,      P21  ,    . 

dPi"jr2U2£2'1"2A1(PB1"h2Ad2JE;J"+'3i;/L     8W+  2_|'U*; 

and,  placing  the  derivative  equal  to  zero  and  solving  for  P2,  we 
obtain 

P»  =  -; ,,  .   ,  , rr,  •    •    (15) 


■       V     +±-(JL  +  ±Y  '    ' 
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which  gives  the  stress  in  the  strut  CD.  Having  this  stress,  the 
axial  stresses  in  the  tie  rods  and  the  beam  can  be  obtained  from 
equations  (7)  and  (6).  The  reactions  at  the  ends  of  the  beam 
can  then  be  found  and  the  greatest  bending  moment  and  greatest 
fiber  stress  can  be  computed  in  the  usual  manner. 

133.  Stresses  in  Hooks.  —  An  approximate  solution  for  the 
stress  on  a  cross  section  of  a  hook,  or  an  open  link  can  be  made  by 
the  same  method  of  analysis  as  that  employed  in  dealing  with 
eccentric  loading  (Art.  126).  For  example,  if  the  open  link 
(Fig.  183)  is  subjected  to  a  pull  P,  along  a  line  at  a  distance  a  from 
the  center  of  gravity  0  of  the  cross  section  AB,  the  force  P  acting 
on  the  part  of  the  link  on  one  side  of  AB  can  be  resolved  into  an 
equal  parallel  force  P,  whose  line  of  action  passes  through  0,  and  a 
couple  M  =  Pa.  The  stress  on  the  cross  section  due  to  the  com- 
ponent P  will  be  uniform  and  its  intensity  will  be  equal  to 

P 


*-2- 


(i) 


If  the  stress  intensity  due  to 
the  couple  is  calculated  by  use 
of  the  formula 


/»  = 


_  My 


(2) 


the  equation  for  the  combined 
stress  intensity  at  any  point  in  the 
cross  section  will  be  the  usual  ex- 


pression 


/-i 


My 


(3) 


.  I   '  '  '  Fia.  183. 

the  plus  sign  indicating  tension. 

The  approximation,  when  this  equation  is  used  in  computing 

the  stress  in  a  hook,  or  link,  or  any  curved  bar,  is  due  to  the  fact 

that,  when  the  assumptions  of  the  simple  beam  theory  are  applied 

in  the  case  of  the  curved  bar,  the  stress  on  the  cross  section  will  be 

My 
found  to  be  non-uniformly  varying  and  hence  the  formula/  =  -y- 

will  not  give  the  correct  value  for  the  intensity. 

The  error  of  approximation  in  cases  of  this  kind  will  depend  on 
the  curvature  of  the  central  axis  of  the  member,  being  compara- 
tively slight  when  the  radius  of  curvature  is  large  and  increa&oig 
as  the  radius  diminishes. 
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If  the  formula  is  used,  therefore,  it  must  be  regarded  as  empirical, 
the  value  of  /  not  being  a  true  value  of  the  stress  intensity,  but  a 
factor  which  must  be  chosen  to  suit  the  conditions  of  the  problem. 

A  more  exact  analysis  of  the  stresses  in  curved  members  will  be 
found  in  Chapter  XI. 

134.  Problems  —  Combined  Stresses.  —  The  following  prob- 
lems will  serve  to  illustrate  the  application  of  the  methods  of  de- 


y; 


xi^ 
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Fig.  184. 


Fig.  185. 


termining  combined  stresses,  which  have  been  discussed  in  this 
chapter.  When  not  otherwise  stated,  the  loads  are  to  be  assumed 
to  act  in  a  plane  intersecting  the  different  cross  sections  of  the 
member  in  their  axes  of  symmetry.  The  eccentricity  of  the  load- 
ing due  to  the  deflection  of  the  member  is  to  be  neglected  unless 
otherwise  specified. 

Problem  1. 

Find  the  greatest  intensity  of  stress  in  a  cross  section  of  the  hollow  circular 
column  due  to  the  vertical  loads  of  10,000  lbs.,  60,000  lbs.  and  30,000  lbs.  act- 
ing at  the  points  A,  O,  B,  respectively  (Fig.  184).  Locate  the  neutral  axis  of 
the  stress. 

Problem  2. 

Solve  Problem  (1),  assuming  that  an  additional  load  of  20,000  lbs.  is  applied 
at  the  point  C. 
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Problem  8. 

Find  the  greatest  intensity  of  stress  on  the  cross  section  of  the  hollow  rec- 
tangular column  (Fig.  185)  due  to  the  vertical  loads  of  20,000  lbs.  and  10,000 
lbs.,  acting  at  the  points  O  and  A  respectively.    Locate  the  neutral  axis  of  the 


Problem  4. 

Solve  Problem  (3),  assuming  that  an  additional  load  of  10,000  lbs.  is  applied 
at  the  point  B.  Determine  the  angle  which  the  neutral  axis  makes  with  the 
line  of  intersection  of  the  plane  containing  O  and  the  resultant  of  the  loads 
and  the  cross  section. 

Problems. 

A  column  10"  square  is  subjected  to  vertical  loading  as  shown  (Fig.  186). 
The  maximum  allowable  fiber  stress  is  1000  lbs.  per  sq.  inch.  Find  the 
greatest  allowable  value  of  P. 


h 


Problem  6. 

Solve  Problem  (5),  assuming  that  the  load  of  10,000  lbs.  (Fig.  186)  is  re- 
placed by  a  load  of  40,000  lbs. 

Problem?. 

A  12"  Bethlehem  H  column  supports  a  central  vertical  load  of  60,000  lbs. 
and  two  vertical  loads  of  20,000  lbs.  each  on  brackets  as  indicated  (Fig.  1ST). 
Find  the  greatest  intensity  of  stress  in  the  column  due  to  the  loading,  h  — 
£00  (ins.)*.  A  —  19  sq.  ins.  Locate  the  neutral  axis  in  the  cross  section  of 
greatest  stress. 
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Problem  8. 

Solve  Problem  (7),  assuming  that  an  additional  vertical  load  of  30,000  lbs. 
is  applied  at  the  top  of  the  column  at  a  distance  of  3"  from  the  central  axis  in 
a  plane  at  right  angles  to  the  plane  of  the  loads  shown  (Fig.  187);  the  moment 
of  inertia  of  the  cross  section  with  respect  to  the  other  axis  of  symmetry  being 
equal  to  J0'  =  168  (ins.)4  and  the  width  of  the  flange  of  the  H  being  equal 
to  12". 
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Problem  9. 

A  thick  steel  plate  rests  on  the  top  of  a  wood  column,  12"  X  12"  cross  section 
(Fig.  188).  If  a  concentrated  vertical  load  of  30,000  lbs.  is  applied  to  the 
plate,  determine:  (a)  the  maximum  intensity  of  the  compressive  stress  between 
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the  plate  and  the  column  at  the  section  AB;  (b)  the  maximum  intensity  of  the 
compressive  stress  on  the  cross  section  CD.  Assume  the  stress  on  AB  to  be 
unifo-mly  varying. 
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Problem  10. 

A  wooden  strut,  8"  X  10"  cross  section  and  8  ft.  long,  is  rigidly  held  at  the 
base  and  subjected  to  system  of  loads  shown  (Fig.  189).  Find  the  greatest 
intensity  of  stress. 

Problem  11. 

Solve  Problem  (10),  assuming  that  the  load  of  1000  lbs.  is  replaced  by  a  load 
of  2000  lbs. 

Problem  12. 

Find  the  maximum  fiber  stress  in  a  standard  15"  I-beam,  subjected  to  the 
system  of  forces  shown  (Fig.  190).    Jo  —  442  (ins.)4.    A  =»  12.5  sq.  ins. 


1000 1U.  per  ft. 


-16- 


FlG.    191. 

Problem  18. 

A  12"  I-beam  is  supported  and  loaded  as  shown  (Fig.  191).  Find  the  maxi- 
mum intensity  of  liber  stress,  assuming  the  reaction  at  the  point  B  to  be  verti- 
cal.   /  =  216  (ins.)4.    A  =  9.26  sq.  ins. 

[B 


Fig.  192. 


Fia.  193. 


Problem  14. 

Find  the  maximum  fiber  stress  in  the  inclined  wooden  beam  AB,  8"  X  10" 
cross  section  and  10  ft.  long,  subjected  to  a  single  concentrated  vertical  load  of 
8000  lbs.  at  the  center.  (Fig.  192.)  Assume  the  reactions  parallel  to  the 
resultant  load. 
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Problem  15. 

Solve  Problem  (14),  replacing  the  load  of  8000  lbs.  with  a  load  of  12,000  lbs., 
uniformly  distributed  along  the  central  axis  of  the  beam. 

Problem  16. 

The  beam  AB  (Fig.  193),  6"  X  10"  cross  section,  is  subjected  to  a  uniformly 
distributed  vertical  load  of  5000  lbs.  Find  the  maximum  intensity  of  stress 
on  the  middle  cross  section,  assuming  the  supporting  force  at  B  to  be  horizontal. 

Problem  17. 

Find  the  section  at  which  the  greatest  intensity 
of  stress  occurs  in  the  beam  given  in  Problem  (16). 
Find  the  greatest  intensity  of  stress  on  this  section,    moo 

Problem  18. 

A  12"  I-beam,  31.5  lbs.  per  ft.,  is  placed  in  a 
vertical  position  and  subjected  to  the  system  of 
loads  shown  (Fig.  194).  Assuming  that  the  sup- 
porting force  at  A  is  horizontal  and  the  beam  is 
hinged  at  B,  find  the  greatest  fiber  stress.  /  =  216 
(ins.)4.    A  =  9.26  sq.  ins. 


Problem  19. 

A  beam  6"  X  10"  cross  section  is  subjected  to  an 
oblique  load  of  4000  lbs.  and  supported  at  the  ends 
as  shown  (Fig.  195) .  Find  the  maximum  fiber  stress 
and  locate  the  neutral  axis. 


Fia.  194. 


4000 


Fig.  195. 

Problem  20. 

A  beam,  8"  X  10"  cross  section  (Fig.  196),  is  supported  at  the  ends  and  sub- 
jected to  a  horizontal  load  of  2000  lbs.  and  a  vertical  load  of  3000  lbs.,  acting 
as  shown.  Find  the  greatest  fiber  stress  and  locate  the  neutral  axis  in  the 
section  at  which  the  greatest  stress  occurs. 

Problem  21. 

Determine  the  greatest  fiber  stress  in  the  beam  given  in  Problem  (20)  if,  in 
addition  to  the  loads  given,  two  equal  and  opposite  forces  of  20,000  lbs.,  acting 
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along  the  axis,  are  applied  at  the  ends,  the  forces  producing  compression  in 
the  member.  Locate  the  neutral  axis  in  the  section  at  which  the  fiber  stress 
is  a  maximum. 


^- 


Fia.  196. 


Problem  22. 


Solve  Problem  (20),  assuming  that  an  additional  load  of  2400  lbs.  is  applied 
at  a  cross  section  12  ft.  from  the  end  A,  acting  in  the  direction  of  the  diagonal 
from  the  upper  left  to  the  lower  right-hand  corner  of  the  section. 


Fig.  197. 

Problem  28. 

A  round  bar,  4"  diameter  (Fig.  197),  is  supported  at  the  ends  and  subjected 
to  vertical  loads  of  4000  lbs.  and  2000  lbs.  and  a  horizontal  load  of  5000  lbs. 
Find  the  greatest  fiber  stress. 
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Problem  24. 

Determine  the  greatest  fiber  stress  in  the  bar  given  in  Problem  (23)  if,  in 
addition  to  the  transverse  loads,  two  equal  and  opposite  forces  of  30,000  lbs. 
acting  along  the  axis  are  applied  at  the  ends,  the  forces  producing  compression 
in  the  member. 


Fig.  198. 


Problem  25. 


Find  the  greatest  intensity  of  stress  in  the  members  of  the  truss  subjected 
to  the  system  of  vertical  loads  W  spaced  equal  distances  apart  as  shown 
(Fig.  198),  assuming  W  -  1000  lbs.  The  members  AB,  BC,  CD,  BF  and  DF 
are  6"  X  10"  cross  section;  and  the  members  AF,  EF  and  CF  are  steel  rods, 
1"  diameter. 


Fro.  199. 


Problem  26. 


The  lower  chord  of  the  truss  (Fig.  199)  is  subjected  to  a  uniformly  distributed 
load  of  1000  lbs.  per  ft.  Find  the  greatest  fiber  stress  in  the  members  AB, 
BC  and  CD.    The  cross  section  of  these  members  is  8"  X  12". 


Problem  27. 

Solve  Problem  (26),  assuming  that  ABCD  is  a  continuous  beam  and  that 
the  points  A,  B,  C  and  D  are  on  the  same  level. 
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Problem  28. 

Solve  Problem  (26)  if,  in  addition  to  the  load  on  the  lower  chord,  loads  of 
1000  lbs.  each  are  applied  at  the  joints  E,  F,  and  G  and  also  at  the  middle  point 
of  each  member  of  the  upper  chords.  Also  determine  the  greatest  fiber  stress 
in  the  members  AE  and  EF  if  the  cross  section  of  these  members  is  8"  X  10". 

Problem  29. 

The  trussed  beam  AB  (Fig.  200)  supports  a  uniformly  distributed  load  of 
1000  lbs.  per  ft.  of  length.  The  section  of  the  beam  is  8"  X  12".  The  tie  rod 
ADB  is  2"  diameter.  The  strut  CD  has  a  cross  section  of  6  sq.  ins.  Find  the 
greatest  fiber  stress  in  AB,  assuming  no  deflection  at  the  center  (Art.  102);  also 
the  tensile  stress  intensity  in  the  tie  rod  ADB. 


Fig.  200. 

Problem  30. 

Solve  Problem  (29)  if  the  deflection  of  the  beam  at  its  center  due  to  the 
applied  load  is  0.25".    E  =  1,200,000  lbs.  per  sq.  in. 

Problem  31. 

Solve  Problem  (29)  by  the  method  of  least  work  (Art.  132),  assuming  for  the 
tie  rod  #  =  30,000,000  lbs.  per  sq.  in.  and  for  the  strut  E  =  15,000,000  lbs. 
per  sq.  in. 

Problem  32. 

Solve  Problem  (29),  replacing  the  uniformly  distributed  load  with  three  con- 
centrated loads  of  5000  lbs.  each,  applied  at  the  middle  of  each  of  the  spans 
AC  and  CB  and  at  the  point  C. 


I 


-l* 


-w« 


-10^ 


u 


■iQr 


4 


B^ 


Fig.  201. 

Problem  83. 

A  trussed  beam  (Fig.  201)  is  constructed  of  two  timber  beams,  8"  X  12" 
cross  section,  placed  side  by  side,  and  two  parallel  tie  rods  each  2"  diameter 
and  two  struts  BF  and  CEf  each  having  a  cross  section  of  8  sq.  ins.  If  the 
beam  is  subjected  to  a  uniformly  distributed  load  of  1600  lbs.  per  ft.  determine 
the  greatest  fiber  stress  in  the  beam  and  the  intensity  of  the  tensile  stress  in  the 
tie  rods,  assuming  no  deflection  at  the  points  B  and  C. 


* 
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Problem  34. 

Solve  Problem  (33)  by  the  method  of  least  work,  assuming  E  «■  1,200,000 
lbs.  per  sq.  in.  for  the  beam,  E  =-  30,000,000  lbs.  per  sq.  in.  for  the  tie  rods  and 
E  =  12,000,000  lbs.  per  sq.  in.  for  the  struts. 


Problem  35. 

Given  an  open  circular  link  loaded  as  shown  (Fig.  202).  If  the  greatest 
allowable  fiber  stress  =  12,000  lbs.  per  sq.  in.,  find  the  allowable  value  of  P, 
by  the  approximate  solution  (Art.  133). 


CHAPTER  VIII. 
GENERAL  THEORY  OF  FLEXURE. 


135.  Unsymmetrical  Bending.  —  Thus  far  the  discussion  of 
the  theory  of  bending  has  been  restricted,  at  first  to  cases  in  which 
the  loads  have  been  in  a  single  plane,  intersecting  every  cross  sec- 
tion in  an  axis  of  symmetry,  and  then  to  cases  in  which  all  the 
external  forces  could  be  resolved  into  components  in  two  planes 
at  right  angles  intersecting  every  cross  section  along  two  axes  of 
symmetry. 

In  practice,  nearly  all  members  which  are  intended  to  resist 
bending  moments  of  any  considerable  magnitude  are  designed  with 
cross  sections  having  one  axis  of  symmetry  at  least;  and  usually 
with  cross  sections  symmetrical  with  respect  to  two  axes  at  right 
angles. 

Minor  members  which  are  sometimes  subjected  to  bending 
moments  of  small  magnitude  are  quite  often  designed  with  unsym- 
metrical cross  sections.  In  such  cases  an  analysis  of  the  stresses 
due  to  bending  under  different  load  systems  will  be  of  value. 

136.  Principal  Axes  and  Moments  of  Inertia.  —  Passing 
through  any  point  in  a  plane  area,  there  are  always  two  axes  at 
right  angles,  with  respect  to  one  of  which  the  moment  of  inertia 
of  the  area  is  a  maximum  and  to  the  other  a  minimum,  the  prod- 
uct of  inertia  with  respect  to  the  two  axes  being  equal  to  zero. 
The  moments  of  inertia  about  these  axes  are  called  principal 
moments  of  inertia;  and  the  axes  are  called  principal  axes. 

Axes  of  symmetry  are  always  principal  axes  passing  through  the 
center  of  gravity  of  the  area  and,  for  any  unsymmetrical  area,  the 
principal  axes  and  moments  of  inertia,  with  the  center  of  gravity 
as  the  origin,  can  always  be  found  when  the  moments  and  product 
of  inertia  with  respect  to  any  pair  of  rectangular  axes  are  known. 
Throughout  the  discussion  in  this  chapter,  the  center  of  gravity 
of  a  cross  section  will  be  taken  as  an  origin  and  the  axes  XX  and 
YY  as  principal  axes,  Is  and  Iv  will  be  taken  to  represent  the  prin- 
cipal moments  of  inertia  and  I\9  h  and  K,  the  moments  and  product 
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of  inertia,  respectively,  about  any  pair  of  rectangular  axes,  1-1  and 
2-2,  inclined  at  an  angle  a  with  the  principal  axes. 
Then  from  Art.  (124)  (Vol.  I), 

7,  =  IiCo&a  + U&uPa  —  2K  sin  a  cos  a,  .     .    .     (1) 
I*  =  7isin2a  +  IjC08*a  +  2K sinacosa  ...     (2) 
and 

tan2a  =  T^r(Art.  125,  Vol.  I).     ...     (3) 
1%  —  i\ 

Conversely,  the  values  of  the  moments  and  product  of  inertia, 
with  respect  to  the  axes  1-1  and  2-2,  in  terms  of  the  principal 
moments  of  inertia  will  be  represented  by  the  expressions: 

7i  =  Iz  cos*  a  +  Iv  sin2  a, (4) 

Ii  =  7„  cos2  a  +  7*  sin2  a, (5) 

K  =  (7,  —  7„)  sin  a  cos  a (6) 

In  the  following  discussion,  whenever  a  principal  axis  is  referred 
to,  it  is  to  be  understood  that  the  axis  passes  through  the  center  of 
gravity. 

137.  Bar  of  Unsymmetrical  Cross  Section  Subjected  to  Simple 
Bending.  —  If  the  same  assumptions  are  made  as  in  the  case  of  a 
bar  of  symmetrical  section,  bent  under  the  action  of  couples  at  the 
ends  (Art.  64),  the  stress  on  any  cross  section  of  a  straight  bar  of 
unsymmetrical  section,  which  is  bent  under  the  action  of  terminal 
couples,  will  be  uniformly  varying  and  the  neutral  axis  will  pass 
through  the  center  of  gravity  (Art.  60).  Moreover,  the  resultant 
couple  formed  by  the  stress  on  the  cross  section  must  be  in  a  plane 
coinciding  with,  or  parallel  to,  the  plane  of  the  terminal  couples. 
There  will  be  no  shearing  stress  on  any  cross  section. 

If  the  principal  axes  of  the  section  are  unknown,  they  can  be 
located  by  the  method  referred  to  in  Art.  (136),  provided  the 
moments  and  product  of  inertia  of  the  cross  section  with  respect  to 
any  two  axes  at  right  angles  can  be  found. 

In  determining  the  distribution  of  the  normal  stress,  two  cases 
will  be  considered: 

(a)  When  the  plane  of  the  terminal  couple  intersects  the  cross 
section  at,  or  in  a  line  parallel  to,  a  principal  axis.  —  In  this  case, 
since  the  couple,  formed  by  the  stress  on  a  cross  section,  is  in  a 
plane  containing,  or  parallel  to,  the  principal  axis,  it  follows,  con- 
versely, from  Art.  (60)  that  the  neutral  axis  is  the  principal  axis  of 
the  section  which  is  perpendicular  to  the  plane  of  the  couple. 
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Therefore,  the  normal  stress  intensity  at  any  point  in  the  cross 
section,  at  a  distance  y  from  the  neutral  axis,  will  be  given  by  the 
usual  formula 


/= 


_My 


I  ' 


(1) 


where  I  =  the  moment  of  inertia  of  the  cross  section  about  the 
neutral  axis,  and  the  greatest  stress  intensity  will  be  equal  to 

Mc 


•  /  = 


(2) 


where  c  =  the  distance  to  the  fiber  which  is  farthest  from  the 
neutral  axis. 

(b)  When  the  plane  of  the  terminal  couple  does  not  intersect  a 
cross  section  at,  or  in  a  line  parallel  to,  a  principal  axis.  —  In  this 
case  let  M  represent  the  terminal  couple,  acting  in  a  plane  per- 
pendicular to  the  axis  OA  (Fig. 
203),  and  let  6  =  the  angle  be- 
tween the  moment  axis  of  M 
and  the  principal  axis  OX. 
Resolving  M  into  components 
in  planes  perpendicular  to  the 
principal  axes,  we  have 

Af,  =  Afcos0.    •     (3) 
and         M y  =  M  sin  6. .    .     (4) 

Let  (x,  y)  be  the  coordinates  of 
any  point  q  in  the  cross  section 
with  respect  to  the  principal 
axes. 

If  we  call  a  compressive  stress 
plus  and  a  tensile  stress  minus 
and  follow  the  usual  system  of 
signs,  in  designating  values  of  x,  y  and  the  functions  of  6,  the  com- 
ponent stress  intensity  at  the  point  q  due  to  the  component  couple 
Mx  will,  according  to  Case  (a),  be  equal  to 

t      Mxy      My  cos  $ 
h  =  -j-  -  — j 

and  that  due  to  the  couple  My  will  be  equal  to 

/  —  Mjx  _      Mx  sin  9 

J*  —    j j (6) 


Y 

Fig.  203. 
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The  resultant  stress  intensity  at  the  point  will,  therefore,  be  equal 

to 

-      t    .  t      Mxy      MyX      My  cos  9      MxsinS 

=  M(^2p_^ (7) 

If  we  designate  the  coordinates  of  any  point  on  the  neutral  axis 
by  the  symbols  (x7,  y')t  the  equation  of  the  neutral  axis  may  evi- 
dently be  written 

Mfy^e_x^ey0> (8) 

which  reduces  to 

£tan0  =  x'^Ytan0, (9) 

ly  \Pv/ 

where  px  and  py  represent  the  radii  of  gyration  of  the  section  about 
the  principal  axes  OX  and  OY,  respectively. 

If  we  let  fi  =  the  angle  between  the  neutral  axis  ON  and  the 
principal  axis  OX  (Fig.  203), 

tan0  =  j', 

and  hence  equation  (9)  may  be  written, 

tan/3  =  ^tan0  =  (^Vtan0 (10) 

ly  \Py/ 

The  angle  o>,  between  the  axis  OX  and  the  line  of  intersection 
OB,  of  the  plane  of  the  resultant  couple  and  the  cross  section,  will 
be  equal  to  (90°  +  0).  Hence  tan0  =  —  cotco  and,  substituting 
in  (10)  and  transposing, 

^  =  tanJ9tano,=  -^y (11) 

COt   0)  \PyJ  ^  ' 

If  the  inertia  ellipse  (Art.  127,  Vol.  I)  is  constructed  for  the  prin- 
cipal axes  OX  and  07,  as  indicated  (Fig.  203),  it  is  evident  from 
(11)  that  ON  and  OB  will  be  conjugate  axes  of  the  ellipse.  The 
formula  for  the  fiber  stress  (equation  7)  may  be  expressed  in  terms 
of  the  couple,  formed  by  the  stress  on  the  cross  section,  and  the 
moment  of  inertia  of  the  section,  about  the  neutral  axis,  as  follows: 

The  component  in  a  plane  perpendicular  to  ON,  of  the  resultant 
couple  M ,  is  equal  to 

M  cos  (fi-6); 
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and  the  moment  of  inertia  of  the  section,  about  the  neutral  axis 
ON,  is  equal  to 

/»  -  7,cos2/3  +  Iy  sin20  (Art.  136). 

Hence  M  cos  09  -  S)  =  a"In  (Art.  60),   ....    (12) 

where  a"  =  the  intensity  of  stress  at  a  distance  unity  from  the 
neutral  axis,  and,  if  we  let  y"  =  the  distance  of  any  point  q  from 
the  neutral  axis,  the  stress  intensity  at  that  point  will  be  equal  to 

f  =  McoB(P-6)y" 

When  the  axis  OA  coihcides  with  the  principal  axis  OX}  0  =  0  and, 
from  (10),  0  =  0  and  equation  (13)  reduces  to  the  ordinary  form 

/-£*. d4) 

The  case  of  the  bar  with  a  symmetrical  cross  section,  bent  by 
couples  not  in  a  plane  of  symmetry  (Art.  129),  may  evidently  be 
considered  to  be  a  special  case  under  the  foregoing  one. 

The  greatest  fiber  stress  at  any  cross  section  will  occur  at  the 
point  which  is  farthest  from  the  neutral  axis,  and,  if  that  point 
can  be  determined  by  inspection,  the  stress  intensity  can  be  cal- 
culated directly  from  equation  (7),  without  determining  the  posi- 
tion of  the  neutral  axis.  When  the  cross  section  is  a  rectangle,  for 
example,  opposite  corners  will  be  points  of  greatest  stress  what- 
ever the  position  of  the  bending  couple. 

When  the  point  of  maximum  stress  intensity  cannot  be  located 
by  inspection,  the  neutral  axis  may  be  plotted  by  use  of  equation 
(10).  The  coordinates  of  the  point  farthest  from  the  neutral  axis 
may  then  be  measured  and  the  greatest  fiber  stress  calculated  by 
the  use  of  equation  (7)  or  (13).  If  the  ellipse  of  inertia  is  con- 
structed, the  neutral  axis  may  be  found  by  drawing  the  diameter 
NON  which  is  conjugate  to  OB  (Fig.  203)  and  the  value  of 
In  =  Apn*  can  be  computed  directly  from  the  value  of  pw,  meas- 
ured from  the  ellipse. 

138.  Bar  of  Unsymmetrical  Cross  Section  Subjected  to  Ordi- 
nary Bending.  —  When  a  straight  bar  of  unsymmetrical  section 
is  bent  under  the  action  of  transverse  forces,  passing  through  the 
axis  of  the  bar,  the  forces  can  be  resolved  into  two  systems  in  planes 
at  right  angles  and  the  resultant  bending  moment  at  any  cross 
section  can  be  obtained  in  the  same  manner  as  for  the  symmetrical 
bar  (Art.  129). 
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In  like  maimer  the  greatest  resultant  bending  moment  in  the 
bar  can  be  obtained.  The  stress  on  any  cross  section,  due  to 
bending,  may  then  be  found  by  the  method  used  in  the  case  of 
simple  bending,  the  stress  intensity  at  any  point  being  given  by 
the  ordinary  formula  for  fiber  stress,  provided  the  plane  of  the 
resultant  bending  moment  intersects  the  cross  section  at  a  princi- 
pal axis  (Case  a),  and  otherwise  by  the  formulas  derived  for  (Case 
b)  (Art.  137). 

In  general,  the  normal  stress  on  a  cross  section  will  be  accom- 
panied by  a  shearing  stress.  For  an  unsymmetrical  section,  how- 
ever, the  ordinary  analysis  for  determining  the  intensity  of  the 
shearing  stress  fails  to  give  satisfactory  results;  and  no  solution 
for  shearing  stress  will  be  attempted. 

The  approximation  in  the  results  obtained  by  the  foregoing 
analysis  of  the  bending  of  an  unsymmetrical  bar  is  probably  some- 
what greater  than  in  the  case  of  a  symmetrical  beam  subjected  to 
ordinary  bending  (Art.  115). 

The  cases  discussed  in  Art.  (129)  may  evidently  be  considered 
as  special  cases  under  this  and  the  preceding  article,  in  which  the 
cross  sections  are  symmetrical,  instead  of  unsymmetrical. 

139.  Combined  Direct  and  Bending  Stresses  in  Unsymmetri- 
cal Bars.  —  When  the  load  system,  acting  on  an  unsymmetrical 
bar,  includes  forces  which  are  parallel  to,  or  oblique  to,  the  axis  of 


the  bar,  the  intensity  of  the  combined  direct  and  bending  stress 
at  any  point  in  a  cross  section  can  be  found  by  a  method  similar  to 
that  employed  in  the  cases  discussed  in  Arts.  (125-128). 


COMBINED  DIRECT  AND  BENDING  STRESSES         327 

A  general  case  of  this  kind  will  be  one  in  which  all  the  forces, 
acting  on  the  part  of  the  bar  on  one  side  of  any  cross  section  AB, 
can  be  combined  into  a  single  resultant  force  R,  acting  in  a  plane 
containing  the  central  axis  ZZ  of  the  bar,  as  indicated  (Fig.  204) ; 
where  0\  is  the  trace  of  the  line  of  action  of  R  in  the  plane  of  the 
cross  section  and  00x  is  the  line  of  intersection  of  the  plane,  con- 
taining R  and  the  central  axis,  and  the  cross  section. 

The  resultant  R  may  be  resolved  into  a  force  P,  normal  to  the 
section  AB,  and  a  shearing  force  S.  The  normal  force  P  can  then 
be  resolved  into  an  equal  and  parallel  force,  acting  along  the  central 
axis  ZZ,  and  a  couple 

M  =  Pr, (1) 

where  r  =  OOx. 

Let  OX  and  OY  represent  the  principal  axes  of  the  cross  section 
and  OA  the  moment  axis  of  the  couple  M .  Let  6  —  the  angle 
AOX  and  let  (a,  b)  be  the  coordinates  of  Oi  and  (x,  y)  the  coordi- 
nates of  any  other  point  q  in  the  cross  section,  with  respect  to  the 
principal  axes.  Let  A  =  the  area,  Ix  and  Iv  equal  the  principal 
moments  of  inertia  and  Px  and  Py  equal  the  principal  radii  of  gyra- 
tion of  the  cross  section.  Then,  if  a  compressive  stress  is  called 
positive  and  a  tensile  stress  negative,  the  component  stress  in- 
tensity at  q,  due  to  the  axial  component  P,  will  be  equal  to 

*-!» (2) 

and  the  component  stress  intensity  at  q,  due  to  the  bending 
moment  M,  will  be  equal  to 


J*  — 

/, 

Iv    "*~\    /.            h   t 

where 

Mx  =  M  cos0  =  P6 

and 

Mu  =  M  sin0  =  —Pa. 

The  resultant  stress  intensity  at  the  point  q  will,  therefore,  be 
equal  to 

t     t   ,,      P  ,  M,y     MyX     P  ,   „  fy  cos6     x  sin  6\ 

-'B  +  '^-TT1)] (4) 


328  APPLIED  MECHANICS 

If  we  let  NON  represent  the  neutral  axis  of  the  component 
stress  due  to  bending  only  and  /3  =  the  angle  NOX, 

tan  0  -  ^tanfl  -  ^Y  tan0  (Art.  137).     ...    (5) 

The  neutral  axis  N'N'  of  the  resultant  stress  will  be  a  line  parallel 
to  NON  and,  if  we  let  (xh  0)  and  (0,  yx)  be  the  coordinates  of  the 
points  of  intersection  of  N'N'  and  the  principal  axes  OX  and  OY, 
respectively,  we  shall  obtain  from  equation  (4) 


ft  _  P  __  Mxi  sin  $ 


A  I 


and 


whence 


V 


Q^P.MyjCoaS 


A  '         / 


s 


and 


*     AMsind     Maine  a     •    •    •    W 

w  4M cos*  Mcosfl  6  '  *    U) 


Expressed  in  terms  of  the  moment  of  inertia  of  the  cross  section 
with  respect  to  the  neutral  axis,  the  resultant  stress  intensity  at 
any  point  q  will  be  equal  to 

.     P      Mco8(0-0)y"     P,Prny"      Pf,,rny"\     ... 

where  r»  ■-  r  cos  08  —  6)  is  the  perpendicular  distance  between 
0\  and  the  axis  NON,  pw  =  the  radius  of  gyration  of  the  cross 
section  about  NON;  and  y"  is  positive  for  points  on  the  same 
side  of  NON  as  0\  and  negative  for  points  on  the  opposite  side. 
Equation  (8)  should  be  compared  with  equation  (3)  (Art.  126). 

To  obtain  the  value  of  yi"y  the  distance  between  the  center  of 
gravity  and  the  neutral  axis  N'N',  we  have,  from  equation  (8), 
for  points  on  N'N' 

P  .  M  cos  (fi  -  6)  yi" 


whence 


A  +  In  "' 


yi  AM  cos  (fi-6)  M  cos  (0-0)  rn'  '     w 

Case  (d)  (Art.  126)  might  evidently  be  considered  as  a  special 
case  under  the  foregoing.    In  order  to  calculate  the  greatest 
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stress  intensity  on  the  section,  it  is  necessary  to  determine  the  co- 
ordinates of  the  point  at  which  the  intensity  is  .a  maximum,  either 
by  inspection,  or  by  locating  the  neutral  axis  NON  of  the  stress  due 
to  bending,  as  indicated  in  Art.  (137).  The  solution  can  then  be 
made  by  the  use  of  either  of  the  equations  (4)  or  (8). 

140.  Section  Moduli  Lines.  —  By  solving  equation  (7)  (Art. 
137),  we  obtain 

M  IT 

=    Sq,  ....  (1) 


M  IJy 


f       Ivy  cos0  —  ixX  sin  B 

where  Sq  may  be  considered  to  be  a  section  modulus  (Art.  77)  for 
any  point  q  in  a  cross  section,  the  coordinates  of  which  with  re- 
spect to  the  principal  axes  are  (x,  y)  (Fig.  203). 

If  the  plane  of  the  bending  couple  is  rotated  in  such  a  manner 
that  the  angle  0,  between  the  moment  axis  OA  and  the  principal 
axis  OX,  varies  from  0  to  90°,  the  value  of  Sq  will  evidently  vary 
from 


y 

when  0  =  0,  to 

(2) 


(3) 


when  6  =  90°,  the  negative  sign  indicating  that  the  stress  intensity 
at  q,  when  6  =  90°,  is  of  the  opposite  sign  to  the  stress  intensity, 
when  0  =  0.  For  points  in  the  second  quadrant  for  which  the 
values  of  the  coordinate  x  are  negative,  the  signs  of  Sq'  and  Sq" 
would  evidently  be  the  same. 

If  vectors,  representing  the  values  of  Sq  for  different  values  of  0, 
are  laid  off  along  the  corresponding  positions  of  the  trace  OB,  of 
the  plane  of  the  bending  couple  in  the  cross  section,  they  will  all 
terminate  in  the  same  straight  line;  for,  on  writing  equation  (1) 
in  the  form 

Sq[(Iyy)  cos*  -  (J^c)  sinfl]  -  (IJV)  -  0,   ...    (4) 

it  is  evident,  since  8q  and  6  are  the  only  variables,  that  it  is  the 
polar  equation  of  a  straight  line;  for  which  Sq  is  the  length  and  6 
the  angle  of  inclination  of  the  radius  vector  to  any  point.  Such  a 
line  may  be  called  a  sectiorwnodvlus  line  for  the  point  q  or,  for  the 
sake  of  brevity,  an  Sq  line. 

As  an  illustration;  let  OB  (Fig.  205)  represent  the  intersection 
of  the  plane  of  the  bending  couple  M  in  a  cross  section,  whose 
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principal  axes  are  OX  and  OY,  and  let  6  =  the  angle  between  the 
axis  OX  and  the  moment  axis  OA,  of  the  couple  M. 

Let  q  be  any  point  in  the  section  whose  coordinates  are  (z,  y). 
The  value  of  Sq,  for  any  angle  0,  can  be  computed  from  (1)  and 
the  values  Sq  and  Sq"}  for  the  principal  axes,  from  (2)  and  (3). 
For  the  point  in  question,  Sq  is  represented  by  the  vector  Oc,  Sq" 
by  the  vector  Od,  and  the  value  Sq,  for  any  value  of  the  angle  0, 
by  the  vector  Oe;  and  the  straight  line  dee  is  the  section  modulus 
line  for  the  point  q. 

It  should  be  observed  that  positive  values  of  Sq  are  laid  off  along 
OB  to  the  right  and  negative  values  to  the  left,  as  the  directions 
appear  when  looking  along  the  moment  axis  from  A  towards  0. 

The  section  modulus  line  will  ex- 
tend to  infinity  in  both  directions, 
since  Sq  becomes  infinite  when  the 
value  of  0  is  such  that  the  neutral 
axis  passes  through  q.  Therefore, 
if  we  let  0'  =  the  value  of  0  when 
Sq  =  oo ,  by  putting  the  denominator 
of  the  fraction  in  equation  (1)  equal 
to  zero,  we  obtain 


tan*' =  jg  =  y-vtan/3', 


(5) 


where  0'  =  the  angle  between  OX 
and  the  radius  vector  through  q* 
When  Sq  =  oo ,  OB  is  evidently  par- 
allel to  cd  and  hence  0'  =  angle  be- 
tween cd  and  the  axis  OY. 
On  comparing  (5)  with  equation  (10)  (Art.  137),  it  will  be  evident 
that  cd  is  parallel  to  the  diameter,  of  the  ellipse  of  inertia  for  the 
cross  section,  which  is  conjugate  to  the  diameter  through  Oq.  In 
other  words  the  section  modulus  line  for  the  point  q  is  parallel  to 
the  neutral  axis  of  the  stress  due  to  a  bending  couple  whose  plane 
intersects  the  cross  section  in  the  line  Oq. 

When  the  section  modulus  line  for  any  point  q  has  been  drawn, 
the  stress  intensity  at  the  point,  due  to  any  bending  moment  M, 
may  evidently  be  obtained  from  the  formula 


3    s,' 


(6) 
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where  Sq  is  equal  to  the  distance  measured,  along  the  trace  of  the 
plane  of  the  bending  couple,  from  0  to  the  Sq  line.  The  sign  of 
the  stress  can  be  easily  determined  by  inspection. 

It  is  evident  from  the  foregoing  analysis  thai,  if  the  magnitude  of 
a  bending  moment  remains  constant  while  its  plane  is  rotated  about 
the  central  axis  of  the  bar,  the  greatest  stress  intensity  at  any  given 
point  q  will  occur  when  the  plane  is  at  right  angles  to  the  section 
modulus  line  for  the  point;  and  the  stress  intensity  will  be  zero  when 
the  plane  is  parallel  to  that  line. 

141.  Section  Moduli  Polygon.  —  When  a  cross  section  is 
bounded  by  straight  lines  a  polygon,  circumscribing  the  whole 
section,  may  be  constructed  by  drawing  straight  lines  between  the 
extreme  corners.  A  polygon  ABCDE  (Fig.  206)  would  represent 
such  a  polygon  for  the  angle  cross  section  shown. 

If  section  moduli  lines  are  constructed  for  each  of  the  vertices, 
as  explained  (Art.  140),  they  will  intersect,  forming  a  polygon, 
known  as  the  section  moduli  polygon,  or  simply,  the  S  polygon. 

In  such  a  polygon,  the  section  moduli  lines  for  the  points  A,B,C, 
etc.,  may  be  designated  as  the  Sa  line,  the  Sb  line,  etc.,  and  the 
vertices  may  be  lettered  (ab),  (be),  etc.,  to  indicate  the  intersection 
of  the  Sa  and  Sb  lines,  the  Sb  and  Se  lines,  etc. 

The  plane  of  any  bending  moment  M  will  intersect  the  S  polygon 
at  two  points;  and  the  radii  vectors  to  these  two  points  will  give 
the  two  values,  S\  and  &,  of  the  section  modulus  required  to  obtain 
the  greatest  intensity  of  the  compressive  and  tensile  stresses  due 
to  the  bending  j  viz., 

/.-g •  a) 

and 

/.-i » 

Moreover,  the  section  moduli  lines  which  are  intersected  and 
the  direction  of  rotation  of  the  bending  couple  will  indicate  the 
points  in  the  cross  section  at  which  the  maximum  intensities  f0 
and  ft  occur.  When  (he  plane  of  the  bending  couple  passes  through  a 
vertex  of  the  S  polygon,  the  stress  intensities  at  the  two  correspond- 
ing vertices  of  the  polygon  circumscribing  the  cross  section  will 
evidently  be  the  same;  and  the  neutral  axis  of  the  stress  will  be 
parallel  to  the  straight  line  connecting  the  vertices.  Hence  the  stress 
intensities  at  all  points  on  this  straight  line  will  be  the  same  and 
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therefore  the  sectioD  moduli  lines  for  all  points  on  the  line  will  pass 
through  the  same  vertex  of  the  S  polygon. 

For  example;  if  the  intersection  OBl  (Fig.  206),  of  the  plane  of 
the  bending  couple  whose  moment  axis  is  OA,  and  the  cross  section, 
passes  through  the  vertex  (ab)  of  the  S  polygon,  the  greatest  in- 
tensity of  the  compressive;  stress  will  occur  at  points  on  the  side 
AB  of  the  cross  section:  also,  if  a  section  modulus  line  were 
drawn  for  any  point  on  the  line  AB,  it  would  pass  through  the 
point  (ab).    The  neutral  axis  in  this  case  is  parallel  to  AB,  and 

I 


Fig.  206. 

hence  the  greatest  intensity  of  the  tensile  stress  will  occur  at  points 
on  the  side  CD  of  the  section,  which  is,  evidently,  farthest  from 
the  neutral  axis.  Moreover,  since  CD  is  parallel  to  AB,  the 
vertex  (cd)  of  the  S  polygon  must  lie  in  the  line  OB,  extended 
on  the  opposite  side  of  the  origin. 
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Similarly,  the  vertices  of  the  S  polygon,  corresponding  to  any 
two  parallel  sides  of  the  polygon  circumscribing  the  cross  section, 
such  as  (be)  and  (ea),  will  lie  on  straight  lines  passing  through  the 
origin. 

Construction  of  the  S  Polygon.  —  The  S  polygon  for  any  given 
cross  section  may  be  constructed  by  laying  off  the  values  of  Sa' 
and  Sa",  Sb  and  &",  etc.,  computed  from  equations  (2)  and  (3) 
(Art.  140),  along  the  principal  axes  of  the  section,  as  indicated 
(Fig.  206),  and  drawing  the  sides  of  the  S  polygon  through  the 
ends  of  these  vectors.  Greater  accuracy  can  usually  be  obtained 
by  locating  the  vertices  (ofc),  (6c),  etc.,  of  the  S  polygon,  as  follows: 

Let  the  coordinates  with  respect  to  the  principal  axes,  OX  and 
OY,  of  the  points  A  and  B  (Fig.  206)  be  (xat  ya)  and  (x&,  y&).  Let 
Sat  represent  the  value  of  the  section  modulus  and  0<*  the  value  of 
S  at  the  point  of  intersection  of  the  Sa  and  Sb  lines,  designated  a  and 
b  in  the  diagram,  and  let  (Xab,  Vab)  be  the  coordinations  of  this  point 
of  intersection,  with  respect  to  the  principal  axes.  Then  from 
equation  (1)  (Art.  140)  we  shall  have 

a      _  Ixly __  Ixly /«\ 

**         IyVa  COS  Sab  ~  I*$a  Sin  Bab  IyVb  COS  Sab  —  I&b  SU1  Sab 

But  Xab  =   "Sab  Sin  Sab,    Vab  =  Sab  COS  Sab 

X/A 

and  —  =  —  tan0o&;  and  hence,  from  equation  (3), 

yah 

^  —  Ixly  SJn  Sgb Ixly 

*  ~  IyVaCOQSab  ~  I*Xa  SU1  Sab  ~   T        Vab    ,     j 

Xab 

and 

lyVaVab  +  IxXaXab  =  Uy (4) 

Similarly,  from  (3), 

IyUbVob  +  IxXbXab  =  U9; (5) 

and,  solving  (4)  and  (5)  simultaneously, 

_(y,-fr)I, (6) 

XaVb  -  XbVa 

and 

_  (#q         Xb)  ij  r-v 

V*     '    XaVb-   XbVa K   ' 


When  more  convenient,  the  coordinates  of  the  point  of  inter- 
section of  the  section  modulus  lines  with  respect  to  a  pair  of  rec- 
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tangular  axes,  making  any  angle  a  with  the  principal  axes,  may  be 
obtained  by  transforming  the  coordinates  and  substituting  the 
values  of  the  moments  and  product  of  inertia,  with  respect  to 
these  axes,  in  equations  (6)  and  (7)  and  solving,  as  follows: 

Let  the  axes  1-1  and  2-2  (Fig.  206)  be  any  pair  of  rectangular 
axes,  making  the  angle  a  with  the  principal  axes  OX  and  OY.  Let 
1 1  =  the  moment  of  inertia  about  1-1, 1%  =  the  moment  of  inertia 
about  2-2  and  K  =  the  product  of  inertia  with  respect  to  these 
axes.  Let  (xdb,  yah),  (xa'>  ya')  and  (xb,  #&')  be  the  coordinates  of 
the  points  (ab),  A  and  5,  with  respect  to  the  axes  1-1  and  2-2,  re- 
spectively. Then,  by  substituting  the  values  of  x*,  y«,  yt,  etc., 
given  by  the  usual  equations  of  transformation,  x&  =  x<*'  cos  a  + 
yab  sin  a,  y<*>  =  y<*  cos  a  —  x*  sin  a,  etc.,  in  equation  (6)  and 
reducing,  we  obtain 

*.  ',™    j_„  'as*    _  -  [  (V*  -  Ift  0  cob  «  -  (xaf  -  xt')  sin  a]  Iv  m      (  . 

Xat  cos  a+y*  sin  a  = —j—, — — ,-    , ;      (8) 

xa  2/6  —  Xb  ya 

and  similarly  from  (7), 

t  i  •  [(**'  —  *»0  c<>8  a  +  (yaf  —  yb)  sin  a]  Ix  /nv 
^cosa-^sina  =  ^ ,      _^        f    *— .  .     (9) 

•^a  £f  6  *b  ya 

Solving  (8)  and  (9),  simultaneously, 

,_  (Xg  —Xb')  (Iv — Ix)  sin  a  cos  a  —  (ya' — yhr) (Ix  sin2  a + Iy  cos*  a) 
Xa6  "  Xa'yb  -  XdV 

(10) 

But  Ix  sin1  a  +  7y  cos2  a  =  h  and  (J„  —  /,)  sin  a  cos  a  =  K  (Art. 
136).  Substituting  these  values  in  (10)  and  observing,  that  when 
a  is  positive  in  the  transformation  equations  for  the  coordinates, 
Xab,  yab,  etc.,  it  will  be  negative  in  the  above  formula  for  K,  and 
vice  versa,  we  shall  have 

r  f_(xa'-Xb')K-(yaf-ybf)h  nu 

**  "  s«V  -  Xb'ya'  •    •    •    •    UD 

In  a  similar  manner  we  may  obtain 

„  ,  _  (*«'  -  *>')  h  -  (y.'  -  W)  K 

When  the  cross  section  is  bounded  by  a  curve,  the  S  polygon 
can  be  constructed  by  plotting  the  section  moduli  lines  for  a  series 
of  points  on  the  curve  and  drawing  a  curve  tangent  to  these  lines. 

It  should  be  observed  that  when  the  linear  unit  is  the  inch,  all 
dimensions  of  the  S  polygon  will  be  expressed  in  (ins.)8  (equa- 
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tion  1,  Art.  140),  and  hence  the  polygon  may  be  constructed  to 
any  convenient  scale,  which  is  large  enough  to  give  values  of  Si  and 
Sj  with  sufficient  accuracy,  when  measured  from  the  diagram. 

142.  S  Polygon  for  Combined  Stresses.  —  When  the  stress  on 
a  cross  section  of  a  member  is  a  combined  direct  and  bending 
stress  (Art.  139),  the  section  moduli  polygon  for  the  bending  stress 
may  be  constructed,  in  the  same  manner  as  when  the  stress  in  the 
member  is  due  to  bending  only  (Art.  141). 

If  the  axial  stress  is  compression,  the  formulas  for  the  maximum 
and  minimum  (algebraic)  intensities  of  stress  will  evidently  take 
the  forms 


and 


*-M-'G-£) <°> 


where  Si  and  St  are  the  radii  vectors  of  the  S  polygon  for  com- 
pression and  tension,  respectively,  measured  along  the  line  of  in- 
tersection of  the  plane  of  loading  and  the  cross  section. 

For  any  plane  of  loading,  the  limit  of  the  eccentricity  of  the  re- 
sultant longitudinal  force  P  (Fig.  204)  at  which  the  stress  will 
cease  to  be  of  the  same  sign  throughout  the  cross  section  can  be 
obtained  by  placing  equation  (2)  equal  to  zero  and  solving  as 
follows: 

A      S*     A      St  ~ U' 
whence 

•-§, (3) 

where  r'  =  the  distance  from  the  center  of  gravity  of  the  section 
to  the  trace  of  the  line  of  action  of  P,  when  the  stress  intensity  at 
the  vertex  of  the  cross  section  corresponding  to  the  section  modu- 
lus line  to  which  the  radius  vector  Si  is  measured,  is  equal  to  zero. 
It  is  evident  from  the  form  of  equation  (3)  that,  if  values  of  r' 
are  plotted  for  all  possible  values  of  6,  a  polygon  will  be  described 
in  which  each  one  of  the  sides  is  parallel  to  a  side  of  the  S  polygon 
and  is  located  on  the  opposite  side  of  the  origin.  The  vertices  of 
the  polygon  will  evidently  be  located  on  straight  lines  through  the 
origin  and  the  vertices  of  the  S  polygon,  the  corresponding  vertices 
of  the  two  polygons  being  in  opposite  directions  from  the  origin. 


336  APPLIED  MECHANICS 

Core  of  the  Section.  —  A  polygon  constructed  in  this  manner  is 
called  the  core  or  the  kernel  of  the  section.  If  the  resultant  normal 
force  intersects  the  cross  section  within  the  boundary  of  this  poly- 
gon, the  normal  stress  will  be  of  the  same  sign  throughout  the 
limits  of  the  section.  If  the  resultant  normal  force  acts  through  a 
vertex  of  the  core,  the  neutral  axis  of  the  stress  on  the  section  will 
evidently  coincide  with  one  of  the  sides  of  the  polygon,  circum- 
scribing the  cross  section. 

In  constructing  the  core,  it  is  evidently  necessary  to  locate  the 
vertices  only,  by  applying  equation  (3)  to  the  radii  vectors  to 
each  of  the  vertices  of  the  S  polygon.  If  desired,  the  coordinates 
of  the  vertices  may  be  obtained  by  dividing  the  corresponding 
coordinates  of  the  vertices  of  the  S  polygon  (equations  6  and  7) 
or  (equations  11  and  12)  by  the  area  A;  and  plotting  the  same  on 
opposite  sides  of  the  coordinate  axes. 

It  should  be  observed  that  when  the  linear  unit  is  the  inch,  all 
dimensions  of  the  polygon  forming  the  core  of  the  section  will  be 
expressed  in  (ins.);  and  hence  the  scale  of  the  core  will  be  the 
same  as  the  scale  of  the  section. 

The  core  of  the  section  (Fig.  206)  is  represented  by  the  polygon 
whose  vertices  are  marked  (a'V)  (6V),  etc.,  the  radii  vectors  to 
which  are,  respectively, 

*ab    ^s     ~/T  '      'be    ^~      a    f  evC. 

143.  Problems  —  General  Flexure.  —  The  problems  may  be 
divided  into  three  classes,  similar  to  those  mentioned  when  the 
bending  is  in  a  plane  of  symmetry  (Art.  83) ;  the  angle  between 
the  plane  of  loading  and  an  axis  through  the  center  of  gravity  of 
the  cross  section  being  known  in  each  case. 

First:  When  the  dimensions  of  the  cross  section  and  the  resultant 
of  the  external  forces  acting  on  the  portion  of  the  member  on  one 
side  of  the  section  are  known,  and  the  greatest  fiber  stress  is  to  be 
determined. 

Second:  When  the  dimensions  of  the  cross  section  of  a  member 
and  the  greatest  allowable  fiber  stress  are  known,  and  the  moment 
of  resistance  of  the  section  is  to  be  determined. 

Third:  When  the  greatest  allowable  fiber  stress  and  the  resultant 
of  the  external  forces  acting  on  the  portion  of  the  member  on  one 
side  of  the  section  are  known  and  the  required  section  modulus  of 
a  cross  section  of  a  given  type  is  to  be  determined. 
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Problem  L 


A  steel  angle,  having  a  section  5"  X  3}"  X  J",  similar  to  that  shown  in  Fig. 
(206),  is  subjected  to  bending  by  transverse  loads  acting  in  a  plane  intersecting 
the  cross  section  in  the  axis  2-2,  passing  through  the  center  of  gravity  and 
perpendicular  to  the  face  BC.  Find  the  greatest  intensity  of  the  compressive 
and  tensile  stresses,  if  the  greatest  bending  moment  is  equal  to  30,000  in.  lbs., 
the  loads  being  applied  in  such  a  manner  that  the  top  of  the  angle,  as  shown 
(Fig.  206),  is  m  compression. 

First  Solution  --Computing  the  values  of  the  moments  and  product  of 
inertia  with  respect  to  the  axes  1-1  and  2-2,  we  have  h  =  10.00  (ins.)4, 1%  = 
4.05  (ins.)4,  K  ~  3.69  (ins.)4.    Hence 

tan  2  a  -  /q^JI'iq  -  -1.240  (Art.  136); 

and 

a  -  64.5°  (nearly),  cos  a  =  0.431  and  sin  a  =  0.903. 
.'./»  -  10  X  CIST  +  4.06  X  0303*  -  2  X  3.69  X  0.431  X  0.903  -  2.29  (ins.)* 

and 

I9  -  10  X  0.90S1 4-  4.05  X  023F  +  2  X  3.69  X  0.431  X  0.903  -  11.78  (ins.)4. 

In  this  case  the  angle  between  the  moment  axis  OAi9  of  the  bending  couple, 
and  the  axis  OX  is  equal  to  0  «  -64.5°;  and  cos  6  -  0.431,  sin  $  =  —0.903 
and  tan  0= -2.097. 

Substituting  in  equation  (10)  (Art.  137)  we  obtain 

tan  0  -  -  jp=|  X  2.097  -  -0.408  and  0  -  -22.2°  (nearly). 

If  the  neutral  axis  is  laid  off  on  Fig.  (206)  it  will  be  evident  that  the  greatest 
intensity  of  the  compressive  stress  will  occur  at  the  point  £,  and  the  greatest 
intensity  of  the  tensile  stress  at  the  point  E.  The  coordinates  of  these  points 
with  respect  to  the  principal  axes  are 

Xb  -  1.11,    yb  -  1.54  and  xe  =  —3.19,  y§  =  —1.06. 

Substituting  in  equation  (7)  (Art.  137)  we  obtain  for  the  intensity  of  the  com- 
pressive stress  at  the  point  B, 

r       aftftftft/1'M  X  0-*31   ,  1.11  X  0.903\      llonnl, 

fe  -  30,000  f  229 1 ff7g ) =  H>200  lbs.  per  sq.  in., 

and  for  the  intensity  of  the  tensile  stress  at  the  point  E, 

r       *i\nnt\(      lM  * 0431       3.19  X  0.903\  1Qonnl, 

ft  -  30,000 1 goo TPfS ) "  -13'3"0 ™-  P6* *!•  m* 

Second  Solution.  —  Plot  the  section  modulus  lines  for  the  points  B  and  E  by 
laying  off  the  values, 

•'-S-S-1*    *"  "  *  "  OT  "  10M  <**  140> 

and 
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along  the  principal  axes;  and  scale  off  the  lengths  of  the  radii  vectors  to  these 
lines,  measured  along  the  line  of  intersection  2-2  of  the  plane  of  loading  and 
the  cross  section.  The  length  of  the  radius  vector  to  the  St  line  will  be  Om  = 
Si  =  2.67  and  that  of  the  radius  vector  to  the  S0  line  will  be  On  «  S%  =  -2.25. 
Hence 

/«=«-»■   267    "  H>2Q0 lbs.  per  sq.  in. 

and 

/M  30,000  -  0  o^wv  ,, 

i  =  -5-  =  — '  ,    =  — 13,300  lbs.  per  sq.  m. 

Third  Solution.  —  Plot  the  S  polygon  for  the  section,  by  computing  the  co- 
ordinates of  the  vertices  from  equations  (11)  and  (12)  (Art  141),  as  follows: 

'  .           (3.34  + 1.66)  4.05  « 

X*  -0.91  X  1.66  -  0.91  X  3.34  ' 

'               (3.34  + 1.66)  3.69  a 

V*  "  -0.91  X  1.66  -  0.91  X  3.34  ' 

,  -(0.91+2.59)3.69 

^c  =  -0.91  X  1.66  -  2.59  X  1.66  ' 

**J  -  -(0.91+2.59)10 

*•  -0.91  X  1.66  -  2.59  X  1.66  ' 

,  -(1.66-1.16)4.05       _ 

"*  *  2.59  X  1.16  -  2.59  X  1.66  ' 

,  -(1.66-  1.16)3.69 

W  "  2.59  X  1.16  -  2.59  X  1.66  ' 

,      (2.59  +  0.41)  3.69  -  (1.16  +  3.34)  4.05  ^ 

**  "  -2.59  X  3.34  +  0.41  X  1.16  "  ^ 

,      (2.59  +  0.41)  10  -  (1.16  +  3.34)  3.69  ^ 

**  -2.59  X  3.34  +  0.41  X  1.16  ^ 

,  (-0.41+0.91)3.69 ft 

**       0.41  X  3.34  -  0.91  X  3.34  ""  ' 

„  '  =        (-0.41+0.91)10         _ 

y§a       0.41  X  3.34  -  0.91  X  3.34  ' 

The  values  of  Si  and  St  can  then  be  measured  as  before. 

Problem  2. 

If  the  working  fiber  stress  in  tension  is  equal  to  the  working  fiber  stress  in 
compression,  find  the  plane  of  loading  for  which  the  moment  of  resistance  of 
the  angle  section  in  Problem  (1)  will  be  greatest. 

Solution.  —  In  this  case  the  plane  of  loading  must  intersect  the  S  polygon 
(Fig.  206)  in  such  a  manner  that  Si  —  S%  and,  at  the  same  time,  Si  and  St  must 
have  the  greatest  value  possible  under  this  condition.  An  inspection  of  the  S 
polygon  will  show  that  when  the  angle  between  the  moment  axis  OAi  and  the 
principal  axis  OX  is  85.5°  (nearly),  or,  the  angle  between  OAi  and  the  axis  1-1 
is  150°  (nearly),  the  above  condition  is  fulfilled  and 

&  -  S%  -  3.7  (ins.)1  (nearly). 
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The  maximum  value  of  M  under  this  condition  will,  therefore,  be  equal  to 

Mo  **  3.7 /. 

The  plane  of  loading  is  inclined  at  an  angle  of  60°  with  the  axis  1-1  and  the 
greatest  fiber  stress  occurs  at  the  points  A  and  C. 

Problem  8. 

Find  the  plane  of  loading  for  which  the  moment  of  resistance  of  the  angle 
section  in  Problem  (1),  for  a  given  working  fiber  stress,  is  the  smallest. 

Solution.  —  In  this  case  the  plane  of  loading  will  be  perpendicular  to  the  side 

of  the  S  polygon  (Fig.  206)  which  is  nearest  the  center  of  gravity  0;  which 

is  evidently  the  side  d.    The  angle  between  the  moment  axis  0At  and  the 

principal  axis  OX  will  be  12.5°  (nearly),  or,  the  angle  between  OA\  and  the 

axis  1-1  will  be  77°  (nearly),  and  the  value  of  Si  -  1.2  (ins.)*  (nearly).    The 

greatest  fiber  stress/  will  occur  at  the  point  D  and  the  value  of  Af,  in  terms  of 

/,  will  be 

M  -  1.2/. 

Problem  4. 

If  the  steel  angle  (Problem  1)  is  subjected  to  a  compressive  force  P  =»  12,000 
lbs.,  parallel  to  its  central  axis  and  intersecting  the  cross  section  at  a  point  on 
the  axis  2-2  at  a  distance  r  -  1.5"  from  the  center  of  gravity,  find  the  greatest 
intensity  of  the  fiber  stress. 

First  Solution.  —  The  area  of  the  cross  section  A  =  4  sq.  ins.  and  the  values 

of  the  moments  of  inertia,  the  coordinates  of  the  vertices  of  the  cross  section, 

etc.,  are  given  in  Problem  (1).    The  bending  moment  is  equal  to  M  —  Pr  — 

12,000  X  1.5  =  18,000  in.  lbs.    It  is  evident  from  the  solution  of  Problem  (1) 

that  the  greatest  compression  stress  intensity  due  to  bending  will  occur  at  the 

point  B;  and,  by  substituting  the  values  of  the  coordinates  of  this  point  in 

equation  (4)  (Art.  139),  we  obtain  for  the  greatest  intensity  of  the  combined 

stress: 

,       12,000  ,   iQ/w,/L54X  0.431  ,   1.11  X  0.903\ 

U  "  T~  + 18'°°°  ^        2^9        +       IT78       ) 

-  3000  +  6700  -  9700  lbs.  per  sq.  in. 

The  greatest  intensity  of  the  tensile  stress  will  occur  at  the  point  E  and  will  be 

equal  to 

,       12,000      to  ^  / 1.06  X  0.431  ,  3.19  X  0.903\ 

U  "  —T  -  lSfim( 239 +        11.78       J 

-  3000  -  8000  -  -5000  lbs.  per  sq.  in. 

The  coordinates  of  the  point  of  intersection  of  the  resultant  force  P  and  the 
cross  section,  with  respect  to  the  principal  axes,  will  be  a  —  1.35,  b  =■  0.65. 
Substituting  in  equations  (6)  and  (7)  (Art.  139)  we  obtain,  for  the  points  of 
intersection  of  the  neutral  axis  with  the  principal  axes, 

*  a  4X1.35         2J8'     Vl  b  4X0.65         088  ' 

The  angle  0  -  —5.5°,  between  the  neutral  axis  and  the  principal  axis  OX,  has 
been  computed  in  the  solution  of  Problem  (1). 
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Second  Solution.  —  The  S  polygon  may  be  constructed,  as  in  the  solution  of 
Problem  (1),  from  which  the  radius  vector  for  the  greatest  compressive  stress, 
Si  =  2.67,  can  be  measured.  The  greatest  intensity  of  the  combined  stress 
will  then  be  equal  to 

/c  *  I  +  fx  "  ^4^  +  ^2oT  *  3000  +  6700  =  97001bfl-  P* ■*  m- 

For  the  greatest  intensity  of  the  tensile  stress  the  radius  vector  measured 
from  the  S  polygon  will  be  equal  to  St  -  2.25  and  hence 

.       P      M      12,000      18,000      QftftA      Qnnn  rnnniu. 

Problem  5. 

• 

If  the  steel  angle  in  Problem  (1)  is  subjected  to  an  eccentric  load,  parallel 
to  its  central  axis  in  the  plane  containing  the  axis  2-2,  find  the  greatest  possible 
eccentricity  of  the  load  under  the  condition  that  the  stress  shall  be  of  the  same 
sign  throughout  the  limits  of  the  cross  section. 

First  Solution.  —  It  is  evident  from  the  solution  of  Problem  (1)  that,  so  long 
as  the  plane  of  loading  contains  the  axis  2-2  of  the  cross  section,  the  greatest 
intensity  of  the  combined  stress  will  occur  at  either  the  point  B  or  the  point  E 
and,  therefore,  the  greatest  allowable  eccentricity  of  the  load  under  the  con- 
ditions of  the  problem  will  occur  when  the  neutral  axis  of  the  stress  passes 
through  one  of  these  points. 

Let  ft'  =  the  eccentricity  of  the  load  when  the  neutral  axis  passes  through 
E.    Then,  from  equation  (4)  (Art.  139), 

A      1    .     ,/y,cos0     XesinflX      1        ,/ 1.06X0.431  ,  3.19  X  0.903\. 
0sMA+r*\—9 TT"]^-*  \~ £29 +       11.78       ) 

/.  r,'  -  0.56". 

Similarly,  if  we  let  n'  =  the  eccentricity  of  the  load  when  the  neutral  axis 
passes  through  B  we  shall  have 

A      1  .     , /1.54X  0.431  ,  1.11X0.903N 
°-4  +  nA       2.29        +        11.78      )' 
.-.  r/  -  -0.67", 

the  negative  sign  indicating  that  r/  is  measured  in  the  negative  direction  along 
the  axis  2-2.  If  we  lay  off  Ov  —  n  and  Ou  *  r«  (Fig.  206),  it  is  evident 
that,  if  the  load  intersects  the  cross  section  at  any  point  in  the  axis  2-2  be- 
tween the  points  u  and  v,  the  stress  will  be  of  the  same  sign  throughout  the 
cross  section. 

Second  Solution.  —  The  values  of  r/  and  r2'  might  also  be  obtained  from  the 
values,  S\  =  Om  and  St  =•=  On,  measured  from  the  S  polygon  (Fig.  206),  by 
use  of  equation  (2)  (Art.  142),  as  follows: 

When  the  neutral  axis  passes  through  E,  we  have 

°-i-£-i-^ftndr''-a66"; 
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and,  when  the  neutral  axis  passes  through  B>  we  have 


U      A      Si       4 


2.67 


and   r/  -  0.67" ; 


the  values  of  r/  and  r%  to  be  laid  off  on  the  opposite  sides  of  the  origin  from  Si 
and  Si,  as  before. 

Third  Solution.  —  The  core  of  the  cross  section  may  be  plotted  as  explained 
in  Art.  (142).    For  the  cross  section  under  discussion: 


r*>  =  «f  =  1.50",    tw'  =  $f  =  1.61", 


red'  =  ~  «  0.64", 


r<u' 


^P  =  0.46",    tJ  -  ^r  "  a80"  (Fi«-  206)- 
4  4 


The  limits  within  which  the  resultant 
normal  force  must  act  will  then  be  given 
directly  from  the  intersections  of  the 
plane  of  loading  with  the  core  of  the 
section. 

Note:  —  The  greatest  possible  ec- 
centricity of  the  load  under  any  condi- 
tions, when  the  stress  is  of  the  same  sign 
throughout  the  cross  section,  will  occur 
when  the  resultant  acts  through  the 
point  (6V),  where 


r5c 


1.61". 


Problem  6. 

A  standard  12"  channel,  weighing  40 
lbs.  per  ft.,  having  the  cross  section 
shown  (Fig.  207),  is  subjected  to  a  sys- 
tem of  transverse  loads  in  the  plane 
intersecting  the  cross  section  in  the  axis 
YY.  Calculate  the  moment  of  resist- 
ance, if  the  greatest  allowable  fiber  stress 
is  15,000  lbs.  per  sq.  in. 

Solution.  —  In  this  case  the  axes  XX 
and  YY  are  principal  axes  and  the  values 
of  the  principal  moments  of  inertia  are 
Ix  —  196.9  (ins.)4  and  /„  =  6.6  (ins.)4.    The  area  of  the  cross  section  is 
A  -  11.76  sq.  in. 


Fig.  207. 


The  neutral  axis  of  the  stress  is  XX  (Art.  138)  and  hence 


M  - 


JU      15,000  X  196.9 

c  6 


=  492,000  in.  lbs. 


Problem  7. 


Determine  the  moment  of  resistance  of  the  channel  given  in  Problem  (6) 
when  the  plane  of  the  loads  intersects  the  cross  section  in  the  line  OBi,  making 
an  angle  of  30°  with  OY  (Fig.  207). 
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First  Solution.  —  Let  0A\  represent  the  moment  axis  of  the  bending  couple. 
Then  9  -  -30°,  cos  9  -  0.866,  sin  9  -  -0.5  and  tan  9  =  -0.577.  For  the 
neutral  axis  of  the  stress, 

tan/'  -  -  ^nr  X  0-677  -  ~17-21 
o.o 

and 

0  -  -86.7°. 

If  the  neutral  axis  NON  is  drawn,  it  is  evident  that  the  intensity  of  the  stress 
will  be  greatest  at  the  point  B;  and  hence,  from  equation  (7)  (Art.  137), 

/       iKnnn       ,^/6X  0.866  ,  2.70  X  0.5\       no_  „ 
U  -  15,000  -  M  ^     1969      +        6.6       J  -  °231  M 

.'.  M  -  64,000  in.  lbs. 

Second  Solution.  —  Construct  the  S  polygon  for  the  section.    In  this  case, 

since  XX  and  YY  are  principal  axes,  the  intercepts  of  the  section  moduli  lines 

on  these  axes  may  be  obtained  directly  from  equations  (2)  and  (3)  (Art.  140), 

as  follows: 

iQfi  ft 
Sa'  -  Sb'  -  -Ser  -  -&'  -  ^  -  32.8  (ins.)«, 

&"  -  8c"  -  -  §|  -  -2.44  (ins.)*, 

«."  -  &"  -  ^  -  917  (ins.)» 

Since  Sd  "■  &',  etc.,  the  vertices  of  the  S  polygon  are  located  on  the  principal 
axes.  In  laying  off  the  intercepts  particular  attention  must  be  paid  to  the 
rule  for  signs,  stated  in  Art.  (140). 

On  inspection  of  the  S  polygon  it  is  evident  that,  for  the  given  plane  of  load- 
ing, the  stress  intensity  is  greatest  at  the  point  B;  and  the  value  of  Si  for  this 
point,  measured  from  the  diagram,  will  be  found  to  be  equal  to 

St  -  4.33. 
Hence 

15,000  -  ijg 

and 

M  «  64,900  in.  lbs. 

Problem  8* 

Solve  Problem  (7),  when  the  plane  of  loading  is  such  that  9  -  +30°:  (a) 
Analytically;  (b)  By  use  of  the  S  polygon. 

Problem  9. 

Calculate  the  values  of  Ii,  1%  and  K  for  the  Z  bar  section  shown  (Fig.  208); 
and  determine  the  values  of  a  and  the  principal  moments  of  inertia,  I9  and  Jy. 
Compute  the  coordinates  of  the  vertices  of  the  S  polygon  with  respect  to  the 
coordinate  axes  1-1  and  2-2  and  construct  the  core  of  the  section. 

Problem  10. 

Calculate  the  moment  of  resistance,  in  terms  of  the  greatest  fiber  stress,  of 
the  Z  bar  section  in  Problem  (9) :  (a)  When  the  plane  of  loading  intersects  the 
section  in  the  axis  2-2;  (b)  When  the  plane  of  loading  intersects  the  section  in 
the  axis  1-1. 


Problem  11. 

Determine  the  position  of  the  plane  of  loading  when  the  moment  of  res 
&nce  of  the  section  in  Problem  (9),  for  a  given  maximum  fiber  stress  /,  i 
maximum.    Calculate  the  value  of  the  greatest  moment  of  resistance  in  tei 


Calculate  the  coordinates  of  the  vertices  of  the  S  polygon  and  construct  the 
rare  of  the  rectangular  section,  shown  in  Fig.  (209). 


Calculate  the  coordinates  of  the  vertices  of  the  S  polygon  and  construct  the 
core  of  the  standard  I  section,  shown  in  Fig.  (210).  /»  -  269.0  (ins.)*.  7»  - 
13.8  (ins.)'.    A  -  11.84  sq.  in. 

Problem  14. 

Calculate  the  moment  of  resistance  of  the  I  section  given  in  Problem  (13), 
when  the  plane  of  loading  intersects  the  cross  section  at  an  angle  of  30°  with 
the  principal  axis  YY,  assuming  the  greatest  fiber  stress  to  be  16,000  lbs.  per 
•q.  in.  and  using  the  S  polygon.    Determine  the  position  of  the  neutral  axis. 
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Problem  15. 

A  beam  having  a  standard  I  section  is  to  be  subjected  to  loading  in  a  plane 
making  an  angle  of  00°  with  the  principal  axis  perpendicular  to  the  web.  If 
the  greatest  bending  moment  in  this  plane  is  8000  ft.  lbs.,  find  the  size  of  the 
section  required,  by  plotting  the  section  moduli  lines  for  the  point  of  maximum 
stress  intensity  only,  for  a  series  of  standard  sections,  and  determining  the 
section  which  will  give  the  required  value  of  Si  by  interpolating  the  plot. 
Assume  the  working  fiber  stress  /  =  15,000  lbs.  per  sq.  in. 


Fig.  209. 


Fig.  210. 


Problem  16. 

Solve  Problem  (15),  using  standard  channel  sections  and  assuming  that  the 
plane  of  loading  makes  an  angle  of  75°  with  the  principal  axis  perpendicular  to 
the  web,  the  plane  being  inclined  in  the  direction  indicated  in  Fig.  (207). 

Problem  17. 

A  load  P,  acting  parallel  to  the  central  axis,  is  applied  to  a  standard 
5"  X  3J"  X  1"  angle  through  a  riveted  connection,  shown  in  cross  section 
(Fig.  211).  The  angle  section  is  the  same  as  that  given  in  Problem  (1).  If 
the  greatest  allowable  fiber  stress  fc  =  10,000  lbs.  per  sq.  in.,  determine  the 
greatest  allowable  value  of  P  by  use  of  the  S  polygon:  (a)  Assuming  the  re- 
sultant load  to  act  through  ft,  the  intersection  of  the  axis  of  the  rivet  and  the 
middle  layer  of  the  plate;  (b)  Assuming  the  load  to  act  through  0/,  the  inter- 
section of  the  axis  of  the  rivet  and  the  surface  of  the  angle;  (c)  Assuming  the 
load  to  act  through  Oi",  the  intersection  of  the  axis  of  the  rivet  and  the  middle 
layer  of  the  angle. 
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Problem  18. 

Determine  the  greatest  intensity  of  the  tensile  stress  in  the  angle  under  each 
of  the  assumptions  in  Problem  (17). 


£-J +; 


PI    og441l       fTT^ 


^F 


mm 


4 

0   < 


-1 
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CHAPTER   DC. 
COLUMNS. 

144.  Columns  and  Struts.  —  Reference  has  been  made  (Art. 
11)  to  the  fact  that  when  a  piece  of  material  is  subjected  to  its 
ultimate  or  breaking  load  in  compression  the  manner  of  failure 
and  the  breaking  strength  will  depend  upon  the  length  of  the 
piece.  Under  its  ultimate  load  a  short  piece  of  a  brittle  mate- 
rial will  crumble,  breaking  into  small  pieces;  while  a  short 
piece  of  ductile  or  malleable  material  will  gradually  flatten  out 
as  the  load  is  increased,  without  any  definite  breaking  load 
being  attained. 

A  long  piece  will  bend  laterally,  or  buckle,  at  the  ultimate 
load,  until  it  collapses  and  the  breaking  load  in  compression 
will  be  found  to  be  much  less  than  that  of  the  short  piece  of 
the  same  cross  section  and  material.  Moreover,  the  breaking 
loads  for  pieces  of  a  given  cross  section  and  material  will  be 
found  to  diminish  as  the  lengths  of  the  pieces  are  increased. 
If  the  material  in  the  long  piece  is  brittle  rupture  will  occur  at 
one  or  more  sections  after  a  certain  amount  of  lateral  deflection 
has  taken  place,  but  if  the  material  is  ductile  the  piece  may 
continue  to  bend,  after  the  ultimate  load  has  been  reached,  until 
the  ends  are  brought  together. 

A  column  may  be  defined  as  a  vertical  member  which  is  sub- 
jected to  compression  by  forces  acting  in  the  direction  of  its 
axis,  whose  length  is  large  enough,  compared  with  the  dimen- 
sions of  its  cross  section,  for  failure  to  take  place  by  lateral 
bending.  When  a  member  which  is  not  vertical  is  subjected 
to  stress  under  similar  conditions  it  may  be  called  a  strut,  or 
brace. 

In  short  columns  and  struts  when  the  ultimate  or  breaking 
load  is  applied,  the  buckling  is  largely  due  to  the  unequal  yield- 
ing of  the  fibers,  which  are  subjected  to  stress  beyond  the  elastic 
limit  or  even  above  the  yield  point  of  the  material.    In  long 
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columns  failure  at  the  ultimate  load  may  be  due  to  bending 
which  takes  place  at  stress  intensities  below  the  elastic  limit. 

Different  theories,  based  upon  assumptions  similar  to  those 
made  in  the  common  theory  of  beams,  have  been  proposed  for 
determining  the  law  of  variation  of  the  breaking  strength  with 
the  length  for  different  sizes  and  types  of  columns.  The  as- 
sumptions in  these  theories,  however,  are  at  greater  variance 
with  the  actual  conditions  met  with  in  practice  than  those  made 
in  the  beam  theory  and  hence  the  formulas  which  are  deduced 
have  to  be  regarded  as  empirical  to  a  considerable  degree.  Under 
the  usual  conditions  of  practice  purely  empirical  formulas,  based 
upon  the  experimental  determination  of  the  ultimate  strengths 
of  columns  under  working  conditions,  as  nearly  as  possible,  can 
be  made  to  represent  the  law  of  variation  of  the  breaking  strength 
fully  as  well  as  the  formulas  based  on  the  column  theories. 

A  discussion  of  the  more  common  column  theories  and  of 
different  types  of  empirical  formulas  is  given  in  the  following 
Articles. 

146.  Long  Thin  Rods.  —  The  behavior  of  a  long  thin  rod,  in 
equilibrium  under  equal  and  opposite  forces  applied  at  its  ends, 
is  of  interest  when  considered 
in  connection  with  the  theory  I 
for  determining  the  strength 
of  long  columns.  Such  a  rod 
can  be  held  in  equilibrium 
in  this  manner  in  a  number 
of  different  shapes  without 
the  stress  intensity  on  any 
cross  section  exceeding  the 
elastic  limit.  Some  of  these 
shapes  will  be  in  stable  equi- 
librium, while  others  will  be 
in  unstable  equilibrium  and 
will  change  to  different  forms  fa 
upon  any  disturbance  in  the 
forces  acting.    Under  certain 

conditions  the  rod  may  remain  perfectly  straight  and  in  other 
cases  it  may  be  bent  into  one  of  a  number  of  curved  forms,  such 
as  those  shown  (Fig.  212).  For  a  rod  of  any  given  dimensions, 
subjected  to  forces  of  a  given  magnitude,  one  form  only  would 


! 


p 
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be  in  stable  equilibrium,  however,  that  being  the  form  embody- 
ing a  minimum  of  strain  energy. 

An  analysis  of  rods  of  different  dimensions,  held  in  equilib- 
rium under  forces  applied  at  the  ends,  would  show  that  in  some 
the  straight  form  (Fig.  212a)  would  be  the  stable  one  and  in 
others  the  curved  form,  shown  in  (Fig.  212b). 

The  derivation  of  the  general  equations  of  the  elastic  curves 
and  the  determination  of  the  stable  forms  for  thin  rods  of  this 
kind  is  beyond  the  scope  of  this  work.* 

146.  Euler's  Theory  —  Long  Columns.  —  The  object  of  this 
theory  is  the  determination  of  the  magnitude  of  the  centrally 
applied  load  required  to  produce  a  small  lateral  deflection  in  a 
long  column  when  the  greatest  stress  intensity  on  any  cross 
section  is  less  than  the  elastic  limit  of  the  material. 

The  result  is  affected  to  a  large  extent  by  the  conditions  at 
the  ends  of  the  column;  the  load  required  to  bend  the  column 
being  greater  when  the  ends  are  "  fixed  "  than  when  the  ends 
are  held  so  that  the  axis  of  the  column  may  be  free  to  incline 
to  any  angle  with  the  vertical.  This  leads  to  the  consideration 
of  four  separate  cases,  differing  in  the  manner  in  which  the  ends 
of  the  columns  are  supported.  In  all  of  the  cases  the  following 
conditions  are  imposed: 

(a)  The  material  is  homogeneous. 

(b)  The  cross  section  of  the  column  is  uniform. 

(c)  The  line  of  action  of  the  resultant  of  the  load  is  vertical. 

(d)  The  maximum  stress  intensity  is  below  the  elastic  limit  and 
the  material  follows  the  law  of  proportionality  between  stress 
intensity  and  strain. 

Case  I.  —  Column  fixed  at  one  end  and  free  at  the  other.  —  The 
theory  is  first  developed  for  an  ideal  case  in  which  the  column 
is  fixed  at  the  base,  with  the  axis  vertical,  and  is  free  to  deflect 
at  the  top  in  any  direction.  The  resultant  of  the  load  acts 
through  the  center  of  gravity  of  the  top  section  and  remains 
vertical,  whatever  the  deflection  of  the  column  (Fig.  213) .  Under 
these  conditions,  if  the  column  bends,  the  bending  will  evi- 
dently take  place  in  the  direction  of  the  plane  which  is  perpen- 

*  A  discussion  of  the  forms  of  the  elastic  curve  for  thin  rods  held  in  equi- 
librium under  the  action  of  forces  at  the  ends  will  he  found  in  a  number  of 
treatises,  among  them  the  "Mathematical  Theory  of  Elasticity/'  by  A.  E.  H. 
Love. 
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dicular  to  the  principal  axis  of  the  cross  section,  about  which 
the  moment  of  inertia  is  a  minimum.  Assume  that  P  =  the 
magnitude  of  the  load  which,  under 
the  foregoing  conditions,  is  required 
to  maintain  equilibrium  when  the 
column  is  deflected  a  small  amount 
a  at  the  top.  Let  I  =  the  length  of 
the  column  and  let  A  =  the  area, 
/  =  the  minimum  moment  of  inertia 
and  p  =  the  minimum  radius  of  gyra- 
tion of  a  cross  section.  Let  {x,  y) 
be  the  coordinates  of  any  point  on 
the  elastic  curve  OA  and  let  r  =  the 
radius  of  curvature  at  this  point. 

The  bending  moment  at  a  cross 
section  through  this  point  will  be 

equal  to 

M  =  P(a-x) 

and,  if  the  same  assumptions  are  made  as  in  the  common  theory 

of  bending  (Art.  95), 

1  _  M  ^P(a-x) 

r  "  EI 


_iL 


Fig.  213. 


EI      

From  the  differential  calculus,  so  long  as  a  is  small, 

1      (Px 

r  =  d^ (very  nearly)'     •    *    *   ' 


(1) 


(2) 


arid  equating  (1)  and  (2), 


<Px  _  P(a  -  x) 
dyl  EI 


(3) 


which  may  be  written 


dx  cPx  ,       P(a  -  x)  dx  , 
TyWdy W-dydy- 


Integrating, 


1  (dx\2 
•2  \dy) 


2EI 


dx 


(a  —  x)2  +  c. 

u*  ,  Pa2 

When  x  =  0,  -7-  =  0  and  hence  c  =  ^y 

dx  t/T"    , 


dy 


(4) 
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which  may  be  written, 


=^  =  ±V/I^ 


dx 

y/2ax 
Integrating  again,  

venr*2j-±iY^.+  e'. 

When  y  =  0,  x  =  0,  and  hence  d  =  0. 

/.     x  =  averayy-gj  =  a(l  ~C0By\EJ/>     *    ■     (5) 

which  gives  the  equation  of  the  elastic  curve  in  terms  of  the 
maximum  deflection  a. 
When  y  «  Z,  equation  (5)  becomes 

a  —  a  —  acosZy  ^y, (6) 

/P 
from  which  it  is  evident  that  a  =  0,  or,  cos  Zy  ■=&  =  0.    Hence, 

if  a  has  a  finite  value, 

cosZy|^  =  0 (7) 

and  lyWr  **  cos"1  ^  =  2  =  T"'  e*c' 

Taking  the  smallest  value  of  the  angle  and  solving  for  P, 

p  -  (0  *'-($)' EA (8) 

The  average  stress  intensity  on  any  cross  section  will  evidently 
be  equal  to 

5-?©* « 

The  maximum  stress  intensity  will  occur  at  a  section  through 
the  fixed  end  and  will  be  greater  than  the  above  value  by  an 
amount  depending  on  the  value  of  a. 

The  load  P  may  be  called  the  critical  load;  for,  a  small  incre- 
ment added  to  P  will  produce  a  proportionately  large  increase  in  a 
and  a  corresponding  increase  in  the  maximum  stress  intensity 
on  the  section  through,  the  fixed  end,  resulting  in  the  collapse  of 
the  column. 
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p 
Hence  the  value  of  -r,  given  by  equation  (9),  may  be  taken  as  the 

ultimate  strength  of  the  column,  so  long  as  it  does  not  exceed  the 
elastic  limit  of  the  material. 

When  the  average  stress  intensity,  calculated  from  (9),  is 
greater  than  the  elastic  limit,  the  theory  assumes  that  the  condi- 
tion a  =  0  (equation  6)  must  hold  until  the  load  on  the  column 
is  sufficient  to  produce  a  stress  intensity  above  the  elastic  limit 
and  when  this  occurs  the  column  will  fail  by  buckling,  due  to  the 
unequal  yielding  of  its  parts;  and  that  under  these  conditions 
the  ultimate  strength  will  be  represented  by  the  ample  expression 

J=fe, (10) 

where  fe  =  the  elastic  limit  of  the  material. 

Therefore,  the  ultimate  strength  for  a  column  of  any  dimensions 
will  be  the  less  of  the  values  given  by  equations  (9)  and  (10).    For 

any  given  values  of  fe  and  E  there  will  be  one  value  of  -  for  which 

the  results  given  by  these  equations  will  be  identical.    Equating 

(9)  and  (10)  and  solving  for  -,  this  value  evidently  is 

P 


P      2V/.' 


(11) 


This  may  be  called  the  critical  value  of  - ;  for,  when  this  ratio  is 

P 

less  than  the  value  given  by  (11),  the  ultimate  strength  is  given 
by  equation  (10)  and,  when  greater,  the  ultimate  strength  is  given 
by  equation  (9). 

Case  II.  Column  free  to  turn  at  both  end  bearings.  —  In  this 
case  the  column  may  be  assumed  to  be  supported  on  rounded 
ends,  or  frictionless  hinges,  at  A  and  B  (Fig.  214a)  which  offer  no 
resistance  to  the  turning  of  the  ends  of  the  axis  to  any  angle  of 
inclination  with  the  vertical  AB. 

If  the  column  bends  the  elastic  curve  will  be  symmetrical  with 
respect  to  the  axis  OX  through  the  middle  point  0. 

UP  —  the  magnitude  of  the  equal  and  opposite,  centrally 
applied,  forces  required  to  maintain  equilibrium  when  the  col- 
umn is  deflected  laterally  a  small  amount  a,  each  half  of  the  column 
must  fulfill  all  the  conditions  imposed  in  Case  I. 
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Hence,  if  J  =  the  total  length  of  the  column  and  the  notation 


in  equation  (S)  we  obtain 


■^ 


I  EA,  . 


(12) 


which  gives  the  ultimate  load,  provided  the  average  stress  inten- 
sity, 

P 


# 


£13) 


is  less  than  the  elastic  limit.  When  the  value  given  by  (13)  is 
above  the  elastic  limit  the  ultimate  strength  is  given  by  equation 
(10)  as  before. 


Fio.  214. 

The  critical  value  of  -  for  this  case  will  evidently  be  equal  to 
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Case  III.  Column  fixed  at  both  ends.  —  In  this  case  the  col- 
umn is  assumed  to  be  held  at  the  ends  in  such  a  manner  that  the 
tangents  to  the  ends  of  the  elastic  curve  remain  vertical  when 
the  column  bends  (Fig.  214b).  In  order  to  maintain  equilib- 
rium, under  these  conditions,  when  the  column  begins  to  bend, 
a  couple  will  evidently  be  brought  into  action  on  each  of  the  end 
sections,  at  C  and  D,  in  addition  to  the  force  P  acting  through 
the  center  of  gravity.  The  stress  on  the  center  section  through  0 
will  be  the  resultant  of  a  couple  and  a  central  force  P,  respectively 
equal  to  the  couple  and  force  acting  at  either  of  the  end  sections; 
and  points  of  inflexion  will  be  located  at  A  and  B,  halfway  be- 
tween 0  and  the  ends  of  the  column. 

The  elastic  curve  will  be  symmetrical  with  respect  to  the  axis 
OX,  through  the  middle  point  0,  and  each  quarter  of  the  column 
will  be  in  equilibrium  under  the  same  conditions  as  those  im- 
posed in  Case  I.    Hence  if  I  =  the  length  of  the  column  and  the 

notation*  adopted  in  Case  I  is  followed,  by  substituting  -  for  I  in 
equation  (8)  we  obtain 

P-ffim.ffiBA, (15) 

for  the  ultimate  load  on  the  column.  The  average  stress  in- 
tensity, 

S-4',Jf(!),» <16) 

must  be,  as  before,  less  than  the  elastic  limit.  When  the  aver- 
age intensity  given  by  (16)  is  above  the  elastic  limit  the  ultimate 
strength  is  given  by  equation  (10). 

The  critical  value  of  -  for  this  case  is  evidently  equal  to 

P 


P  *    fc 


(17) 


Cam  IV.  Column  free  to  turn  at  one  end  and  fixed  at  the  other. 
—  This  may  be  considered  as  an  intermediate  case  between 
Cases  II  and  III,  the  elastic  curve  taking  the  form  indicated  in 
Fig.  (214c). 

It  should  be  noted  that  it  differs  from  Case  I  in  that  the  hinged 
end  A  is  prevented  from  deflecting  laterally,  being  held  in  line 
with  the  vertical  through  the  fixed  end  D. 
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Since  the  greatest  deflection  a  is  small  compared  with  the 
length  of  the  column  each  third  of  the  length  may  be  assumed 
to  fulfill  very  nearly  all  the  conditions  imposed  in  Case  I  and 

hence,  by  substituting  -  for  i  in  equation  (8),  the  expression  for 

the  ultimate  load  becomes 

P  -  (!^/  =  (ffi  EA  (very  nearly), .   .     (18) 

and  that  for  the  average  stress  intensity  on  any  cross  section, 

P     9**E  /pV 


A  A       1,1 (19) 

As  before  when  the  value  of  the  intensity  given  by  (19)  is  above 
the  elastic  limit  the  ultimate  strength  is  given  by  equation  (10). 

The  critical  value  of  -  for  this  case  becomes 

P 


I  =3t1/2? 
P       2Y/; 


(20) 


Summary.  —  It  should  be  observed  that  the  formula  for  the 
ultimate  strength  in  each  of  the  foregoing  cases  is  in  the  form 

i-**®' (21> 


7T 


2 


9ir* 


where  k  has  the  values,  -j,  t2,  4  it2,  -j-,  in  the  four  respective 

cases. 

I 
The  expression  for  the  critical  value  of  -  in  each  case  is  in  the 

P 

form 


(22) 


Since  the  ideal  conditions  imposed  are  rarely  met,  the  values  of 
k  may  be  modified  so  that  formulas  in  the  form  of  equation  (21) 
can  be  made  to  represent  the  ultimate  strengths  of  a  series  of 
long  columns,  loaded  under  ordinary  conditions,  more  nearly 
than  the  purely  theoretical  formulas. 

147.  Gordon's  Formulas  for  Columns.  —  Another  set  of  for- 
mulas for  determining  the  ultimate,  or  breaking,  loads  for  centrally 
loaded  columns  are  known  as  Gordon's  formulas. 
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These  formulas  have  been  developed  for  each  of  the  last  three 
cases  considered  in  the  preceding  article.  Although  a  rational 
derivation  is  attempted  in  each  case,  an  assumption  which  is 
made  is  so  inexact  that  the  formulas  must  be  regarded  as  empir- 
ical. The  deduction  of  the  formulas  follows,  the  column  in  each 
case  being  assumed  to  be  homogeneous  and  of  uniform  cross 
section. 

Case  I.  Column  free  to  turn  at  the  ends.  —  In  this  case  the 
column  may  be  assumed  to  be  supported  on  frictionless  hinges, 
or  on  rounded  ends,  so  that,  when  the  column  bends,  the  axis 
will  take  the  form  indicated  (Fig.  215a).  Let  P  =  the  ultimate 
load  and  v  =  the  lateral  deflection  under  this  load,  of  the  middle 
point  of  the  axis  of  the  column.  Since  the  load  is  centrally  ap- 
plied the  stress  intensity  will  be  a  maximum  on  the  middle  cross 
section,  and  will  evidently  be  equal  to 

/.-5+^(Art.  126), (1) 

where  -  =  the  minimum  section  modulus  of  the  cross  section. 
c 

To  determine  the  value  of  v  the  assumption  is  made  that 

*-**, (2) 

or,  that  the  greatest  lateral  deflection  of  the  column  under  the 
ultimate  load  varies  as  the  square  of  the  length;  in  the  same 
manner  as  the  greatest  deflection  of  a  transversely  loaded  beam, 
when  subjected  to  a  maximum  fiber  stress  below  the  elastic  limit 
(Art.  104). 
Substituting  in  (1)  the  above  value  of  v  and  for  /  its  value 

where  p  evidently  equals  the  minimum  radius  of  gyration  of  the 
cross  section,  we  obtain 

Solving  (3)  the  expression  for  the  ultimate  load  reduces  to 

p  =        f^ (A) 

r  /7\2 W 

,+*© 
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Since  the  assumption  (equation  2)  is  evidently  erroneous  when  /«. 
is  above  the  elastic  limit  and  has  not  been  verified  for  values  of  fe 
below  the  elastic  limit,  (4)  must  be  regarded  as  an  empirical  equa- 
tion, for  which  the  constants  fe  and  k  can  be  determined  from  the 
results  of  experiments  only. 


p 

*A 
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p 
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Fig.  215. 
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The  expression  for  the  ultimate  strength  in  terms  of  these 
constants  is  evidently, 

P-        fc  (5) 


1  +  fc 


©' 


Case  II.  Column  fixed  in  direction  at  the  ends.  —  The  deduc- 
tion of  the  formula  for  this  case  is  based  on  the  assumptions 
made  in  Case  I  and  the  additional  assumption  that  points  of 
inflexion  A  and  B  are  located  half  way  between  the  center  of  the 
column  and  the  ends  (Fig.  215b).  As  soon  as  the  column  begins 
to  deflect,  couples  will  evidently  be  brought  into  action  at  the  end 
sections,  in  addition  to  the  centrally  applied  loads  P.  On  this 
basis  the  portion  of  the  column  between  A  and  B  fulfills  the  con- 
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ditions  imposed  in  Case  I  and  hence  the  expression  for  the  ulti- 
mate strength  may  be  obtained  by  substituting  -  for  I  in  equa- 
tion (5),  giving 

-  = ^ (6) 

A  i+JQ"  

Case  III.  Column  fixed  in  direction  at  one  end  and  free  to  turn  at 
the  other.  —  In  this  case  the  axis  of  the  column  is  assumed  to  take 
the  form  indicated  in  Fig.  (215c),  with  a  point  of  inflexion  B 
one  third  of  the  length  of  the  column  from  the  fixed  end.  If 
the  portion  between  A  and  B  is  assumed  to  fulfill  the  conditions 
imposed  in  Case  I,  the  expression  for  the  ultimate  strength  may 
be  determined  by  substituting  §  I  for  I  in  equation  (5),  giving 

-  = k (7) 


1  + 


"5" 


(j 


148.  Rankine's  Formulas.  —  The  following  method  was  pro- 
posed by  Rankine  for  developing  a  formula  which  would  give  the 
ultimate  load  on  a  centrally  loaded  column  of  any  length  and  free 
to  turn  at  the  ends  (Fig.  214a). 

Let  Pi  =  foA  equal  the  ultimate  load  for  a  short  column  and 

P%  =  tPEA  (£)  equal  the  ultimate  load  for  a  long  column,  ac- 
cording to  Euler's  theory  (Art.  146).  Then,  it  was  assumed  by 
Rankine  that,  if  P  =  the  ultimate  load  for  a  column  of  any 
length,  the  equation 

r-hk (1) 

would  give  a  value  of  P  which  would  hold  for  either  a  short  or  a 
long  column;  since,  for  a  very  short  column  -5-  would  be  so  small 
as  to  be  negligible  and  P  =  Ph  nearly,  and  for  a  long  column 
the  value  of  -5-  would  be  negligible  when  compared  with  -5-  and 
P  =  P2,  nearly. 
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Transposing  and  substituting  the  values  of  Pi  and  P%, 

P 1  *  /•* , 

*~-^m ;  "(2) 

This  formula  will  evidently  give  the  same  value  for  the  ulti- 
mate strength  as  Gordon's  formula  (equation  5,  Art.  147),  pro- 
vided the  constant 

A=*' <3> 

The  values  for  fe  and  fc,  given  by  Rankine  for  computing  the 
ultimate  loads  on  wrought-iron  and  cast-iron  columns,  were  as 
follows: 

Wrought-iron  columns,  fc  —  36,000,  fc  =  vdnr; 
Cast-iron  columns,         fc  —  80,000,  fc  =  t*W 

149.  Empirical  Formulas  of  the  Gordon,  or  Rankine  Type. 

—  As  stated  previously,  the  assumption  in  regard  to  the  deflec- 
tion, made  in  the  deduction  of  the  Gordon  formulas,  is  so  in- 
exact that  the  formulas  must  be  treated  as  empirical;  and  the 
constants  must  be  determined  from  the  results  of  experiments 
covering  the  different  types  and  sizes  of  columns  to  which  the 
formulas  are  intended  to  apply. 

Moreover,  the  conditions  laid  down  in  the  theory  in  regard  tp 
the  manner  in  which  the  ends  of  the  column  are  held  are  rarely 
fulfilled  in  practice.  For  example  a  column  may  be  built  with 
flat  ends,  or  bearing  surfaces  which,  if  perfect,  would  prevent 
the  ends  of  the  axis  from  turning  but  owing  to  lack  of  homogeneity 
and  to  deflects  in  construction,  these  conditions  will  be  met  only 
approximately.  A  column  may  also  be  built  with  pin  supports 
through  the  ends  of  its  axis  and  if  such  a  column  bends,  the  ends 
can  evidently  turn  on  the  pins,  but  friction  will  prevent  the  ends 
from  turning  freely  enough  to  fulfill  the  conditions  imposed  in  the 
case  of  a  column  with  rounded  ends. 
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Therefore,  if  the  formulas  are  to  be  of  practical  value,  differ- 
ent sets  of  constants  must  be  provided  to  meet  the  different  condi- 
tions regarding  the  material,  the  type  and  size  of  the  column  and 
the  method  of  supporting  the  ends. 

Various  sets  of  constants  have  been  proposed  for  formulas  of 
the  Gordon  and  Rankine  type,  of  which  the  following  are  given 
as  examples.  The  formulas  are  proposed  for  determining  the 
ultimate  strengths  of  structural  columns,  of  a  medium  grade  of 
steel,  constructed  by  riveting  together  plates  and  angles,  or  chan- 
nels, of  the  ordinary  standard  sections. 

Column  with  flat  or  "square"  bearings, 

P  50,000  m 

^36,000  p* 
Column  with  pin  bearings, 

P  _       50,000  ™ 

3=s1+_p_ (2) 

x  18,000  p* 

Column  with  one  pin  bearing  and  one  "  square  "  bearing, 

P  _       50,000  ,„. 

*  =  1+_L_ (3) 

^  24,000  p* 

The  constants  may  be  modified  so  that  the  formulas  represent 
working  strengths  instead  of  ultimate  strengths.  For  example,  if 
a  factor  of  safety  of  4  is  used,  the  expression  for  the  working 
strength  for  a  column  with  pin  bearings,  determined  from  equation 
(2),  would  evidently  be 

P  _       12,500 

A    1+ — - 

T  18,000  p2 

Formulas  for  working  strengths,  similar  to  (4),  but  with  somewhat 
different  constants,  can  be  found  in  the  building  laws  of  cities  in 
the  United  States. 

160.  Parabolic  Formulas.  —  It  was  proposed  by  Professor 
J.  B.  Johnson  that  if  Gordon's  formula 


5  -r% (Art- m 
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when  written  in  the  form 

>-z['+'(;)l 

P 

were  modified  by  substituting  kx  =  -jk   and  transposing,  the 
resulting  equation  of  the  parabola, 

j-'--*G7 (1) 

would  represent  the  ultimate  strengths  of  columns  of  moderate 
length  provided  the  values  of  fc  and  fci  were  properly  chosen. 

He  proposed  that  for  columns  of  mild  steel  with  flat  ends  the    ' 
formula  be  written 


j  =  42,000  -  0.62  (-Y, (2) 


its  use  to  be  limited  to  values  of  -  <  190. 

P 

Similarly  for  mild  steel  columns  with  pin  ends, 

j  =  42,000  -  0.97  Q\ (3) 

for  values  of  -  <  150. 

P 

To  determine  the  working  strength  in  any  case  the  ultimate 
strength,  calculated  from  the  equation,  was  to  be  divided  by  a 
proper  factor  of  safety. 

151.  Straight-Line  Formulas.  —  After  a  careful  investigation 
of  the  results  of  tests  which  had  been  made  on  centrally  loaded 
columns  of  various  materials,  supported  in  different  ways  at  the 

ends,  Mr.  Thomas  H.  Johnson  proposed  that  when  plots  of  the 

p 

ultimate  strengths  were  made,  with  values  of  -j  for  ordinates  and 

of  -  for  abscissae,  a  straight  line  would  fit  the  plot  for  columns  of 
P 

any  given  type  and  material  as  well  as  any  curve. 

Hence  the  equation  of  the  straight  line  would  represent  the 
ultimate  strengths  of  columns  of  any  length,  within  specified 
limits,  as  well  as  any  of  the  formulas  for  which  a  rational  deriva- 
tion had  been  attempted. 
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The  general  form  of  the  equation  of  the  straight  line  would  be 

z -'•-*•©■ (1) 

where  fe  and  fco  are  constants,  which  can  easily  be  obtained  from 
a  plot  of  the  results  of  tests  made  as  indicated  above. 

In  the  case  of  mild  steel  columns  Johnson  proposed  the  following 

formulas  for  determining  the  ultimate  strength  for  values  of  - 
within  the  limits  indicated. 

Mild  steel  columns  with  flat  ends  f-  <  195 


6  <  *»)■ 


5  =  52,500-179- (2) 

A  p 


Mild  steel  columns  with  pin  ends  f-  <  159), 


?  =  52,500  -  220  - (3) 

A  p 

Evidently,  the  chief  merit  of  formulas  of  this  type  is  their 
simplicity.  The  results  of  experiments  tend  to  show,  however, 
that  for  some  types  of  columns,  at  least,  the  ultimate  strength  for 

values  of  -  less  than  a  given  amount  is  nearly  constant  and  that, 

for  values  of  -  exceeding  this  amount,  the  ultimate  strength  can  be 

represented  by  a  formula  of  the  straight-line  type.  Hence,  if  the 
constants  in  equation  (1)  are  chosen  to  give  the  proper  values  of 
the  ultimate  strength  for  the  longer  columns,  the  formula  will  give 
values  for  very  short  columns  which  are  too  high.  This  difficulty 
is  easily  overcome,  however,  by  imposing  both  minimum  and 

maximum  limits  of  -,  between  which  the  formula  will  hold:  and 

p 

adopting  a  constant  value  for  the  ultimate  strength 

!  -'• (4) 

when  -  is  less  than  the  minimum  limit. 
P 

It  should  also  be  noted  that,  owing  to  the  friction  on  the  bear- 
ings of  a  column  supported  on  pins  and  the  lack  of  homogeneity 
which  usually  exists  in  the  ordinary  column  with  either  pin  or  flat 


with 
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ends,  the  results  of  experiments  fail  to  show  the  difference  between 
the  ultimate  strengths  of  columns  with  pin  ends  and  of  those  with 
flat  ends  which  the  different  theories  would  seem  to  indicate. 

It  is  now  customary,  therefore,  when  the  use  of  straight-line 
formulas  is  proposed  to  make  no  distinction  between  the  constants 
for  columns  with  flat  ends  and  those  for  columns  with  pin  ends,  but 
to  make  one  formula  represent  the  ultimate  strength  of  all  columns 

of  a  given  type,  having  values  of  -  between  certain  limits. 

P 

By  introducing  proper  factors  of  safety  the  formulas  can  evi- 
dently be  made  to  represent  the  working  strength  instead  of  the 
ultimate  strength.  Two  of  the  accepted  formulas  of  this  type, 
representing  the  working  strength  of  structural  columns  of  mild 
steel,  are  the  following: 

j  -  16,000  -  70  (-) ,  for  values  of  -  >  30  and  <  120,      (5) 

P  I 

^■=  14,000,  for  values  of-  <  30, (6) 

A  p 

recommended  by  the  American  Railway  Engineering  and  Main- 
tenance of  Way  Association;  and 

j  -  19,000  -  100  (-Y  for  values  of  -  >  60  and  <  120,      (7) 

with 

P  I 

-r  =  13,000,  for  values  of-  <  60, (8) 

A  p 

recommended  by  the  American  Bridge  Company. 

Final  emphasis  should  be  laid  on  the  fact,  mentioned  heretofore, 
that  no  one  of  the  column  formulas  given  can  be  adapted  to  the 
determination  of  the  ultimate  strengths,  or  the  working  strengths, 
of  all  columns  of  any  one  material;  but  that  the  use  of  any  one 
formula  must  be  restricted  to  columns,  not  merely  of  the  material, 

but  of  the  type  of  cross  section  and  ratio  of  -  within  the  limits  of 

P 

that  of  the  columns  from  which  the  experimental  data  for  deter- 
mining the  constants  were  obtained. 

T.  H.  Johnson  proposed  that  a  straight-line  formula  with  proper 
constants  be  used  to  represent  the  ultimate  strength  for  values  of 

-  below  certain  limits  and  that  modified  forms  of  Euler's  formula 
o 
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(equation  21,  Art.  146),  with  proper  values  of  fc,  be  used  to  repre- 
sent the  strengths  of  columns  when  -  exceeds  the  limits  of  the 

P 

straight-line  formulas.    For  mild  steel  columns  with  flat  ends  and 

-  >  195  he  proposed  that  Euler's  formula  with  k  =  16  be  used; 
P 

and  for  mild  steel  columns  with  pin  ends  and  -  >  159,  k  =  25. 

P 

By  introducing  proper  factors  of  safety  similar  formulas  for  the 
working  strengths  of  the  short  and  the  long  columns  could  be 
obtained. 

For  purposes  of  comparison,  graphs  of  the  ultimate  strengths  of 
mild  steel  columns  with  flat  ends  and  also  with  pin  ends,  given  by 
the  different  formulas,  are  plotted  in  Fig.  (216),  the  graphs  being 
designated  as  follows: 

(a)  Euler's  formula  for  columns  with  fixed  ends  —  (16)  (Art.  . 

146),  when  E  =  28,000,000  lbs.  per  sq.  in. 

(b)  Empirical  formula  of  the  Gordon  type  for  column  with 

flat  ends  — (1)  (Art.  149). 
(b')   Empirical  formula  of  the  Gordon  type  for  column  with 
pin  ends  — (2)  (Art.  149). 

(c)  Parabolic  formula  for  column  with  flat  ends — (2)  (Art. 

150). 
(c')   Parabolic  (formula  for  column  with  pin  ends — (3)  (Art. 
150). 

(d)  Straight-line  formula  for  column  with  flat  ends —  (2)  (Art. 

151). 
(d')  Straight-line  formula  for  column  with  pin  ends — (3)  (Art. 
151). 

(e)  Euler's  formula —  (21)  (Art.  146),  as  modified  for  columns 

with  flat  ends,  using  k  =  16,  E  -  28,000,000  lbs.  per 
sq.  in. 
(e')   Euler's  formula —  (21)  (Art.  146),  as  modified  for  columns 
with  pin  ends,  using  k  =  25,  E  =  28,000,000  lbs.  per 
sq.  in! 
Graphs  of  the  formulas  for  working  strengths  are  designated  as 
follows: 

(f)  Formula  (4)  (Art.  149). 

(g)  Formulas  (5)  and  (6)  (Art.  151). 
(h)  Formulas  (7)  and  (8)  (Art.  151). 
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152.  Eccentric  Loading.  —  Thus  far  in  this  chapter  the  dis- 
cussion has  been  limited  to  the  theories  and  the  different  types  of 
formulas  which  have  been  proposed  for  determining  the  breaking 
strengths,  or  the  working  strengths,  of  centrally  loaded  columns. 

When  a  column  of  ordinary  dimensions  is  loaded  eccentrically, 
that  is,  with  forces  acting  parallel  to  the  original  axis  of  the  column, 
the  maximum  stress  intensity  may  be  determined  by  the  methods 
in  Art.  (126). 

It  is  customary  to  limit  the  greatest  stress  intensity,  determined 

by  these  methods,  to  the  working  strength  for  a  centrally  loaded 

column  of  the  same  dimensions.    For  example,  if  the  straight-line 

P  P  I 

formulas  j  =  13,000  and  j  =  19,000  -  100  -  (Art.  151)  are  used 

to  determine  the  working  strengths  of  centrally  loaded  steel 
columns,  the  maximum  stress  intensities,  when  the  columns  are 
eccentrically  loaded,  must  not  exceed  the  values  given  by  these 
formulas. 

153.  Strut  or  Tie  Subjected  to  Combined  Axial  and  Lateral 
Loading.  —  Case  I.    Strut,  fixed  at  one  end,  subjected  to  combined  . 
axial  and  uniform  lateral  loads.    Let  OA  represent  the  elastic 
curve  formed  by  the  axis  of  a  horizontal  strut  of  uniform  section 


Fig.  217. 


and  material  (Fig.  217)  which  is  fixed  in  direction  at  A  and  sub- 
jected to  a  horizontal  force  P,  acting  through  the  center  of  gravity 
of  the  end  section  at  O,  combined  with  a  uniformly  distributed 
vertical  load  w  per  unit  of  length  (for  example,  its  own  weight)  the 
stress  intensity  throughout  being  less  than  the  elastic  limit. 

Let  I  =  the  length,  A  =  the  area  and  I  the  moment  of  inertia  of  any  cross 
section,  about  a  horizontal  axis  which  is  assumed  to  be  a  principal  axis  through 
the  center  of  gravity.  Refer  OA  to  horizontal  and  vertical  axes,  with  the  origin 
at  Of  and  let  a  ■  the  vertical  deflection  of  O.    Let  MQ  =  the  bending  moment 
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at  A  and  M  —  the  bending  moment  at  a  cross  Bection  through  any  point 
(x,  y),  on  the  elastic  curve. 

An  approximate  solution  for  Ma  and  the  greatest  fiber  stress  can  evidently 
be  made,  after  the  method  suggested  in  Art.  (126),  by  neglecting  the  lateral 
deflection  due  to  the  load  P  and  calculating  a  from  the  equation  for  the  greatest 
deflection  of  a  uniformly  loaded  cantilever  beam  (Art.  98);  in  which  case,  if 
signs  are  taken  positive, 

id4  /tv 

a~m (1) 

and 

Ma      ~2+™~~2"*"SEI9 {) 

and  the  greatest  fiber  stress 

-     P.M*      P.c/wP.Pwl<\ 

/"3  +  -T^  =  I  +  7(,T+07; (3) 

For  a  more  accurate  solution,  following  the  usual  convention  of  signs  for 
x,  y  and  M, 

M-~-Py (4) 

and  hence,  according  to  the  beam  theory, 

<Py  _  M  wx*      Py 

S£"!7=      2EI     EI1 
or, 

^  +  3U  _J£*       (5) 

dx*^  EI  2EI w 

The  solution  of  this  equation  may  be  made  as  follows:  Let  y  =»  t*  -f-  v. 
Then 

dxt  +  EI**      2EI K) 


and 


s+s-° «> 


From  (6)  the  value  of  the  particular  integral, 

wx*  .  wEI  /QX 

W=="2P  +  "F"' (8) 

is  readily  obtained  and  from  (7)  the  complementary  function  may  be  obtained 

as  follows: 

du 
Multiplying  (7)  by  -r-  dx  and  converting  it  to  the  form, 

EI   du./du\   ,       .       n 

T-TxdKte)+udu-Q> 

and  integrating, 

'2P\dxf  +  2      2' 
where  c  =  a  constant.    Solving  for  -j- , 


g-±V/gv^, 
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or, 

du 


yjri*** 


and  integrating  again, 


or, 

u  *  coos 


1^008 xi/gj cos d  -smzy^sind], 


W 


=>  c\ooBX\f  -^TfOOBd  —  einx\/-^jand\t     .    .    .    (10) 

where  d  —  a  constant. 
Letting  the  constants 

c  cos  d  —  C    and     —  c  sin  d*  -  Z) 

we  obtain 

u-Ccoexy^j+Dmnxy^j (11) 

Therefore  the  complete  solution  of  equation  (5)  is 

»--g  +  ^  +  C0oexV^+D8in«V^.     .    .    (12) 

To  determine  C  note  that  when  x  «  0,  y  =*  0;  and  hence 

n  wEI 

To  determine  D  note  that  when  x  =  J,  -,-  =  0.    Hence 

ax 

when  x  -  Z,  and 

Hence  equation  (12)  reduces  to 

wjaj*      wEI  P  /  p  /  P  /  p  /  p 

» -  - 2P+  75" L1  - 008X Vi? +1  vi/8601  Vm™* \m 

-***l\fm™*\fm] <13> 

When  x  —  Z,  y  —  a,  and  hence 
and  the  greatest  bending  moment 


■^  to?      „  trl?/ 


t1— olV^+iN/5toBlV^]-  •  <16> 
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The  greatest  intensity  of  stress  on  the  section  through  A  will  evidently  be 
equal  to 

J-A  +  ~T 


(16) 


If  we  let  a 


-V4 


and  apply  the  expansion 


i  .      *  o»      ««      7*«      113o« 

1-seca  +  atan*-  -+-  +  _  +  -^-  + 


to  equation  (15),  we  obtain 
ar       wEI 

Ma  ™  — =r- 


r?  f^A  -I-  l-  f£-\*  4-  ™  l'^-Y  4-  M^  f  Z.Y  4- 

L2  \El)  +  8  W/        144  \El)  +  5760  \JS/j  + 


•] 


2  +  8J0/ 


P  [l  +  0.389  P  (  j^)  +  0.157  J<  (^  +  ••]..    .    (17) 

By  comparing  the  bending  moment  obtained  from  (17)  with  that  given  by 
(2)  for  any  specific  case  the  error  due  to  using  the  approximate  solution  given 
by  the  latter  equation  can  be  readily  estimated. 

Case  II.  StrvJt  with  hinged  ends  subjected  to  combined  axial  and 
uniform  lateral  loads.  Let  OAB  represent  the  elastic  curve  formed 
by  axis  of  a  horizontal  strut,  held  by  frictionless  hinges  at  0  and  B 
(Fig.  218),  and  subjected  to  a  horizontal  thrust  P,  through  the  center 
of  gravity  of  each  end  section,  combined  with  a  uniformly  dis- 
tributed load  w  per  unit  of  length,  the  greatest  stress  intensity  in 
the  strut  being  less  than  the  elastic  limit. 


Fia.  218. 


Let  I  =  the  length  of  the  strut,  Ma  the  bending  moment  at  the  middle 
section  A  and  follow  the  notation  adopted  in  Case  I. 

An  approximate  solution  will  evidently  be,  when  signs  are  neglected, 

5 


a  — 


384  EI 


SS  (Art.  98), 


Ma  "   8   +  8  ~h384£J 


(18) 
(19) 


and  the  greatest  fiber  stress 

P      c  /wP       5  Pwl*  \ 
1      A*I\8  H~384£// 


.     .     (20) 
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For  a  more  exact  solution,  following  the  usual  convention  of  signs  for  x,  y 

and  M 

.-.      wl        wx*      n  /#MN 

M  -  g" x  ""  "2"  ""  PV> W 

and 

dx*^  EI  2EI^2EI KZZ) 

Proceeding  in  the  same  manner  as  in  Case  I,  the  solution  of  equation  (22)  is 

WX*   .    Wlx    .    WEI    ,    n  if~P     ,     ~    .         4/P  /rtOX 

ys"2P+2P+-pr^Cc08X\Ei  +  DsiIlx\Tr  •   (23) 

When  x  =  0,  y  =  0,  and  when  as  =»  x,  -~  =  0;  and  hence 

„  u>#7      n  wEI.      lKl~P 

Hence  equation  (23)  reduces  to 


V~       2P  +  2P 


+  ^[l-™x\£I-tenl\fI*™x\%]-   •     (24> 


When  x  =  r,y  =  a;  and  hence 

a^8P  +  -prL1-C0fl2VE7-tan2V^8in2V^7j 

The  greatest  bending  moment 

and  the  greatest  fiber  stress 

/=_  +  _Ls*c.y__1J (27j 


J    /p" 

If  we  let  a  ~  o\  EI  an^  aPP*v  tne  GXP*08*011 


1       ™  «*      5o«       61a«       1385  a8 

1    —  HA/*  /»    s=    —  — •  ^  —    —    

2        24         720         40,320 
to  equation  (26),  we,  obtain 

wElVPf  P 
P 


Ma  = 


G(S+S(]^  •  •] 


-T  +  i™p[1+0-lwp(s)+Mlw,l(w)i+""-]'  '    (28) 

By  comparing  the  bending  moment  obtained  from  (28)  with  that  given  by 
(19)  for  any  specific  case,  the  error  due  to  using  the  approximate  solution  can 
be  readily  obtained. 
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Case  III.  Tie  with  hinged  ends  subjected  to  combined  canal  and 
lateral  loads.  By  reversing  the  direction  of  the  horizontal  forces. 
Fig.  (218)  may  be  taken  to  represent  a  horizontal  tie,  subjected 
to  an  axial  pull  P  combined  with  a  uniformly  distributed  lateral 
load. 

Assuming  that  the  greatest  stress  intensity  is  below  the  elastic  limit  and 
following  the  notation  of  Case  II  an  approximate  solution  may  be  made  by 
the  use  of  equation  (20),  the  positive  signs  in  this  case  representing  tension 
instead  of  compression. 

A  more  exact  solution,  using  the  same  notation  as  before  and  the  usual  con- 
vention of  signs  for  x,  y  and  M,  is  the  following: 

,,        Wlx        IPX1         «.  ,^v 

M  "T"T^  +  Py'      .......    (29) 

and  hence 

dx»     EI  2El'rYSl K™} 

The  solution  of  (30)  is  made  in  the  same  manner  as  that  of  (5)  and  (22)  and 

V  ^2P"%p^^pT  +C,coshxy^  +  Dsinhxy^.    .    (31) 
The  constants  may  be  determined  from  the  conditions 

y  =■  0,  when  x  =  0,  and  —  —  0,  when  x  =  ^ ,  and  the  values  are 

2\  EI 
Substituting  in  (31), 


^  wEI      ~      wEI       . 

C pp,    D^-^ptanhgY^ 


tcx*  _  utfx 
2P      2P 


+  ^oT  |_1  -ooshxygj  +  tanh^y^jSinhx 


w    '     (32) 


When  x  ■■  5,  y  =  o,  and 


trf"   ,  wEI 


M„-f +  P«-^-/[l-8echi\/J].    ...    (34) 


^  [l  -  cosh  \  y  fj  +  tanh  \  y  JJ  sinh 

-"S  +  ¥l>  —  "iVS <33) 

The  greatest  bending  moment 

and  the  greatest  fiber  stress 

/-2  +  tC1— *}VS]. (35) 

the  positive  sign  in  this  case  indicating  tension. 

Solutions  for  other  cases  where  struts  are  subjected  to  transverse  loads  may 
be  obtained  in  a  similar  manner.* 

*  See  Paper  by  Arthur  Morley  in  the  Philosophical  Magazine,  June,  1908. 
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164.  Long  Column  under  Eccentric  Load*  —  The  method 
of  determining  the  maximum  stress  intensity,  due  to  eccentric 
loading  on  a  column  of  ordinary  length,  has  been  discussed  in  Art 
(152).  The  modifications  in  Euler's  formulas  for  long  columns, 
which  result  from  an  eccentricity  of  the  load,  are  of  some  value. 

Referring  to  Case  I  (Art.  146),  assume  that  the  load  P  at  the  end  section 
of  the  column  (Fig.  213)  acts  at  a  distance  e  from  the  axis,  the  plane  containing 
the  load  and  the  axis  of  the  column  being  perpendicular  to  a  principal  axis  of 
any  cross  section.  The  bending  moment  at  a  section  through  any  point  (g,  y) 
on  the  axis  will  then  be  equal  to 

M  =  P(a  +  e-x) 0) 

and  equation  (3)  (Art.  146)  becomes 

(ftp  ,  Pz       P  ,     .    v  -m 

djt+m-m(-a+e) » 

The  solution  of  this  equation  is  evidently 

x  =»  (a  +  e)  ( 1  —  cosy  \j?t)  (equation  5,  Art.  146) ...    (8) 
When  y  -» I,  x  —  a  and  equation  (3)  becomes 


a  cos 
and  hence 


a  =  e(aecly-j2j  -  l), (4) 

from  which  a  value  for  a  can  be  obtained. 

The  bending  moment  at  the  fixed  end  is  equal  to 

Mo  =  P(a  +  e)  =  Pe(  sec  l\jfi) (5) 

and  the  greatest  intensity  of  the  compressive  stress 

'-S+^-'G+t-'v^) • 

so  long  as  the  value  of  fc  does  not  exceed  the  elastic  limit  of  the  material.    If 
tension  exists  on  the  section  through  0  its  greatest  intensity  will  evidently  be 

''-'(t-'b-i) (7) 

In  the  case  of  the  column  hinged  at  both  ends  (Case  II,  Art.  146),  the 
greatest  stress  intensity  in  tension  and  compression  when  the  eccentricity  of 

the  load  is  equal  to  e,  can  evidently  be  obtained  by  putting  r  —  I  in  (6)  and  (7), 
which  will  give  

*-'(z+f~W£) "•  •  • 


and 


'-'(i-iVi-i) :  •  « 
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155.  Problems :  Columns  and  Struts.  — 

Problem  1. 

Given:  A  steel  column  with  flat  ends,  having  the  cross  section  shown  in 
Fig.  (219),  and  subjected  to  an  axial  load.  By  use  of  the  empirical  formula 
(1)  (Art.  149)  of  the  Gordon  type  find  the  ultimate  strength  of  the  column: 

(a)  If  the  column  is  25  ft.  long; 

(b)  If  the  column  is  12  ft.  long. 

Find  the  working  loads  for  the  columns  of  the  two  given  lengths: 

(a)  By  using  a  factor  of  safety  of  4  with  the  above  named  formula; 

(b)  By  using  the  straight  line  formula  (5)  or  (6)  .(Art.  151); 
(e)  By  using  the  straight  line  formula  (7)  or  (8)  (Art.  151). 
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Fig.  219. 


DETAIL  OF 
CHANNELS 

A  =5.9  sqJnft* 
I,=80  (Ins.)4 
_£l4=8.0<lna.)* 

a>o=0.6  Ins. 


Problem  8. 


Solve  Problem  (1),  substituting  the  cross  section  sho*n  in  Fig.  (220)  for 
that  shown  in  Fig.  (219). 


\v  *  r 


— i  A/yy/yyxx/KSVTS  i*  //////////////  ~" 


DETAIL  OP 
ANGLES 

A  =4.75aq.lns. 
I,  =6.3  (ina.)« 
I4— 17.4  (ins.)« 
flDo"2.0  ins. 
Vo-1.0  ins. 
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Fig.  220. 


Problem  8* 

Determine  the  ultimate  strength  of  the  columns  given  in  Problems  (1) 
and  (2),  assuming  that  the  ends  are  supported  on  pins,  the  axes  of  which  coin- 
cide in  the  principal  axis  (1-1),  and  using  formula  (2)  (Art.  149). 
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Problem  4. 

Determine  the  working  load  for  a  column  having  the  cross  section  shown 
in  Fig.  (221)  when  subjected  to  an  axial  load,  by  use  of  formula  (7)  or  (8) 
(Art.  151): 

(a)  If  the  column  is  8  ft.  long; 

(b)  If  the  column  is  16  ft.  long. 

Problem  5. 

Solve  Problem  (4),  using  formula  (5)  or  (6)  (Art.  151). 

Problem  6.  # 

Determine  the  ultimate  strength  of  an  axially  loaded  column,  25  ft.  long,  of 
the  cross  section  shown  Fig.  (222),  by  use  of  Euler's  formulas  (Art.  146), 
using  E  =  28,000,000  lbs.  per  sq.  in. 

(a)  Assume  column  with  flat  ends; 

(b)  Assume  column  with  rounded  ends. 
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Fig.  222. 


Problem  7. 

Determine  the  ultimate  strength  of  an  axially  loaded  column,  40  ft.  long, 
having  the  cross  section  shown  in  Fig.  (221),  by  use  of  Euler's  formula  (Art. 
146),  using  E  =  28,000,000  lbs.  per  sq.  in. 

(a)  Assume  column  with  flat  ends; 

(b)  Assume  column  with  rounded  ends. 

Problem  8. 

Determine  the  working  load  for  an  eccentrically  loaded  column,  25  ft. 
long,  having  the  cross  section  shown  in  Fig.  (219),  assuming  that  the  resultant 
load  intersects  the  principal  axis  (2-2)  at  a  distance  2"  from  the  center  of 
gravity.    Use  formula  (7)  (Art.  151)  to  obtain  the  working  strength. 

Problem  9. 

Solve  Problem  (7),  assuming  the  resultant  load  acts  through  the  principal 
axis  (1-1)  with  an  eccentricity  of  2". 

Problem  10. 

Solve  Problem  (8),  substituting  a  column  with  the  cross  section  shown  in 
Fig.  (220)  for  that  shown  in  Fig.  (219). 
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Problem  1L 

Determine  the  greatest  fiber  stress  in  a  column  30  ft.  long,  having  the 
cross  section  shown  in  Fig.  (222),  when  subjected  to  a  load  of  10,000  lbs. 
with  an  eccentricity  of  2".  Assume  that  the  column  is  supported  on  pins 
at  each  end  and  use  the  method  of  Art.  (154),  taking  E  =  28,000,000  lbs. 
per  sq.  in. 

Problem  12. 

Determine  the  greatest  fiber  stress  in  a  horizontal  strut  30  ft.  long,  having 
the  cross  section  shown  (Fig.  221),  when  subjected  to  a  centrally  applied 
force  of  10,000  lbs.  at  each  end.  Assume  that  the  ends  of  the  strut  are  hinged 
in  the  direction  of  the  axis  (1-1),  (web  vertical),  and  that  the  weight  of  the 
material  is  0.28  lb.  per  cu.  in.  Use  the  method  of  Art.  (153),  taking  E  = 
28,000,000  lbs.  per  sq.  in. 


CHAPTER  X. 

SHAFTING  AND  SPRINGS. 

156.  Stress  Due  to  Torsion  in  a  Circular  Shaft  —  If  a  straight 
bar,  or  shaft,  of  uniform  circular  section  and  homogeneous  ma- 
terial, is  held  in  equilibrium  under  the  action  of  two  equal  couples, 
of  opposite  sign,  in  planes  perpendicular  to  its  axis  at  the  ends, 
the  bar  will  undergo  a  distortion  in  shear  and  every  cross  section 
will  be  subjected  to  a  shearing  stress,  the  intensity  of  which  at 
any  point  may  be  determined  in  the  following  manner. 


Fig.  223. 


Let  AB  (Fig.  223)  represent  any  line  in  the  surface  which  is 
parallel  to  the  axis  of  the  bar  before  the  couples  M  and  —  M  are 
applied  at  the  ends.  Let  the  end  A  be  held  stationary  and  the 
end  B  be  free  to  rotate.  The  couples  will  twist  the  shaft  about 
its  axis  so  that  any  plane  cross  section  will  undergo  a  slight  rota- 
tion, which  is  proportional  to  the  distance  of  the  section  from  the 
fixed  end  of  the  shaft,  and  hence  the  straight  line  AB  will  be  dis- 
torted into  a  helix  AC.  It  is  assumed  that  any  line  of  intersec- 
tion of  a  cross  section  and  a  radial  plane  remains  straight,  under- 
going an  angular  displacement  only,  during  the  distortion  of  the 
bar;  the  radial  line  OBy  for  example,  being  displaced  to  the  posi- 
tion OC. 
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Let  r  =  the  radius  and  x  =  the  length  of  the  bar,  and  let 
i  =  the  angle  BOC.  Since  the  material  is  homogeneous,  the 
shearing  strain  at  any  point  in  the  surface,  in  the  directions  of 
the  tangent  to  the  circumference  of  the  cross  section  and  the 
line  parallel  to  the  axis  of  the  bar  through  any  point,  will  be  uni- 
form for  the  entire  bar  and  the  measure  of  this  strain  will  be  the 
angle  between  the  helix  AC  and  any  line  in  the  surface  parallel 
to  the  axis  of  the  bar;  the  tangent  of  this  angle  evidently  being 

equal  to 

BC     ri 

y  =  AB=x (1) 

The  shearing  strain,  in  directions  parallel  to  the  above,  at  any 
point  e,  within  the  bar  at  a  distance  p  from  the  center,  will  evi- 
dently be  equal  to 

■f-% « 

If  6  —  the  modulus  of  rigidity  and  the  law  of  proportionality  of 
shearing  stress  to  strain  holds  for  the  material,  the  intensity  of 
the  Bhearing  stress  on  the  cross  section  UV,  at  the  point  e,  will 
be  equal  to 

a«Gy-fifi(Art7) (3) 

The  direction  of  the  shearing  stress  at  e  will  evidently  be  at 

right  angles  to  the  radius  through  the  point  and,  since  G  -  is  a 

constant  for  all  points  in  the  cross  section,  the  stress  intensity  at 
other  points  in  the  section  will  vary  as  their  distances  from  the 
center  of  the  shaft. 

If  we  let  the  constant  G-  =  a,  the  expression  for  the  shearing 

stress  intensity  at  e  becomes 

s  =  ap, (4) 

the  stress  on  an  area  dA  at  the  point  e  will  be  equal  to 

8dA  =  ap  dA} 

and  the  moment  of  this  stress  about  the  center  of  the  cross  section 

will  be  equal  to 

psdA  =  afdA. 

Therefore,  since  the  resultant  of  the  stress  on  UV  must  be  a 
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couple,  equal  in  magnitude  to  the  couple  M,  we  shall  obtain  by 
integration 

=  a  J  ffdA  «  alp, (5) 

where  Ip  =  the  polar  moment  of  inertia  of  the  cross  section  about 

M 
its  center.    Hence  a  =  -j-,  and  substituting  this  value  in  (4)  we 

obtain 

«=Mf, (6) 

which  is  the  formula  for  the  stress  intensity  at  any  point  in  the 
cross  section. 

>    If  we  let  /,  =  the  greatest  intensity  of  the  shearing  stress  on 
the  cross  section,  it  is  evident  that 

-       ljr  r       16  M  ,_v 

f'-MTr~«ir (7) 

where  d  =  the  diameter  of  the  bar. 

Twisting  Moment,  or  Torque.  —  The  couple  M  is  called  the 
twisting  moment,  or  the  torque.  The  equal  and  opposite  conple 
formed  by  the  shearing  stress  on  the  section  is  called  the  moment 
of  resistance  in  torsion. 

It  is  evident  from  the  law  of  equality  of  shearing  stresses  on 
planes  at  right  angles  (Art.  24),  that  shearing  stresses  will  exist 
on  all  longitudinal  planes  containing  the  axis  of  the  shaft. 

The  direction  of  the  shearing  stress  at  any  point  in  such  a 
plane  will  be  parallel  to  the  axis,  its  intensity  will  be  proportional 
to  the  distance  of  the  point  from  the  axis  and  its  magnitude  will 
be  given  by  equation  (6). 

157.  Angle  of  Torsion.  —  The  angular  displacement  i  of  a 
radius  at  one  end  of  the  bar  (Fig.  223),  relatively  to  the  radius 
at  the  other  end  which  was  originally  in  the  same  plane,  is  called 
the  angle  of  torsion,  or  the  angle  of  twist  in  the  length  AB.  The 
value  of  i  for  any  portion  of  the  bar  of  length  equal  to  z  may 
be  readily  obtained  by  equating  (3)  and  (6)  (Art.  156)  and  reduc- 
ing to  the  expression 

.  _  Mx  _32Mx  m 

t"G/p"  *d*G w 

By  eliminating  M  between  this  equation  and  (7)  (Art.  156)  we 
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obtain  an  expression  for  the  angle  of  torsion  in  terms  of  the 
greatest  intensity  of  the  shearing  stress, 

*-% <2> 

Torsional  Rigidity.  —  The  quantity  -,  or  the  angle  of  twist  per 

x 

unit  length  of  the  bar,  may  be  called  the  twist;  and  the  ratio  of  the 
torque  M  to  the  twist,  expressed  by  the  formula 

^  =  G/p, (3) 

may  be  taken  as  the  measure  of  the  torsional  rigidity  of  the  bar. 

168.  Elastic  Limit  in  Torsion.  —  The  relation  between  the 
angle  of  torsion  and  the  torque  for  a  bar  of  any  material  is  very 
similar  to  that  between  the  elongation  and  the  load  when  the  bar 
is  subjected  to  tension.     (Art.  8.) 

If  a  bar,  or  shaft,  of  ductile  steel  is  subjected  to  a  gradually 
increasing  twisting  moment,  the  angle  of  twist  will  be  found  to 
increase  very  nearly  in  proportion  to  the  torque  until  the  elastic 
limit  in  torsion  is  reached,  after  which  the  rate  of  increase  of  the 
angle  of  twist  will  be  much  greater  than  that  of  the  torque  until 
fracture  results. 

If  a  line  is  plotted  on  rectangular  coordinates,  having  values 
of  the  torque  M  for  ordinates  and  corresponding  values  of  the 
angle  of  torsion  i  for  abscissae,  it  will  be  similar  in  form  to  the 
diagrams  for  tension,  shown  in  Figs.  (6  and  7).  Such  a  diagram 
may  be  called  a  load^formation  diagram  for  torsion.  The  line 
will  be  very  nearly  straight  for  values  of  M  between  zero  and  a 
value  which  may  be  called  the  torque  at  the  elastic  limit,  and  for 
values  of  M  above  this  limit  the  line  will  be  a  curve  with  a  con- 
tinually decreasing  angle  of  slope. 

The  maximum  shearing  stress  intensity  in  a  round  bar  at  this 
limit,  given  by  equation  (7)  (Art.  156),  is  called  the  elastic  limit 
in  torsion.  If  the  twisting  couple  is  removed  before  the  elastic 
limit  is  reached  the  twist  will  disappear,  but  if  the  couple  is  re- 
moved after  the  elastic  limit  is  reached  the  bar  will  retain  a  per- 
manent twist,  or  set  in  torsion. 

If  the  material  is  very  ductile  a  yield  point  in  torsion  will  appear 
at  a  torque  somewhat  higher  than  the  elastic  limit,  similar  to 
the  yield  point  in  tension. 


TRANSMISSION  OF  POWER  BY  SHAFTING  379 

Owing  to  the  fact,  however,  that  the  stress  intensity  at  points 
in  the  interior  of  the  bar  is  less  than  the  intensity  at  the  outer 
layer,  the  torque  at  neither  the  elastic  limit  nor  the  yield  point 
in  the  case  of  a  solid  bar  is  so  definitely  marked  as  the  load  at 
the  elastic  limit,  or  the  yield  point,  for  a  tension  bar.  In  the 
case  of  a  hollow  tube  the  analogy  between  the  stress  strain  rela- 
tions in  torsion  and  tension  is  much  closer,  since  the  stress  in- 
tensity in  all  parts  of  the  tube  is  very  nearly  uniform  for  either 
tension  or  torsion. 

For  other  materials  than  mild  steel  the  load-deformation  dia- 
grams in  torsion  and  tension  will  also  be  found  to  be  approxi- 
mately similar  in  form. 

159.  Stress  Beyond  the  Elastic  Limit  in  Torsion.  —  It  will 
be  evident  from  the  assumptions  in  the  theory  of  torsion  (Art. 
156)  that  when  the  stress  intensity  in  a  round  bar  exceeds  the 
elastic  limit,  the  formula 

ap 
will  cease  to  give  the  true  value  of  the  maximum  shearing  stress. 

The  value  of  /,  obtained  by  substituting  for  M ,  in  the  above 
formula,  the  twisting  moment  required  to  fracture  the  shaft 
may  be  called  the  modulus  of  rupture  in  torsion.  By  applying 
proper  factors  of  safety  this  quantity  may  be  used  in  determining 
values  of  the  working  strength  in  torsion,  similar  to  determining 
the  working  fiber  stress  for  bending  from  the  transverse  modulus 
of  rupture  (Art.  81). 

A  hardening  effect,  similar  to  that  produced  by  applying  a 
stress  beyond  the  elastic  limit  in  tension  (Art.  14),  will  be  pro- 
duced by  applying  stress  beyond  the  elastic  limit  in  torsion,  the 
modulus  of  rupture  and  the  elastic  limit  in  torsion  being  increased 
and  the  ductility  diminished  thereby. 

Ductility  in  torsion.  The  number  of  turns  per  unit  of  length 
which  can  be  produced  in  a  bar  before  fracture  may  be  taken  as  a 
measure  of  the  ductility  of  the  material  in  torsion. 

160.  Transmission  of  Power  by  Shafting.  —  When  a  shaft  is 
used  to  transmit  power,  the  relation  between  the  torque  and  the 
power  transmitted  is  expressed  by  the  following  simple  equation, 

,,      h.p.  X  33,000  X  12  /iX 

M  = 2^V ' (1) 

where  M  =  the  torque,  expressed  in  in.  lbs.,  h.p.  =  the  horse 
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power,  N  =  the  number  of  revolutions  of  the  shaft  per  minute. 
Substituting  this  value  of  M  in  equation  (7)  (Art.  156)  we  obtain 

'  -  _  12  X  33,000  X  h.p.  X  r  /ON 

U 2tNTp  W 

If  the  shaft  is  solid  and  d=its  diameter,  equation  (2)  reduces  to 

/  _  3,168,000  h.p.  /Qv 

u *m    » w 

from  which  ^_< 

.      /  73,168,000  hUpT     rifiw-  ,M 

d"V — j^n — ~Ky~w (4) 

where  _^____ 

-,      •  /3,168,000  _  68.47  ,.. 

K=\~lft  "^ (5) 

'  Equation  (4)  gives  in  simple  terms  the  diameter  of  a  shaft 
required  to  transmit  a  given  amount  of  power,  at  a  given  speed 
in  revolutions  per  minute,  when  the  value  of  the  constant  K  for 
the  material  in  the  shaft  has  been  determined. 

161.  Hollow  Circular  Shafts.  —  The  assumptions  made  in 
the  theory  and  the  formulas  deduced  thereby  for  determining 
the  intensity  of  the  shearing  stress  and  the  angle  of  torsion  will 
apply  equally  as  well  to  a  hollow  shaft  as  to  the  solid  bar.  If 
n  =  the  inside  radius  and  r  =  the  outside  radius  of  a  hollow 
shaft,  the  polar  moment  of  inertia  will  be  given  by  the  formula 

and  by  substituting  its  value  in  equations  (7)  (Art.  156)  and 
(1)  (Art.  157)  the  values  of  the  maximum  shearing  stress  inten- 
sity and  the  angle  of  torsion  for  any  given  torque  are  obtained. 

For  any  maximum  shearing  stress  intensity  the  ratio  of  the 
moment  of  resistance  in  torsion  of  a  hollow  shaft  to  that  of  a 
solid  shaft  of  the  same  outside  diameter  will  be  equal  to  the 
ratio  of  the  two  polar  moments  of  inertia;  for,  if  M  and  M '  are 
the  moments  of  resistance  in  torsion  and  Iv  and  Ip'  are  the  polar 
moments  of  inertia  of  the  hollow  and  solid  shafts,  respectively, 

M-&-£(r*-ftf) (1) 


and 


M'=fJf=g-r*, (2) 

r        at 
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and  hence 


*-l-l®. ® 


M'      Ip'  r* 

The  above  equation  will  also  represent  the  ratio  of  the  torsional 
•rigidity  of  the  hollow  shaft  to  that  of  the  solid  one. 

The  weights  of  any  given  length  of  the  two  shafts  will  be  pro- 
portioned to  the  areas  of  the  two  cross  sections  and,  if  W  and  W 
are  the  weights  of  the  hollow  and  solid  shafts,  respectively, 

W      r2  -  ri3 


£-»-ey « 


162.  Torsion  in  Bars  of  Non-Circular  Section.  —  When  a 
straight  bar,  which  is  not  circular  in  section,  is  subjected  to  tor- 
sion by  the  application  of  couples  at  the  ends,  the  cross  sections 
do  not  remain  plane,  as  in  the  round  bar  (Art.  156),  but  are  dis- 
torted into  curved  surfaces.  The  intensities  of  the  shearing  stress 
at  all  points  in  a  cross  section  are  not  proportional  to  their  dis- 
tances from  the  axis  of  the  bar,  the  points  of  maximum  intensity 
being  the  points  in  the  perimeter  of  the  section  which  are  nearest 
the  axis  of  the  bar. 

Saint-Venant  was  the  first  to  deduce  correct  expressions  for 
the  intensity  of  the  shearing  stress  due  to  torsion  and  the  angle 
of  torsion  in  prismatic  bars  of  non-circular  cross  section.  The 
theory  is  difficult,  however,  and  the  resulting  formulas  only  will 
be  quoted  here.  Previous  to  Saint-Venant's  work  it  had  been 
customary  to  use  the  formulas  for  the  round  bar  (Arts.  156-157) 
for  determining  the  maximum  stress  intensity  and  the  angle  of 
torsion  in  a  bar  of  any  other  shape;  substituting  for  I  the  polar 
moment  of  inertia  of  the  cross  section,  about  its  center  of  gravity, 
and  for  r,  the  distance  from  the  center  of  gravity  to  the  most 
distant  point  in  the  perimeter. 

The  magnitude  of  the  error  in  the  results  obtained  in  this 
way  may  be  readily  found  by  comparison  with  the  results  given 
by  the  use  of  the  following  equations. 

In  each  case  the  notation  previously  adopted  is  followed,  namely: 

x  =  the  length  of  the  bar; 
M  =  the  twisting  moment,  or  torque; 
/,  =  the  greatest  intensity  of  shearing  stress; 
i  =  the  angle  of  torsion  in  the  length  x; 
0  =  the  modulus  of  rigidity. 
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Elliptical  Cross  Section. — Let  2 o  =  the  major  axis  and  2b  — 
the  minor  axis  of  the  ellipse. 

2M 


/.= 


i  = 


or. 


t  = 


xai>*'    "    "    " 

(a*  +  V)  Mx 
xo*6»      G  ' 


4**JP  Mx 


A*      G  ' 


(1) 


(2) 


(3) 


where  A  =  the  area  and  Ip  =  the  polar  moment  of  inertia  of 
the  ellipse  about  its  center. 

The  maximum  stress  intensity  given  by  equation  (1)  occurs  at 
the  ends  of  the  minor  axis  b;  and  it  may  be  noted  that  if  a  and 
b  are  interchanged  and  made  to  represent  the  minor  and  major 
axes,  respectively,  equation  (1)  will  give  the  stress  intensity  at 
the  ends  of  the  major  axis.  It  will  be  observed  that  the  value 
of  i  given  by  (2)  or  (3)  will  be  the  same  in  either  case. 

When  a  —  b  the  formulas  reduce  to  the  equations  for  the  bar 
of  circular  section  (Arts.  156-157). 


Fig.  224. 


Fig.  225. 


The  stress  intensities  at  points  on  any  radius  vector  of  the 
ellipse  are  directly  proportional  to  the  distances  of  the  points 
from  the  center,  and  the  direction  of  the  stress  at  any  point  is 
parallel  to  the  tangent  to  the  ellipse  at  the  end  of  the  radius 
vector  (Fig.  224). 

Rectangular  Cross  Section.  —  Let  2  a  =  the  length  of  the  longer 
side  and  2  6  =  the  length  of  the  shorter  side  of  the  rectangle. 

The  theoretical  equations  for  determining  the  maximum  in- 
tensity  of  stress  and  the  angle  of  torsion  are  very  complex:  but 
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Saint- Venant  suggested  the  use  of  the  following  empirical  equa- 
tions which  give  results  for  all  ratios  of  r  with  an  error  of  less 

than  four  per  cent,  in  comparison  with  the  purely  theoretical 
values.* 

,  _  M(15a  +  9&)  ,  . 

J,~         40a*6*        w 

. 1 Mx  /Rv 

1  —  rTa ~ rTTTTTT g~  •   •    •      W 


f-^ji-^jk 


Saint- Venant  also  found  that  the  equation  for  the  angle  of  tor- 
sion in  the  bar  of  elliptical  section  (equation  3)  might  be  used 
to  determine  approximately  the  angle  of  torsion  in  a  bar  of  rec- 
tangular cross  section.  If  we  substitute  40  as  being  nearly  equal 
to  4  x2  equation  (3)  will  become 

40  7P  Mx  /i5X 

%—if-v (6) 

To  determine  the  angle  of  torsion  substitute  for  A  the  area 
and  for  Ip  the  polar  moment  of  inertia  of  the  rectangle  about 
its  center. 

The  error  in  the  results  obtained  from  (6)  is  small  when  a  >  2  6. 
When  a  <  2  b  more  accurate  results  can  be  obtained  by  using  42 
instead  of  40  for  the  constant. 

The  maximum  intensity  of  the  shearing  stress  (equation  4) 
occurs  at  the  middle  point  of  the  side  2  a.  The  variation  of  the 
stress  intensity  along  the  principal  axes  and  the  diagonal  is  indi- 
cated in  Fig.  (225). 

Square  Cross  Section.  —  The  equations  for  the  bar  of  rectangu- 
lar section  will  apply  to  a  bar  of  square  cross  section.  We  will  let 
2  a  =  the  side  of  the  square.  Then  by  putting  6  =  a  in  equa- 
tions (4)  and  (5)  and  reducing  we  obtain 

/.-I2-0.62 (7) 

and 

*  A  History  of  the  Theory  of  Elasticity  and  of  the  Strength  of  Materials  — 
Todhunter  and  Pearson. 


5  a* 

a* 

1 
2.25  a* 

Mx 

G   ~ 

0.4444  Mx 
o«      G 
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The  value  of  i  may  be  obtained  with  a  comparatively  small 
error  by  using  equation  (6),  substituting  42  for  40. 

Torsional  Rigidity.  —  Formulas  for  the  torsional  rigidity  of 
each  of  the  foregoing  sections  can  be  readily  obtained  by  solving 
equations  (2)  or  (3),  (5)  or  (6),  and  (8)  or  (6)  as  modified,  for 

the  value  of  — —  (Art.  157). 

It  will  be  observed  that  for  each  of  the  sections  considered 
the  formula  for  the  angle  of  twist  has  the  form 

<=S; » 

where  C  —  a  constant  depending  on  the  shape  of  the  section, 
and  that  expression  for  the  torsional  rigidity  will  take  the  form    , 

^  =  GC (10) 

t 

Equations  (9)  and  (10)  are  in  the  same  form  as  the  equations 
in  Art.  (157),  the  constant  C  replacing  the  constant  Ip  in  the 
expressions  for  the  angle  of  torsion  and  for  the  torsional  rigidity 
in  the  circular  shaft. 

Summary  of  Values  of  C.  — 

xa'b*  AA 

t  ■  m  =  a   9T  •    (Elliptical    section,    2  a  =  major   axis, 

2b  —  minor  axis.) 

ird4        A4 

7^r  =  A   9T  .  (Circular  section,  d  =  diameter.) 

tangular  section,  2  a  =  long  dimension,  2  6  »  short 
dimension.) 

AA 
2.25  a4  =  -tq-t-     (nearly).     (Square  section,  2  a  =  side  of 

square.) 

In  each  case  A  =  area  of  cross  section,  Ip  =  polar  moment  of 
inertia  about  center  of  section. 

163.  Resilience  in  Torsion.  —  A  bar  under  stress  in  torsion 
will  evidently  possess  a  certain  amount  of  strain  energy,  or  re- 
silience in  torsion  (Art.  15).  If  the  material  is  elastic  and  follows 
the  law  of  proportionality  of  stress  intensity  to  strain  stated  in 
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Art.  (156),  the  resilience  of  a  round  bar  of  length  x,  following 
the  notation  previously  adopted,  will  evidently  be  equal  to 

p  _M._  M*%  _/.'/pS  m 

*~  2t"2G/p"  2Gr* w 

If  the  bar  is  solid,  equation  (1)  reduces  to  the  form 

*~~4G"~W {2) 

where  V  =  the  volume  of  the  bar. 

Similarly,  the  torsional  resilience  of  a  bar  of  elliptical  section 
(Art  162)  will  be  equal  to 

p  _  M        (a*  +  V)APx  _  &  +  V)f.*V .  m 


162)  will  be  equal  to 


tccW     2(?  8a*       G 

rectangular 


•   • 


(4) 


»      M  •  -  40^^  _  125  (o«  +  V)  /.*  V 
W~2*~    A*    2G  ~  3  (15o  +  96*)    G 

and  that  of  the  square  bar  (Art.  162)  will  be  equal  to 

164.  Combined  Torsion  and  Bending.  —  In  the  preceding 
Articles  the  stresses  and  strains  produced  in  straight  bars,  or 
shafts,  by  the  action  of  twisting  couples  only,  have  been  consid- 
ered. Usually  the  stress  in  a  shaft  is  affected  by  bending,  due 
to  its  own  weight,  the  weights  and  pulls  of  pulleys  and  belts,  the 
thrust  of  cranks,  etc.,  and  sometimes  by  an  end  thrust  in  the 
direction  of  the  axis. 

When  the  transverse  forces  are  known  the  bending  moment 
at  any  cross  section  can  be  found  by  the  method  in  Art.  (129) 
and,  when  the  shaft  is  circular,  the  neutral  axis  of  the  bending 
stress  will  be  perpendicular  to  the  plane  of  the  resultant  bending 
couple  acting  at  the  section. 

We  will  let  Mb  —  the  resultant  bending  moment  and  M%  =  the 
twisting  moment  at  any  cross  section  of  a  circular  bar,  r  =  the 
radius,  /  =  the  moment  of  inertia  of  the  section  about  its  diameter 
and  Ip  =  its  polar  moment  of  inertia  about  the  center. 


386  APPLIED  MECHANICS 

The  stress  intensity  at  any  point  in  the  section  will  be  the  re- 
sultant of  a  normal  component  due  to  bending, 

/  =  ^(Art.69), (1) 

and  two  shearing  components,  namely:   the  component  due  to 
torsion, 

8  =  M#  =  ^  (Art.  156), (2) 

in  the  direction  perpendicular  to  the  radius  through  the  point, 
-*nd  the  component  due  to  bending, 

Sl  -  ^   (Art.  89), (3) 

in  the  direction  perpendicular  to  the  neutral  axis.    At  points 
farthest  from  the  neutral  axis  equation  (1)  becomes 

/-**£. (4) 

while  at  these  points  equation  (3)  becomes 

*i  =  0 (5) 

At  any  point  on  the  circumference  of  the  shaft  the  shearing 
stress  intensity,  due  to  torsion,  becomes 

M<r     Mtr  (  . 

8     17=  27' (6) 

acting  in  the  direction  of  the  tangent  to  the  circle  at  that  point. 

Hence,  if  we  let  0  (Fig.  226a)  represent  the  point  in  the  cross 
section  YOY  at  which  the  tensile  stress  intensity  due  to  bending 
is  a  maximum,  the  stress  intensity  on  the  X  plane  through  this 
point  will  be  the  resultant  of  a  normal  component  /  (equation  4) 
and  a  shearing  component  s  (equation  6).  The  axis  Y1O1Y1  (Fig. 
226b)  will  be  the  neutral  axis  of  the  bending  stress.  On  the  Y 
plane  through  0  there  will  be  a  shearing  stress  only,  of  intensity 
s  (Art.  24),  parallel  to  the  axis  of  the  shaft. 

At  the  point  0,  therefore,  we  have  a  state  of  plane  stress  (Art. 
23)  and  the  resultant  stresses  at  0  on  all  planes  will  be  parallel  to 
the  Z  plane.  Let  01  and  02  represent  the  normals  to  the  prin- 
cipal planes  of  stress  through  0  (Art.  28)  and  a  =  the  angle 
Z01.    We  shall  then  have 

tan2a  =  y  (Art.  27) (7) 
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and,  substituting  the  values  of  /  and  s  from  equations  (4). and  (6) 
and  reducing, 


tan2«  =  £* 
Mb 


(8) 


(&) 


Fig.  226. 


It  is  evident  from  (8)  that  a  will  have  values  from  0°  to  ±45° 
for  all  possible  values  of  Mt  and  M*:  the  X  and  Y  planes  being 
the  principal  planes  of  stress  when  Mt  =  0;  and  the  principal 
planes  of  stress  making  angles  of  =1=45°  with  the  X  and  Y  planes 
when  Mb  =  0. 

If  we  let  ni  and  n%  represent  the  principal  stress  intensities  we 
shall  have 


ni=l£  +  iv/*  +  48* 


and 


7i2  =  ^  -  \  Vp  +  T?  (Art.  32). 


(») 


(10) 


It  is  evident  that  the  foregoing  analysis  will  apply  equally  as 
well  to  the  point  on  the  circumference,  diametrically  opposite 
the  point  0,  at  which  the  compressive  stress  intensity  due  to 
bending  is  a  maximum;  and,  by  introducing  plus  and  minus  signs 
to  indicate  tension  and  compression,  respectively,  equations  (9) 
and  (10)  will  represent  the  principal  stresses  at  either  point. 

The  ellipse  of  stress  for  the  point  0  is  indicated  (Fig.  226a) 
and  it  should  be  observed  that  for  all  values  of  /  and  *  the  sign 
of  rift  will  be  opposite  to  that  of  ni. 
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Substituting  in  (9)  the  values  of  /  and  s  from  (4)  and  (6),  we 
obtain 


ni~  2T+2 


wm+<m 


16 


=  ±[Mb+VMh*  +  Mt*]=^[Mb  +  VMh*  +  M?],.  (11) 

where  d  =  the  diameter  of  the  shaft. 
Similarly, 

m  -  ^[ilf*  -  Vm7+M?]  =  ^  [M6  -  Vilf^  +  M^].  .   (12) 

It  becomes  evident  that  the  greatest  stress  intensity  in  the 
entire  shaft  will  occur  at  a  point  in  the  cross  section  at  which  the 

quantity  

\  [M »  +  VM*2  +  Mfi 

is  the  greatest.  This  quantity  is  sometimes  called  the  equivalent 
bending  moment,  since  it  is  equal  to  the  bending  moment  which 
would  produce  a  maximum  stress  intensity  equal  to  ni  on  a  cross 
section  perpendicular  to  the  axis  of  the  shaft.  It  should  be 
remembered,  however,  that  rt\  is  actually  the  stress  intensity  on 
an  oblique  section  through  the  shaft. 

The  greatest  intensity  of  shearing  stress  in  the  shaft  will  occur 
on  planes  at  45°  with  the  principal  planes  at  0  (Art.  31)  and  will 
be  equal  to 

«o  -  ^p*  -  gT VMb*  +  M?  =  ^PVMb*  +  M'*-  '  (13) 
Hollow  Shaft  —  The  principal  stress  intensities  and  the  maxi- 
mum shearing  stress  intensity  in  a  hollow  shaft,  subject  to 
combined  twisting  and  bending,  can  be  readily  obtained  by  substi- 
tuting for  J  in  the  general  formulas  (11),  (12)  and  (13),  its  value 
in  terms  of  r,  the  outside  radius  and  n,  the  inside  radius  of  the 
shaft,  namely, 

I-lP-rfi (14) 

Principal  Strains.  —  Having  the  principal  stresses,  the  principal 
strains  at  0  are  given  by  the  equations 

ni       w«  /    . 

*—B-ZE> (16) 

*  -  "  A  "  SB  <**  **> <17> 
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By  transposing  E  and  substituting  for  nx  and  n*  the  values  ex- 
pressed by  (11)  and  (12),  equation  (15)  becomes 

Ea  -  ^ [ ( Jf 6  +  VmT+m?)  - 1  (Af 6 -  VjifT+lif?) J 

»^[!!LzJM6  +  ^±i-VM6«  +  M^ (18) 

2/L    mm  J 

Equation  (18)  represents  the  product  of  the  greatest  extension  at 
0  and  the  modulus  of  elasticity.  For  an  iron  or  steel  shaft  it  is 
usually  quoted  in  the  simplified  form,  obtained  by  substituting 
for  m  an  approximate  value  4,*  in  which  case 

Eex  -  -£j[3Mb  +  5  VMb*  +  Mft (19) 

It  should  be  observed  that  the  product  Eei  is  not  equal  to  a 
stress  intensity,  as  would  be  the  case  if  the  stress  at  0  were  a 
simple  tension  or  compression,  its  value  in  the  case  of  shafting 
being  always  greater  than  n\.  The  formula  is  frequently  used  in 
place  of  the  formula  for  greatest  stress  intensity  (equation  11) 
in  the  design  of  shafting. 

In  a  similar  manner  the  value  of  the  product 

Ee*  -  ^[3M»  -  5  VM **  +  Mf\    ....     (20) 

is  readily  obtained. 

Lateral  Deflection.  —  The  lateral  deflection  in  a  line  of  shafting 
when  the  bending  is  in  one  plane  only  can  be  easily  estimated 
by  use  of  the  deflection  formulas  in  the  common  beam  theory. 
When  the  bending  is  not  in  one  plane,  plots  of  the  lateral  deflec- 
tions, due  to  the  component  bending  moments  in  two  planes  at 
right  angles,  can  be  made  and  from  these  the  maximum  resultant 
deflection  in  the  shaft  can  be  estimated.  In  a  rotating  shaft 
the  maximum  lateral  deflection  should  not  exceed  a  certain  limit, 
even  when  the  greatest  stress  intensity  is  within  the  working 
strength  of  the  material. 

A  rule,  frequently  quoted,  is  that  the  greatest  lateral  deflection 
of  a  shaft  due  to  the  transverse  loads  upon  it  shall  not  exceed 
r$jf  inch  per  foot  of  span. 

165.  Combined  Torsion  and  End  Pressure,  or  Tension. — 
A  shaft  may  be  subjected  to  torsion  combined  with  a  thrust,  or  a 

*  A  more  nearly  correct  value  in  the  case  of  steel  is  m  —  3.6. 
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pull,  such  as  the  thrust  of  a  propeller,  or  the  pressure,  or  tension, 
due  to  a  weight  on  a  vertical  shaft.  In  such  a  case  the  stress 
on  any  cross  section  will  be  the  resultant  of  a  uniform  normal 
stress  and  the  shearing  stress  due  to  torsion. 

If  the  shaft  is  circular  in  section  and  we  let  P  =  the  axial 
thrust,  or  pull,  A  =  the  area  of  the  cross  section,  and  follow 
otherwise  the  previous  notation,  the  principal  stress  intensities 
at  any  point  in  the  circumference  of  a  given  cross  section  can  be 
found  by  substituting 

'-2 « 


and 


*~  21  ~  Ar      (Z) 


in  equations  (9)  and  (10)  (Art.  164),  which  will  give 


n,  =  ^Z  + 


(3) 


and 


=A[*+\RWl 

The  angle  a  between  the  normals  01  and  OX  can  be  found  from 
the  equation 

van  £t  ct  —  -~M  =  ~j} \y) 

The  principal  strains  can  be  found  by  substituting  the  above 
values  of  ny  and  n*  in  equations  (15)  and  (16)  (Art.  164). 

If  we  let  m  —  4,  the  greater  of  the  products  of  the  principal 
strains  and  the  modulus  of  elasticity  will  be  equal  to 


*  -  «y;»»+V^M} 


(6) 


If  both  the  torque  and  the  thrust  are  uniform  throughout  the 
length  of  the  shaft,  the  principal  stresses  and  strains  for  every 
point  in  the  surface  will  evidently  be  the  same. 

To  determine  magnitudes  only,  P  may  evidently  be  taken 
positive  for  either  tension  or  compression.  To  determine  the 
direction  of  the  principal  planes  at  any  point  the  proper  signs 
for  tension,  or  compression,  should  be  used. 
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166.  Combined  Torsion,  Bending  and  End  Pressure,  or  Ten- 
sion, —  When  the  cross  section  of  the  bar  is  circular,  if  we 
follow  the  notation  previously  adopted,  the  principal  stress  in- 
tensities at  any  point  in  the  surface  of  the  bar,  which  lies  in  the 
plane  of  bending,  can  be  found  by  substituting  the  values  of  the 
maximum  normal  and  shearing  stress  intensities  on  the  cross 
section  through  the  point,  which  will  evidently  be  equal  to 

t-i+¥ » 


and 

M%r 


(2) 


w       2/  ' 

in  equations  (9)  and  (10)  (Art.  164). 

The  directions  of  the  principal  planes  can  be  found  by  substi- 
tuting the  values  of  /  and  8  in  equation  (7)  and  the  principal 
strains  can  be  found  by  substituting  the  values  of  the  principal 
stresses  in  equations  (15)  and  (16)  (Art.  164). 

The  solution  will  be  simplified  by  solving  (1)  and  (2),  calling 
a  tensile  stress  plus  and  a  compressive  stress  minus,  and  substi- 
tuting the  numerical  values  in  the  above-mentioned  equations 
for  principal  stresses  and  strains. 

Non-circular  Sections.  —  If  a  bar  of  elliptical,  or  rectangular, 
cross  section  is  subjected  to  torsion  combined  with  bending,  or 
an  end  thrust,  or  with  both  together,  the  principal  stress  inten- 
sities may  be  estimated  by  the  method  indicated  above  for  the 
round  bar. 

The  intensity  of  the  normal  stress  /  at  the  end  of  either 
principal  axis  of  the  section,  due  to  the  bending  and  end  thrust, 
can  be  found  by  the  method  of  Art.  (129).  The  intensity  of  the 
shearing  stress  8  at  either  of  these  points,  due  to  twisting,  can 
be  found  by  use  of  the  equations  in  Art.  (162).  By  substitut- 
ing the  values  of  /  and  *,  determined  in  this  manner,  in  equa- 
tions (9)  and  (10)  (Art.  164)  the  principal  stress  intensities  at 
the  points  on  the  surface  of  the  bar,  which  are  located  at  the 
ends  of  either  principal  axis  of  a  cross  section,  can  be  obtained. 

Unless  the  bending  is  in  a  plane  of  symmetry,  however,  the 
value  of  the  maximum  principal  stress  intensity,  obtained  by  the 
above  method,  is  not  necessarily  the  greatest  stress  intensity  in 
the  bar;  since  the  greatest  intensity  of  the  normal  stress  /,  when 
the  bending  is  not  in  a  plane  of  symmetry,  is  located  at  a  point 
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which  is  not  on  a  principal  axis  of  the  cross  section  (Art.  129). 
It  is  possible,  therefore,  that  in  such  a  case  the  greatest  principal 
stress  intensity  may  be  located  at  some  other  point  than  that  at 
which  the  shearing  stress  intensity  due  to  torsion  is  a  maximum. 
167.  Helical  Spring  Subjected  to  an  Axial  Load.  —  A  helical, 
or  coiled,  spring  is  formed  by  wrapping  a  rod  of  uniform  section 
around  a  cylinder,  maintaining  a  fixed  distance  between  the  coils 

so  that  the  central  line,  or  axis, 
of  the  rod  forms  a  helix.  For 
convenience,  we  shall  call  the 
rod,  or  wire,  forming  the  spring, 
the  wire  simply  and  will  consider 
at  first  the  spring  made  up  of  a 
solid  round  wire  only. 

The  axis  of  the  coil  is  the  axis 
of  the  cylinder  on  which  the 
helix,  formed  by  the  central  line 
or  axis  of  the  wire,  lies  and  the 
diameter  of  this  cylinder  is  called 
the  diameter  of  the  coil. 

We  shall  let  Fig.  (227)  rep- 
resent  such  a  spring,  which  is 
formed  at  the  ends  in  such  a 
manner  that  one  end  of  the  axis 
of  the  coil  can  be  fixed  in  posi- 
tion and  a  load  acting  along  the 
axis  can  be  applied  at  the  free 
end.  In  the  following  analysis, 
the  helical  portion  only  will  be 
considered,  the  ends  of  the 
spring  beyond  the  sections  H 
and  K  in  the  sketch  being 
assumed  to  be  rigid. 
Let  D  =  the  diameter  of  the  coil,  d  =  the  diameter  of  the 
wire,  Ip  =  the  polar  moment  of  inertia  of  the  cross  section  of 
the  wire  about  its  center,  n  =  the  number  of  turns  in  the  helix, 
I  —  the  total  length  of  the  helix,  6  —  the  angle  of  inclination  of 
the  helix  with  any  plane  at  right  angles  to  the  axis  of  the  coil, 
and  P  =  the  resultant  axial  load,  which  is  represented  as  causing 
sn  extension  oi  the  coil,  although  it  will  be  evident  that  the 
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following  analysis  would  apply  equally  well  if  the  load  acted  in 
the  opposite  direction,  compressing  the  spring. 

Under  the  action  of  the  load  P,  the  stress  on  every  cross 
section  of  the  wire  in  the  coil  will  evidently  be  the  same  and 
the  axis  of  the  wire  will  form  a  helix,  which  will  have  a  different 
slope  and  will  be  found  to  lie  on  a  cylinder  having  a  slightly 
different  diameter  from  that  of  the  original  helix. 

The  stress  on  any  cross  section  of  the  wire,  taken  normal  to 
the  helix,  such  as  the  section  at  A  for  example,  will  be  the  resultant 
of  a  stress  due  to  a  couple,  which  is  equal  to 

PD 
M  =  ™ (1) 

and  a  stress  due  to  a  force  acting  through  the  center  of  the  sec- 
tion, which  is  equal  and  parallel  to  the  axial  load  P. 
The  couple  M  can  be  resolved  into  a  couple 

Af|  =  Afcos0, (2) 

causing  a  twist  in  the  wire  about  an  axis  0Xh  tangent  to  the  helix, 
and  a  couple 

Mb  =  Msinfl, (3) 

causing  a  bending  of  the  wire  about  an  axis  0Yh  perpendicular 
toOXi. 

Since  the  stress  on  every  cross  section  of  the  wire  is  the  same, 
the  moment  axes  of  the  resultant  couple  M  and  its  components 
Mt  and  Mb  are  shown,  for  the  sake  of  clearness,  at  the  cross 
section  through  0.  It  will  be  observed  that  these  moment  axes 
lie  in  the  vertical  plane,  which  is  tangent  to  the  cylinder  on  which 
the  helix,  formed  by  the  axis  of  the  wire,  is  located. 

The  component  force  P,  acting  through  the  center  of  the 
cross  section,  can  be  resolved  into  a  normal  component, 

i\T  =  Psin0,      (4) 

and  a  shearing  component, 

S  =  Pcos0 (5) 

For  the  sake  of  clearness  the  resolution  is  indicated  at  the 
cross  section  through  B. 

Close  Coiled  Spring. — When  the  distance  between  the  coils  of  the  spring  is 
small,  the  angle  0  is  so  small  that  Mb  is  negligible  and  Mt  =  M  (very  nearly). 
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Likewise  N  is  negligible  and  S  *=  P  (very  nearly).  For  a  coiled  spring 
of  ordinary  proportions,  the  stress  and  the  distortion  due  to  the  component  8 
is  comparatively  small  and  it  is  customary  to  neglect  this  component  in 
deducing  the  formulas  for  the  stress  intensity  and  for  the  distortion  in  the 
coil. 

Hence  for  this  case  the  maximum  stress  intensity  in  the  wire  is  very  nearly 
the  same  as  that  in  a  straight  rod  of  the  same  cross  section,  subjected  to  a 
torque  Mt  (Art.  156),  and  will  be  expressed  by  the  equation 

,       Mir      PD    16        8PD  ,a. 

'•-77"^~-^r; (6) 

and  the  angle  of  torsion  for  the  entire  length  of  the  wire  in  the  coil  will  be 
very  nearly  equal  to  that  for  a  straight  rod  of  the  same  dimensions,  subjected 
to  a  torque  Mt  (Art.  157),  and  will  be  represented  by  the  equation 

.      MJ,      2fJL 


Gin      dG 


(7) 


The  total  vertical  displacement  of  the  free  end  of  the  spring,  or  the  exten- 
sion of  the  coil,  will  be  equal  to 

*  =  §*,      (8) 

evidently  being  the  same  as  the  displacement  of  the  end  of  an  arm  of  length 

-^ ,  attached  to  the  end  of  a  straight  rod  of  the  same  length  and  diameter  and 

subjected  to  the  same  uniform  twisting  moment  as  the  wire  in  the  coil. 
Combining  (8)  and  (7),  substituting  the  value  of  Ip  and  reducing,  we  obtain 

*      *#G        dG  ' w 

where  I  —  nvD  (very  nearly). 

It  is  evident  from  (9)  and  (6)  that  both  the  extension  of  the  coil  and  maxi- 
mum stress  intensity  are  directly  proportional  to  the  axial  load. 

Hence  the  resilience  of  the  coil  will  be  represented  by  the  expression 

R-28~  Trf^  ~  2GV       (10) 

or,  by  substituting  the  value  of  P  obtained  from  (6)  and  the  value  of  8  from  (9), 

T?_f.Td*f9Dl^f9hrffil      V  v  nn 

*"16D    dG  ~    16G   "4(?K' Kll) 

where  V  =  the  volume  of  the  wire  in  the  coil.  The  above  formula  is  the  same 
as  equation  (2)  (Art.  163).  Evidently  the  value  of  8  (equation  9)  could  have 
been  obtained  by  solving  the  following  equation  between  the  work  done  by 
the  load  during  the  displacement  of  the  end  of  the  coil  and  the  resilience  of 
the  wire  in  the  coil,  as  given  in  the  above-mentioned  article; 

?•-&' <12> 

Open  Coiled  Spring.  —  In  this  case,  the  value  of  0  is  so  large  that  the  bend- 
ing moment  Mb  will  have  an  appreciable  effect  on  stress  and  the  distortion  in 
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the  coil.  The  stress  and  the  distortion  due  the  forces  N  and  S  will  be  com- 
paratively small  and,  as  in  the  previous  case,  it  is  customary  to  neglect  the 
effect  of  these  components. 

On  any  cross  section  of  the  wire  there  will  be  a  shearing  stress  due  to 
torsion,  the  maximum  intensity  of  which  is 

,        Mtr      SPDcobB  /10v 

U  "  77 xtf       ' (13) 

PD 
where  M%  =  -5-  cos  0  (equation  2),  and  a  stress  due  to  bending,  the  maximum 

intensity  of  which  is 

-      M\>r  _  16PDsinfl 
/sa     /    "        xd»        ' 


(14) 


where  Mb  =  -y  sin  d  (equation  3)  and  /  =  -2  —  -^j 


The  moment  axis  Mb  (Fig.  227),  of  the  couple  producing  the  bending  stress, 
coincides  with  the  line  of  intersection  of  the  cross  section  and  the  vertical 
plane  through  its  center.  Hence,  the  points  of  maximum  stress  intensity  are 
at  the  ends  of  the  horizontal  diameter,  and  the  stress  is  tension  at  the  inside 
and  compression  at  the  outside  of  the  coil. 

Substituting  in  equation  (9)  (Art.  164)  and  reducing,  we  obtain  for  the 
greatest  principal  stress  intensity, 

m  -  Yf[Mb  +VMb*  +  M?] 

8PD [sin*  +  Vsin1 6  +  cos8 d]  -  ^-^ (sin*  +  1),    ...     (15) 


XI 


d,  L™  w  ,  ,  ™  WJ      ^d3 


which  reduces  to  the  form  of  equation  (6)  when  B  =  0. 
Similarly,  from  (10)  (Art.  164)  we  obtain 


n,  =  ^(sin0-l) (16) 


The  greatest  shearing  stress  intensity  will  be  equal  to 

nx  -  m      8  PD 


*>  = 


-^  (Art.  81), (17) 


which  is  the  same  as  the  intensity  on  the  cross  section  normal  to  the  axis  of 
the  wire  in  the  closely  coiled  spring. 

The  bending  moment  Mb  will  produce  a  change  in  the  curvature  of  the 
wire  in  the  coil  and,  if  we  assume  that  the  relation  between  the  change  in 
curvature  and  the  bending  moment  is  the  same  as  for  a  straight  bar  of  the 
3ame  cross  section,  we  shall  have 

;-?,  =  §  (Art97) (18) 

where  n  =  the  initial  radius  of  curvature  and  r  =  the  radius  of  curvature  after 
bending.  This  equation  is  nearly  correct  when  n  is  several  times  as  large 
as  the  radius  of  the  wire. 
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If  we  let  di\  represent  the  change,  due  to  the  bending,  in  the  slope  of  the 
tangent  at  one  end,  relatively  to  that  at  the  other,  for  a  very  short  length  of 
the  wire  dl  =  rx  da  (Fig.  228),  we  shall  have 

1  **  «.wi  l  da  +  dii . 
—  =*  -37  ana  -  =  — r= —  : 
n      dl  r  dl       9 

and  hence  equation  (18)  will  take  the  same  form  as  that  for  the  straight  beam, 
namely, 

1  -  I  «  d±  «  Mi  an 

r     n      dl      EV uw; 

where  Mb  is  called  positive  when  the  bending  tends  to  increase  the  curvature. 
A  positive  bending  moment,  therefore,  will  decrease  the  diameter  of  the 
coil  and  increase  the  number  of  turns  which,  when  the  coil  is  right-handed  as 
shown  in  Fig.  (227),  will  result  in  a  right-handed  rotation  of  the  free  end 
about  its  axis,  as  seen  from  the  fixed  end  of  the  coil.  The  reverse  will  evi- 
dently be  true  when  the  bending  moment  is  negative.  Owing  to  the  slope  of 
the  helix,  the  bending  couple  will  also  produce  a  change  in  the  length  of  the 
coil. 


Fig.  228. 


Fig.  229. 


The  twisting  couple  Mt  will  produce  a  twist  in  the  wire,  which  will  result 
in  a  rotation  of  the  free  end  of  the  coil  about  the  axis,  in  addition  to  an 
elongation  of  the  coil.    \i  di  -  the  angle  of  torsion  in  the  length  of  wire  dl, 


m  -  k  <**■  157>- 


(20) 


The  total  rotation  and  the  total  axial  displacement  at  the  free  end  of  the 
coil,  due  to  the  bending  and  twisting  couples  combined,  can  be  determined  in 
the  following  manner.  For  the  sake  of  clearness  the  axes  OX,  OY  and  OXlt 
OYi  (Fig.  227)  are  reproduced  in  Fig.  (229).  The  rotations  di  and  dii  about 
the  axes  OX\  and  OY\  can  be  resolved  into  components  about  the  axes  OX 
and  OY  and  by  adding  these  components  the  resultant  rotations  about  OX 
and  OY  in  a  length  dl  of  the  wire  can  be  found. 

Let  d4>  —  the  resultant  rotation  in  the  length  dl  about  the  axis  of  OF  and 


=  Ml  am  6  cos  6 

P 

8PDJsin20/l       2\      8PDJsin20 
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dta  —  the  resultant  rotation  in  this  length  about  the  axis  OX.    Taking  the 
positive  directions  as  indicated  (Fig.  229), 

d<t>  —  sin  Bdi  —  cos  6  dii (21) 

and 

dta  —  cos  B  di  +  sin  6  dk (22) 

Substituting  the  values  of  di  and  dii  from  (19)  and  (20), 

Mt sin e  M      Mbcosdj,  /t>^ 

d4>ss-QT^dl El-* (23) 

and 

dM,M^s0dl  +  m^0dl 

Crip  til 

Since  these  component  rotations  are  uniform  for  the  entire  length  of  the 
spring,  the  rotation  of  the  free  end  about  the  axis  of  the  coil,  if  we  substitute 
the  values  of  Mt  and  Mb  from  (2)  and  (3)  and  reduce,  will  be  equal  to 

j  (M%  sin  6      Mb  cos  0\ 

+  -l\TGrp         ET~ ) 

\GTP  ~  El) 

g sin 2fl (I  _  2 \      SPDlan2e  (    . 

xd*         \G      Ej~      5ircW     '     *   *   '   *     {M) 

if  we  substitute  E  -  J  G  (Art.  7). 

Hence,  for  the  above  relation  between  2?  and  G,  the  rotation  at  the  free 
end  of  the  spring  is  right-handed  as  seen  from  the  fixed  end  and,  for  any  given 
load  P  and  length  of  wire  I,  the  rotation  is  a  maximum  when  $  =  45°  and 
approaches  zero  as  0  approaches  zero. 

In  a  similar  manner,  the  component  rotation  <a  for  the  entire  coil  becomes 

,/MicobO  ,  Af&sin0\  /<VAX 

"-'(-S7T  +  -BH <*> 

and  hence,  for  the  axial  displacement  of  the  free  end,  we  obtain 

.      Z>     _Dl/Mtcone      MbBmB\_8Pm fco8*e  ,  2sin»fl\ 
2W       2  V    GIP     +     EI      )'    *#    V~G~  +      E     ) 

when  -E  =  J  (?.    The  value  of  J  in  the  preceding  formulas  will  evidently  be 
equal  to 

I  =  mrDsec0 (28) 

It  becomes  evident  from  (27)  that  when  E  -  J  G  the  extension  of  the  spring 
for  any  given  length  of  wire  I  and  load  P  decreases  as  0  increases  and  that  the 
extension  approaches  the  value  given  by  equation  (9)  as  $  approaches  zero. 

Equation  (27)  might  have  been  obtained  by  equating  the  work  done  by 
the  load  P  during  the  displacement  to  the  resilience  due  to  the  torsion  pro- 
duced by  the  couple  Mt  (equation  10),  plus  the  resilience  due  to  bending 
under  the  uniform  bending  moment  Mb  (Art.  109,  equation  8)  and  solving 
for  6;  the  strain  energy  equation  being 

*2      2GIP  +  2EI tw' 
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It  will  be  observed  that  as  a  spring  elongates,  whether  it  is  open  or  close 
coiled,  the  angle  of  inclination  6  changes  and  that  in  order  to  obtain  correct 
results  from  the  foregoing  equations  the  final  rather  than  the  initial  value  of 
6  should  be  used.  For  a  spring  of  ordinary  dimensions,  however,  the  change 
in  6  is  so  small  that  sufficiently  accurate  results  are  obtained  by  using  its 
initial  value.  For  a  very  flexible  spring  the  accuracy  of  the  results  can  be 
increased  by  making  trial  solutions  with  estimated  final  values  of  6  until  the 
calculated  values  agree  closely  enough  with  the  estimated  values. 

As  previously  stated,  the  foregoing  equations  apply  equally  well  to  a  spring 
subjected  to  an  axial  load  in  compression,  the  axial  twist  and  the  change  in 
length  being  opposite  in  direction  simply  to  the  twist  and  extension  of  the 
tension  spring. 

While  it  is  customary  to  neglect  the  effect  of  the  normal  and  shearing  com- 
ponents N  and  S  (equations  4  and  5)  on  the  stress  and  deformation  in  a  spring, 
an  estimate  of  the  stress  intensity  and  the  total  elongation  due  to  shear  in  the 
wire  in  the  coil  can  easily  be  made  on  the  basis  of  the  assumption  that  the 
stress  on  any  cross  section,  due  to  N  or  S,  is  uniformly  distributed.  On  this 
basis  the  stress  intensity  due  to  the  component  &  on  a  cross  section  of  a  close 
coiled  spring,  having  the  dimension  D  —  bd  and  subjected  to  an  axial  load  P, 
would  be  about  10  per  cent  of  the  value  of  f»  due  to  the  twist  in  the  wire. 
The  effect  on  the  deformation  is  much  less;  the  elongation  in  a  coil,  having 
D  =  5  d,  due  to  a  distortion  in  shear  figured  on  the  above  assumption,  being 
about  2  per  cent  of  the  elongation  due  to  the  twist  in  the  wire.  The  stress 
intensity  and  the  elongation  of  the  coil  due  to  the  component  S  become 

relatively  less  as  the  ratio  -j  increases. 

168.  Helical  Spring  Subjected  to  an  Axial  Twist.  —  If  a  heli- 
cal spring  is  held  at  one  end  and  subjected  to  a  twisting  couple 

only,  in  a  plane  perpendicular 
to  the  axis  of  the  coil  at  the 
other,  the  wire  in  the  coil  will 
be  subjected  to  uniform  bend- 
ing, which  will  result  in  a  change 
in  the  diameter  and  also  in  the 
length  of  the  coil. 

We  will  follow  the  notation 
of  Art.  (167)  in  representing  the 
dimensions  of  the  spring  and 
will  let  M  =  the  moment  of  the 
couple  and  OY  and  OX  (Fig. 
230)  represent  the  pair  of  co- 
ordinate axes  through  the  center  of  gravity  of  any  cross  section  of 
the  wire,  such  as  0  (Fig.  227),  which  are  respectively  parallel  to  the 
axis  of  the  coil  and  tangent  to  the  cylinder  on  which  the  helix 


Fig.  230. 
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lies;  also  let  OXx  and  OYx  represent  the  axes  in  the  plane  XOY 
which  are  respectively  tangent  and  normal  to  the  helix  at  0. 
The  resultant  of  the  stress  on  the  cross  section  of  the  wire  at  0 
must  evidently  be  equal  to  the  couple  M  and,  if  the  bending  is 
positive,  causing  an  increase  in  the  curvature  of  the  wire,  the 
moment  axis  of  the  couple  will  be  represented  by  the  vector 
OM  (Fig.  230). 
The  couple  Af  can  be  resolved  into  a  couple 

Af&  =  Mcos0,  (1) 

causing  bending  in  the  wire  about  OYi  as  an  axis,  and  a  couple 

M,  =  Afsin0,      (2) 

causing  a  twist  in  the  wire  about  its  axis. 

Close  Coiled  Spring.  —  If  the  coil  is  closely  wound,  M%  will  be  so  small  as 
to  be  negligible  and  Mb  -  M,  very  nearly. 

The  greatest  stress  intensity  in  the  wire  due  to  the  bending  will  be  equal  to 

Mr_32M 

/-T~^~ w 

If  we  assume,  as  in  Art.  (167),  that  the  change  in  curvature  is  equal  to  -^j 

and  let  4>  =  the  angular  displacement  of  the  free  end  of  the  coil,  we  shall 

have 

d*     M  _  64M 

dl  ~  EI"  *d*B  ' w 

and  hence,  since  the  curvature  is  uniform  throughout  the  length  of  the  coil, 

^      Ml      MMl  ,_. 

+  =Tl  =  T#E (6) 

This  result  might  have  been  obtained  by  equating  the  work  done  by  the 
twisting  couple  to  the  resilience  due  uniform  bending  in  a  wire  of  length  I 
(Art.  109), 

~2*~2EI' m 

and  solving  for  the  value  of  0. 

The  value  of  I  in  the  above  equations  will  be  equal  tol  -  nrD  (very  nearly). 

Open  Coiled  Spring.  —  In  this  case,  the  twist  of  the  wire  about  its  axis 
must  be  taken  into  account  and  the  greatest  principal  stress  intensity  can  be 
found  by  substituting  the  values  of  Mb  and  Mt  in  equation  (11)  (Art.  164) 
giving 

ni  ~  27  ^Mh  +  VMb*  +  M*2J  =  ^  [M  cos  ^  +  V(Mcos0)»  +  (Msin0)*J 

16  M  ,      .  ,  -v  tW9  x 

--^-(cosf  +  l), (7) 

which  approaches  the  value  given  by  (3),  for  the  close  coiled  spring,  as  0 
approaches  zero. 
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Following  the  notation  of  Art;  (167)  the  rotation  about  the  axis  OY  (Fig. 
230),  in  a  length  dl,  will  be  equal  to 

d4>  —  sin  0  eft  +  coB6dil      (8) 

and,  similarly  the  rotation  about  OX  will  be  equal  to 

do>  =>  cob $di —  sine dii (9) 

Substituting  the  values  of  dii  and  di  from  equations  (19)  and  (20)  (Art. 
167)  and  reducing,  under  the  condition  that  the  component  rotations  are 
constant  throughout  the  length  of  the  coil,  we  obtain 

j/Mtemd      MbCOB$\      -../sin1*  ,  oos^X 

*  ■  l\Tair~ + ~et)  "  Ml  ym;  +-gr; 

V"^"+-J— j-^w<4+ilrf«»  •  •  •   (10) 


when  Q  —  |  E. 
Similarly, 


. /3f*  cos  0      MbBind\  „«. 

a"i\-Grv — w-)' (n) 


p 

and  hence  the  total  change  in  the  length  of  coil  will  be  equal  to 


Dl/Mtcoae      AfftsinflX  _8MPisin2fl/l       2\ 
2  V    GIP  EI    )~         *d*        \G      E) 


4  MDl  sin  2  6 
"         ^E        ' (12} 

when  0  —  |  E.    The  value  of  I  in  this  case  will  be  equal  to 

I  -nxDsec* (13) 

It  is  evident  that  when  the  twist  is  in  the  opposite  direction  to  that  as- 
sumed (Fig.  230),  the  magnitude  of  the  angle  of  twist  and  the  axial  displace- 
ment at  the  free  end  can  be  determined  directly  from  the  foregoing  equations, 
since  the  signs  for  both  of  the  component  couples  and  both  of  the  component 
rotations  will  be  reversed. 

169.  Helical  Spring  Subjected  to  a  Combined  Axial  Load  and 
Twist  —  If  a  helical  spring  is  subjected  to  an  axial  load,  com- 
bined with  a  twisting  couple  in  a  plane  perpendicular  to  the 
axis  of  the  coil,  the  stress  intensity  and  the  component  displace- 
ments can  be  found  by  resolving  both  the  couple  due  to  the 
axial  load  and  the  twisting  couple  into  components  M%  and  M &, 
as  shown  in  Articles  (167)  and  (168),  and  combining  to  obtain  a 
resultant  couple  EM « producing  a  twist  in  the  wire  about  its  axis, 
and  a  resultant  bending  couple  EAf  &. 

The  maximum  stress  intensity  and  the  angle  of  twist  and  the 
axial  displacement,  at  the  free  end  of  the  coil,  can  then  be  found 
by  substituting  the  values  of  EM*  and  EM*  for  Mt  and  Mb  in 
the  general  formulas  (15),  (25)  and  (27),  (Art.  167),  for  the  open 
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coiled  spring,  taking  proper  account  of  signs.  If  the  spring  is 
close  coiled  the  solution  can  be  simplified  by  putting  0  =  0  in 
the  above-mentioned  equations. 

170.  Spring  of  Hollow  Circular  Section.  —  If  the  helical 
spring,  in  any  of  the  preceding  cases  (Arts.  167-169),  were  made 
of  a  hollow  circular  tube,  the  maximum  stress  intensity,  the 
angle  of  twist  and  the  axial  displacement  at  the  free  end  could 
evidently  be  found  by  substituting  the  values  of  Ip  and  J,  for  the 
hollow  section,  in  the  general  equations  and  reducing,  in  the  same 
manner  as  for  the  solid  circular  section. 

171.  Spring  of  Non-Circular  Section.  —  If  a  helical  spring  in 
any  of  the  cases  given  (Arts.  167-169)  is  made  up  of  wire  having 
a  square,  rectangular  or  elliptical  section,  the  twisting  and  bend- 
ing couples  acting  at  any  cross  section  of  the  coil  can  be  found  in 
the  same  manner  as  in  the  case  of  a  spring  of  circular  section. 

The  maximum  stress  intensity  can  be  estimated  by  calculating 
the  greatest  normal  stress  intensity  by  the  theory  of  simple 
bending  (Art.  66)  and  the  greatest  shearing  stress  intensity  from 
one  of  the  equations  in  Art.  (162)  and  substituting  these  values 
in  equation  (9)  (Art.  164);  determining  the  maximum  principal 
stress  intensity  in  the  same  manner  as  in  the  case  of  the  non- 
circular  bar  subjected  to  torsion  and  bending  (Art.  166). 

The  angle  of  twist  and  the  axial  displacement  at  the  free  end 
of  the  coil,  due  to  any  combination  of  axial  loads  and  twisting 
couples,  can  be  estimated  by  substituting  in  the  general  equations 
for  a  spring  of  circular  section,  subjected  to  the  same  combina- 
tion of  loads  (Arts.  167-169),  the  value  of  C  (Art.  162),  for  Ip; 
and  by  substituting  for  I  the  value  of  the  moment  of  inertia  of 
the  cross  section  about  the  principal  axis  which  is  parallel  to 
the  axis  of  the  coil. 

172.  Time  of  Oscillation  of  a  Spring.  —  If  a  weight  W  is 
attached  to  the  free  end  of  a  helical  spring  and  the  spring  is  set 
in  vibration  under  this  load  by  extending  the  coil  in  the  direction 
of  the  axis  and  then  releasing  it,  the  spring  will  oscillate  for  a 
time  before  coming  to  rest. 

Since  the  extension  of  the  coil  is  proportional  to  the  force 
applied,  the  motion  of  the  weight  W  will  be  harmonic  and  the 
time  of  a  complete  oscillation  can  be  determined  in  the  following 
manner. 

We  will  restrict  the  analysis  to  the  close  coiled  spring  and  let 
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Pi  =  the  unbalanced  force  exerted  by  the  spring  on  the  weight 
when  it  is  displaced  a  distance  5i  from  its  mean  position. 
The  time  of  a  complete  oscillation  will  then  be  equal  to 

r«2xy/|=2xy^   (Art  159,  Vol.  I),     .    .     (1) 

.  F     P, 

where         a  =  n  =  W9m 

p 
The  value  of  the  ratio  -rl  for  a  spring  of  any  given  dimen- 

sions  can  easily  be  determined  from  equation  (9)  (Art.  167). 

When  the  axis  of  the  coil  is  vertical  and  the  weight  W  is  sus- 
pended from  the  free  end,  equation  (1)  can  be  simplified  as 
follows: 

Let  6  =  the  vertical  displacement  of  the  free  end  under  a 

static  load  W,  which  will  evidently  be  the  mean  displacement  of 

the  weight  W  when  the  spring  is  vibrating. 

Then 

W  +  Pi  ssW  =  P1 

5  +  5i         8        Si9 

and  hence 

•  -£ m 


Substituting  this  value  in  (1), 

/a 

(3) 

g 

In  the  above  analysis,  the  weight  of  the  spring  has  been  neg- 
lected, it  being  assumed  to  be  small  compared  with  the  weight  W. 

Similarly,  if  the  close  coiled  helical  spring,  with  a  weight  W 
attached  to  the  free  end,  is  set  to  oscillating  about  its  axis  in 
torsion,  the  angular  displacement  of  the  free  end  will  be  propor- 
tional to  the  twisting  couple  and,  by  analogy,  the  time  of  a  com- 
plete oscillation  will  be  equal  to 


& 


T  =  2xy^, (4) 

where  a  =  -j^g,  Mi  =  the  torque  exerted  by  the  spring  when  <fa  = 

the  angular  displacement  of  the  weight  and  Iw  =  the  moment 
of  inertia  of  the  weight  about  the  axis  of  the  coil,  which  in  this 
case  must  be  a  principal  axis  of  the  weight. 
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Hence 


T-**\l'iw, 


A <5> 

Mi 
where  the  ratio  —  can  be  readily  obtained  from  equation  (5) 

(Art.  168).    As  before,  the  weight  of  the  spring  is  assumed  to 
be  negligible  compared  to  the  weight  W. 

173.  Problems  —  Shafting  and  Springs. 

Problem  1. 

Find  the  twisting  moment,  or  torque,  which  will  produce  a  maximum 
shearing  stress  of  9000  lbs.  per  sq.  in.  in  a  solid  shaft  4"  diameter.  What  is 
the  angle  of  torsion  in  a  length  of  10  ft.,  if  G  =  12,000,000  lbs.  per  sq.  in.? 

Solution.  —  Transposing  equation  (7)  (Art.  156)  and  substituting  the 
numerical  values,  we  obtain 

M^JJ£wm  9000*8  _  n3         m  lbg  =  g425       lbfl 
r  2 

Substituting  in  equation  (1)  (Art.  157),  we  obtain 

.Mx^    113,100X120X2   _Q015rad  _258o 
%      Glp      12,000,000  X  x  X  16  "  UU*d  ™1'  "  *M  ' 

or  by  substituting  in  (2)  (Art.  157), 

i=f*=    9000X120     jQ015rad  ai68o 
%      Or       12,000,000  X  2      UU4&  nAm      ^W  ' 

Problem  2. 

A  pulley  is  keyed  to  a  solid  shaft  4"  diameter.  If  the  moment  of  inertia 
of  the  pulley  and  shaft  about  the  axis  of  the  shaft  is  30,000  lbs.  (ft.)*,  find 
what  twisting  moment  applied  to  the  shaft  is  necessary  to  impart  to  the  pulley 
a  speed  of  300  revolutions  per  minute  in  10  seconds.  Find  the  greatest 
intensity  of  the  shearing  stress  in  the  shaft  due  to  this  twisting  moment. 

Problem  3. 

Find  the  diameter  of  a  solid  shaft  required  to  fulfil  the  conditions  that  the 
maximum  shearing  stress  due  to  torsion  =  8000  lbs.  per  sq.  in.  and  the  angle 
of  torsion  in  a  length  of  10  ft.  is  2.5°.    Assume  G  =  12,000,000  lbs.  per  sq.  in. 

Problem  4. 

In  a  test  made  on  a  piece  of  solid  Tobin  Bronze  shafting  1J"  diameter  the 
increase  in  the  angle  of  torsion  in  a  length  of  25",  between  a  torque  of  1920 
in.  lbs.  and  a  torque  of  4450  in.  lbs.,  was  4.17°.    Find  the  modulus  of  rigidity. 

Problem  5. 

Solve  Problem  4  for  a  shaft  If"  diameter  and  an  angle  of  torsion,  between 
a  torque  of  2250  in.  lbs.  and  a  torque  of  13,500  in.  lbs.,  of  2.22°. 
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Problem  6* 

The  following  data  were  obtained  from  a  torsion  test  of  a  piece  of  hot 
rolled  steel  shafting: 

Length  of  specimen  between  jaws  of  testing  machine.  48  ins. 

Diameter  of  cross  section 1 .  63  ins. 

Length  in  which  the  angle  of  torsion  was  measured . .  30  ins. 

Twisting  moment  at  elastic  limit 20,400  in.  lbs. 

Maximum  twisting  moment  before  fracture 67,320  in.  lbs. 

Angle  of  torsion,  between  twisting  moments  of  1800 

in.  lbs.  and  19,800  in.  lbs 3.95° 

Number  of  twists  of  specimen,  between  the  jaws  of 

testing  machine,  at  fracture 13. 3 

Find: 

(a)  The  elastic  limit  in  torsion, 

(b)  The  modulus  of  rupture  in  torsion, 

(c)  The  modulus  of  rigidity, 

(d)  The  number  of  turns  per  foot  of  length  at  fracture. 

Problem  7. 

Find  the  greatest  allowable  torque  that  may  be  applied  to  a  hollow  shaft 
16"  outside  diameter  and  10"  inside  diameter,  provided  the  greatest  intensity 
of  shearing  stress  is  8000  lbs.  per  sq.  in.  Find  the  angle  of  torsion  in  a  length 
of  10  ft.,  assuming  G  =  12,000,000  lbs.  per  sq.  in. 

Problem  8. 

Determine  the  percentage  increase  in  the  torque  and  also  in  the  weight 
per  unit  length  of  a  solid  shaft  having  the  same  outside  diameter  as  that 
of  the  hollow  shaft  in  Problem  (7).  Compare  the  torsional  rigidity  of  the 
solid  shaft  with  that  of  the  hollow  shaft. 

Problem  9. 

Determine  the  allowable  torque  for  a  solid  shaft  of  the  same  material  and 
having  the  same  weight  per  unit  length  as  the  hollow  shaft  in  Problem  (7). 
Compare  the  torsional  rigidities  of  the  two  shafts. 

Problem  10. 

Determine  the  resilience  in  torsion  of  the  hollow  shaft  in  Problem  (7) 
when  the  greatest  shearing  stress  intensity  is  8000  lbs.  per  sq.  in.  Compare 
this  result  with  the  resilience  of  the  solid  shaft,  having  the  same  outside 
diameter,  under  the  same  maximum  stress  intensity. 

Problem  11. 

Find  the  horse-power  that  a  solid  shaft  3"  diameter  will  transmit,  at  a 
speed  of  150  revolutions  per  minute,  provided  the  greatest  allowable  shearing 
stress  intensity  is  9000  lbs.  per  sq.  in.  Find  the  angle  of  torsion  in  a  length 
of  20  feet.    G  =  12,000,000  lbs.  per  sq.  in. 
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Problem  13. 

Find  the  home-power  that  a  hollow  shaft  12"  outside  diameter  and  8" 
inside  diameter  will  transmit  at  a  speed  of  100  revolutions  per  minute,  pro- 
vided the  maximum  allowable  shearing  stress  intensity  is  8000  lbs.  per  sq.  in. 
Find  the  angle  of  torsion  in  a  length  of  50  ft.  G  =  12,000,000  lbs.  per  sq.  in. 


Problem  IS. 

Assuming  the 
lbs.  per  sq.  in.,  deduc 


where  d  —  the  diameter  of  the  solid  shaft  required  to  transmit  a  given  horse- 
power. By  use  of  the  above  formula  determine  the  diameter  of  a  shaft 
required  to  transmit  60  horae-power  at  300  revolutions  per  minute. 

Problem  14, 

A  length  of  shaft,  3"  diameter,  supported  in  hangers  6  ft.  from  center  to 
center  (Fig.  231),  transmits  40  horse-power  from  the  belt  on  pulley  No.  1  to 
that  on  pulley  No.  2,  at  a  speed  of  300  revolutions  per  minute.  The  tight 
and  loose  sides  of  the  belt  on  each  pulley  are  parallel  and  the  belt  on  No.  1 
is  horizontal  and  that  on  No.  2  runs  at  45"  with  the  horizontal,  as  indicated. 

Pulley  No.  1  is  42"  diameter  and  weighs  100  lbs.  and  pulley  No.  2  is  48" 
diameter  and  weighs  150  lbs. 


Fig.  231. 


Determine  the  greatest  stress  intensity  in  the  shaft,  neglecting  the  weight 
of  the  shaft,  the  effect  of  centrifugal  force  in  the  belt  (Art.  191,  Vol.  I)  and 
assuming  that  the  sum  of  the  tensions  on  the  tight  and  loose  sides  is  2.5  times 
the  effective  pull,  or  Ti  +  T,  -  2.5  (7\  -  T,).  Determine  the  greatest  value 
of  the  product  Ee,,  of  the  strain  and  modulus  of  elasticity. 

Solution.  —  The  torque 


JH,= 


40  X  33,000 
2r300      ' 


700  ft.  lbs.  =  8400  in.  lbs. 
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Hence 


2V  -  TV  - 


8400 

21 
8400 

24 


400  lbs.  and  7\  +  T,  -  2.5  X400  -  1000  lbs., 
350  lbs.  and  7Y  +  77  -  2.5  X  350  -  875  lbs. 


Resolving  the  forces  acting  on  the  shaft  into  H  and  V  components  and 
calculating  the  reactions  at  the  end  bearings,  we  obtain  the  system  of  vertical 
components,  shown  in  Fig.  (232  a),  and  the  system  of  horizontal  components, 
shown  in  Fig.  (232  6).  The  bending  moments  at  the  pulleys,  due  to  the 
vertical  forces  will  be 

M i  -  12  X  211.5  -  2538  in.  lbs., 

Aft  =  12  X  057.5  =  7890  in.  lbs.; 

and  the  bending  moments  due  to  the  horizontal  forces  will  be 

Mi'  -  12  X  730  -  8760  in.  lbs., 
M*'  -  12  X  349  ->  4188  in.  lbs., 

the  bending  moment  diagrams  being  indicated  in  the  sketches. 


Vertical  Components 


in.IU. 


Miat78e0 
Hbrftontal  Componenti 


If  4U0  fault*. 


(») 


Fig.  232. 


The  resultant  bending  moment  at  pulley  No.  1  will  be  equal  to 

V(M i)»  +  (M i')1  -  9120  in.  lbs., 
and  the  resultant  bending  moment  at  pulley  No.  2  will  be  equal  to 

V(Jlf,)»  +  (Af,')»  -  8930  in.  lbs. 

Hence  the  greatest  bending  moment  in  the  shaft  is  at  pulley  No.  2  and 

Mi,  «  9120  in.  lbs. 

Substituting  in  equation  (12)  (Art.  164)  we  obtain,  for  the  greatest  normal 
stress  intensity,    ' 

*i  -  -Ti  [9120  +  V(9120)*  +  (8400)«J 

TO8 

-  7^-  (9120  +  12,400)  =  4060  lbs.  per  sq.  in.; 
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and,  by  substituting  in  equation  (19)  (Art.  164),  we  obtain,  for  the  greatest 
value  of  Ed, 

Ed  -  -4i  (3  X  9120  +  5  X  12,400)  «  4210  lbs.  per  sq.  in. 

The  angle  between  the  normal  to  the  principal  plane  and  the  normal  to  the 
Gross  section  can  be  found  by  substituting  in  equation  (8)  (Art.  164),  which 
will  give 

tan2«-gg  =  0.921, 

2a -42.6°    and    a  -  21.3°. 

Problem  1ft. 

Determine  the  diameter  of  the  shaft  required  in  Problem  (14)  to  satisfy 
the  condition  that  the  greatest  principal  stress  intensity  shall  not  exceed 
7000  lbs.  per  sq.  in.  Determine  the  diameter  required  to  satisfy  the  condi- 
tion that  the  maximum  value  of  Ee\  shall  not  exceed  7000  lbs.  per  sq.  in. 

Problem  16. 

A  length  of  shafting,  4"  diameter,  supported  at  the  ends  by  hangers  8  ft. 
apart  from  center  to  center,  transmits  60  h.p.  from  a  pulley  5  ft.  diameter, 
weighing  150  lbs.,  placed  with  its  center  2  ft.  from  the  center  of  one  hanger,  to 
a  pulley  4  ft.  diameter,  weighing  100  lbs.,  placed  with  its  center  2  ft.  from  the 
center  of  the  other  hanger.  The  belt  on  the  first  pulley  is  horizontal  and  on 
the  other  vertical.  If  the  speed  of  the  shaft  is  360  revolutions  per  minute  and 
it  is  assumed  that  sum  of  the  tensions  of  the  tight  and  loose  sides  of  the  belt 
on  each  pulley  is  equal  to  2.5  times  the  difference  of  the  tensions,  find  the 
greatest  principal  stress  intensity  in  the  shaft,  neglecting  the  weight  of  the 
shaft.  Find  the  angles  which  the  principal  planes  of  stress  at  the  point  of 
maximum  stress  intensity  make  with  the  axis  of  the  shaft. 

Problem  17* 

Find  the  product  Et\  of  the  modulus  of  elasticity  and  the  greatest  prin- 
cipal strain  in  the  shaft  in  Problem  (16),  assuming  m  «  4. 

Problem  18. 

A  solid  shaft,'  6"  diameter,  is  subjected  to  a  maximum  bending  moment  of 
200,000  in.  lbs.  If  the  shaft  turns  at  a  speed  of  100  revolutions  per  minute 
what  horse-power  can  be  transmitted,  provided  the  greatest  intensity  of  stress 
in  the  material  does  not  exceed  8000  lbs.  per  sq.  in. 

Problem  19. 

A  solid  propeller  shaft,  6"  diameter,  transmits  400  horse-power  at  a  speed 
of  100  revolutions  per  minute.  If  the  thrust  of  the  screw  is  6000  lbs.,  find 
the  maximum  intensity  of  compressive  stress  in  the  shaft  when  the  bending 
stresses  are  negligible. 

Problem  SO* 

Solve  Problem  (19)  when  there  is  a  bending  moment  of  20,000  in.  lbs.  in 
addition  to  the  thrust  and  the  twisting  moment. 
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Fig.  233. 


Problem  21. 

The  horizontal  bar  AB,  4"  diameter,  is  fixed  at  the  end  A  and  is  subjected 
to  a  vertical  load  supported  on  the  end  of  the  horizontal  arm  BC,  which  is 
perpendicular  to  the  axis  of  the  bar  (Fig.  233) .  Find  the  magnitude  of  P,  on  the 
assumption  that  the  greatest  principal  stress  intensity  rti  «  8000  lbs.  per  sq.  in. 

Problem  22. 

Find  the  magnitude  of  the  load 
P  in  Problem  (21)  on  the  assump- 
tion that  the  product  Eex  -  8000 
lbs.  per  sq.  in. 

Problem  28. 

If  the  bar  in  Fig.  (233)  is  hollow 
and  d  —  the  outside  diameter  and 
d\  =  the  inside  diameter,  determine 
the  diameter  of  the  bar  required  to 
support  a  load  of  3000  lbs.  at  C 
under  the  conditions  of  Problem  (21),  assuming  di  =  f  d. 

Problem  24. 

If  the  force  P,  acting  on  the  bar  in  Problem  (21),  were  replaced  by  a  force 
of  2000  lbs.,  acting  in  the  vertical  plane  through  C,  which  is  parallel  to  the 
axis  of  the  bar,  and  making  an  angle  of  30°  with  the  horizontal  plane  through 
AB  and  BC,  determine  the  greatest  stress  intensity  in  the  bar. 

Problem  25. 

Calculate  the  moment  of  resistance  in  torsion  of  a  straight  bar  of  elliptical 
cross  section  4"  X  2",  assuming  /,  =  8000  lbs.  per  sq.  in.  Determine  the 
angle  of  torsion  in  a  length  of  50"  under  a  torque  equal  to  the  above  moment 
of  resistance,  assuming  G  =  12,000,000  lbs.  per  sq.  in. 

Problem  26. 

Solve  Problem  (25)  for  a  bar  having  a  rectangular  cross  section  4"  X  2". 

Problem  27. 

Solve  Problem  (25)  for  a  bar  having  a  cross  section  2"  square. 

Problem  28. 

Solve  Problem  (21),  replacing  the  round  bar  with  a  bar  4"  square. 

Problem  29. 

A  close  coiled  helical  spring,  having  the  dimensions  D  =  2",  d"  i", 
n  —  12  (Art.  167),  is  subjected  to  an  axial  load  P  in  tension.  Find  the  allow- 
able load  on  the  spring  and  the  elongation  of  the  coil,  assuming  f»  »  30,000 
lbs.  per  sq.  in.,  G  =  12,000,000  lbs.  per  sq.  in. 

Note.  —  Solve  by  using  equations  (6)  and  (9)  (Art.  167). 
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Problem  80. 

An  open  coiled  spring,  having  the  dimensions  D  =  2",  d  =  }",  $  =  30°, 
the  number  of  turns  being  the  same  as  for  the  spring  in  Problem  (29),  is  sub- 
jected to  an  axial  load  P  in  tension.  Find  the  allowable  load  on  the  spring 
and  the  elongation  of  the  coil,  assuming  nx  =  30,000  lbs.  per  sq.  in.,  O  — 
12,000,000  lbs.  per  sq.  in. 

Find  the  angle  of  twist  at  the  free  end  of  the  cofl. 

Note.  —  Solve  by  use  of  equations  {15),  (28),  (27)  and  (25)  (Art.  167)  and 
compare  results  with  those  obtained  in  Problem  (29). 

Problem  31. 

Find  the  suitable  dimensions  for  a  helical  spring  of  round  wire  to  support 
an  axial  load  of  2000  lbs.  in  compression,  with  an  axial  displacement  of  2", 
assuming /«  -■  50,000  lbs.  per  sq.  in.,  G  =  12,000,000  lbs.  per  sq.  in. 

Note.  —  Use  the  formulas  for  the  close  coiled  spring  and  determine  first 

the  value  of  the  ratio  -^ .     Having  this  ratio,  decide  on  the  values  of  d  and 

D  which  will  give  a  spring  of  correct  proportions.  Then  determine  the  length 
of  wire,  number  of  coils  and  initial  height  of  spring  necessary  to  give  the 
required  displacement. 

Problem  32. 

A  close  coiled  helical  spring,  having  the  dimensions  D  =  3",  d  =  |" 
n  —  10,  is  fixed  at  one  end  and  subjected  to  a  twisting  couple  of  400  in.  lbs. 
at  the  other,  in  a  plane  perpendicular  to  the  axis  of  the  coil.  Determine  the 
greatest  stress  intensity  and  the  angle  of  twist  at  the  free  end  of  the  coil. 

Note.  —  Use  equations  (3)  and  (5)  (Art.  168). 

Problem  33. 

An  open  coiled  helical  spring,  having  the  dimensions  D  »  3,  d  =  §", 
0  —  30°,  and  the  same  length  of  wire  in  the  coil  as  the  spring  in  Problem  (32), 
is  fixed  at  one  end  and  subjected  to  a  torque  of  400  in.  lbs.  about  the  axis  of 
the  coil  at  the  other.  Determine  the  greatest  stress  intensity,  the  angle  of 
twist  and  the  axial  displacement  at  the  free  end. 

Note.  —  Use  equations  (7),  (13),  (12)  and  (10),  (Art.  168)  and  compare 
results  with  those  obtained  in  Problem  (32). 

Problem  34. 

Solve  Problem  (29),  substituting  a  wire  J"  square  for  the  round  wire. 
(See  Art.  171.) 

Problem  35. 

Solve  Problem  (32)  substituting  a  wire  §"  square  for  the  round  wire.  (See 
Art.  171.) 

Problem  36. 

Solve  Problem  (31)  substituting  a  square  wire  for  the  round  wire. 


CHAPTER  XI, 

CURVED  BARS. 

174.  Definition  and  Limitations.  —  A  curved  beam  may  be 
defined  as  a  bar  subjected  to  bending  by  the  action  of  external 
forces,  the  central  axis  of  which  in  the  unstrained  state  is  a  plane 
curve.  The  stresses  and  strains  due  to  external  forces  acting  upon 
a  straight  beam,  under  certain  limitations,  have  been  determined 
in  Chapters  IV  and  V.  Similar  limitations  will  be  imposed  in 
developing  the  theory  for  curved  beams,  namely:  (a)  the  ma- 
terial is  homogeneous,  (6)  the  central  axis  passing  through  the 
center  of  gravity  of  every  cross  section  is  a  plane  curve,  (c)  every 
cross  section  is  symmetrical  with  respect  to  its  line  of  intersection 
with  the  plane  of  the  central  axis,  the  term  cross  section  being  used 
to  indicate  a  section  normal  to  the  central  axis;  (d)  the  external 
forces  are  in  equilibrium  and  act  in  the  plane  of  the  central  curve. 
Under  these  conditions  the  elastic  curve  (Art.  95)  formed  by  the 
central  axis  of  the  beam  after  bending  will  be  a  plane  curve 
located  in  the  plane  of  the  original  central  curve. 

175.  Curved  Bar  Subjected  to  Uniform  Bending.  —  If  a 
curved  bar  is  subjected  to  bending,  under  the  limitations  in 
Art.  (174),  by  equal  and  opposite  couples  acting  at  the  ends,  the 
resultant  of  the  stress  on  any  cross  section  of  the  bar  will  evidently 
be  a  couple,  equal  in  magnitude  to  the  terminal  couples  and  the 
bending  moment  will  be  uniform  throughout  the  bar. 

If  the  three  assumptions,  which  were  made  in  the  theory  of 
bending  of  straight  bars  (Art.  66)  are  held  to  be  true,  however, 
the  stress  on  a  cross  section  will  not  be  uniformly  varying  and 
the  line  of  zero  intensity,  or  the  neutral  axis  of  the  stress,  will 
not  pass  through  the  center  of  gravity  of  the  section.  Hence  the 
formulas  for  the  stress  intensity  and  deflection  in  a  straight  bar 
will  not  give  correct  values  for  a  bar  having  an  initial  curvature. 

Let  Fig.  (234  a)  represent  a  curved  bar  in  the  unstrained  state 
and  AB  and  GH  two  radial  cross  sections  intersecting  the  central 
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axis  of  the  bar  at  N  and  T,  the  portion  of  the  axis  NT  being  so 
small  that  it  may  be  considered  to  be  the  arc  of  a  circle.  Let 
r,  —  the  initial  radius  of  curvature  of  the  arc  AT  and  I  =  its 
length;  let  U  =  the  length  RS,  intercepted  by  the  cross  sections 
AB  and  OH  on  a  layer  at  any  distance  y  from  the  central  axis, 
and  let  <j>  =  the  angle  between  AB  and  GH.    Under  the  action 


Fin.  234. 

of  two  equal  and  opposite  terminal  couples  M  (Fig.  234  6),  the 
bar  will  undergo  a  change  in  curvature  and  layers,  or  fibers, 
parallel  to  the  central  axis  and  lying  on  the  side  of  an  unstrained 
neutral  layer  opposite  to  the  center  of  curvature,  will  be  elon- 
gated, while  those  on  the  same  side  as  the  center  of  curvature  are 
shortened.  The  planes  of  the  cross  sections  AB  and  GH  will 
intersect  in  a  straight  line  passing  through  the  center  of  curva- 
ture of  AT,  the  angle  between  them  being  changed  a  small  amount 
5<t>,  where  S  represents  the  ratio  of  the  increment  in  *  to  its  original 
value,  analogous  to  the  longitudinal  strain  e  (Art.  4).  The 
bending  moment  M  will  be  called-  plus  when  it  tends  to  increase 
the  curvature  and  minus  when  it  tends  to  decrease  the  curvature. 
We  will  let  r  =  the  final  radius  of  curvature  of  the  arc  NT, 
a,  =  the  strain,  or  extension,  in  the  central  axis  and  e  =  the 
extension  in  the  layer  at  the  distance  y  from  the  central  axis, 
the  change  in  y,  due  to  the  deformation,  being  neglected.  The 
sign  of  y  will  be  plus  when  it  is  measured  away  from  the  center 
of  curvature  and  minus  when  it  is  measured  toward  the  center, 
and  tensile  stresses  and  strains  will  be  called  plus  and  compressive 
stresses  and  strains,  minus.  The  length  of  the  portion  of  the 
central  axis  AT,  between  the  cross  sections  AB  and  GH,  after 
bending,  will  then  be  equal  to  I  +  ed  and  the  length  of  the  layer 
RS  will  be  equal  to  Z|  +  eh- 
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It  will  follow  from  the  assumption  that  plane  cross  sections 
remain  plane  after  bending  that 

.l-ri*» (1) 

I  +  ej,  =  r  (*  +  «*), (2) 

Ii  =  (ri  +  y)* (3) 

and 

li  +  di  =  (r  +  y)  (*  +  «*) (4) 

Dividing  (4)  by  (3)  and  transposing, 

e-   fo+lf)* — * (5) 

and  dividing  (2)  by  (1), 

1  +  eo  =  rJ^) (6) 

*  r 


Hence, 


and  substituting  in  (5), 


c_n(r  +  y)(l  +  €b)     t 

*■  fa  +  y) 


Since  the  resultant  of  the  stress  on  the  cross  section  AB  is  a 
couple,  if  we  let  /  =  the  intensity  of  the  normal  stress  at  any 
point  at  a  distance  y  from  the  central  layer  and  observe  that 
under  the  assumptions  of  the  theory 

we  shall  have 

JfdA-EfedA  -  jmi  +  *>  g  -  Q/^A 

+  EeofdA  -  0; 
and  henoe 

ri(l  +  eo)(l-^JQi  +  eoA^09 (8) 
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where  A  =  the  area  of  the  cross  section  and 


*  Si^i**- 


which  may  be  called  a  modified  moment  of  the  cross  section 
about  the  axis  through  its  center  of  gravity.-  It  is  evident  that 
the  value  of  Q\  approaches  zero  as  rx  increases. 

The  moment  of  the  couple  formed  by  the  stress  on  AB  will  be 
equal  to 

+  EeojydA (9) 

But  f  ydA  =  0,  and  hence 

=  ri(l  +  eo)^-iJQ2, (10) 

where  Q%  =  /  — t—  dA  may  be  called  a  modified  moment  of 

J  t\  t  y 

inertia  of  the  cross  section.    It  is  evident  that  as  n  increases 

Qs  approaches  the  value  — ,  the  moment  of  inertia  of  the  cross 

section,  about  the  axis  through  its  center  of  gravity,  divided  by 
the  radius  of  curvature. 
From  the  simultaneous  solution  of  (8)  and  (10)  we  obtain 

MQi  nn 

*--*A5 (11) 

and,  by  substituting  this  value  in  (10)  and  transposing, 

11  M 


'  n"»*('-^) 


MA (l2) 


Substituting  the  values  of  «b  and  ( j  in  (7),  we  obtain 

_rtf/_  /  MA  \  /    _  MQA      MQt 

n  +  y  \n  {EAQ*  -  MQ{)}  \l      EAQj     EAQt 

^EQti^+^-j) (13) 
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Hence 

J  Qt\ri  +  y     A/ 

The  values  of  Qi  and  Qs  can  be  conveniently  determined  by 
writing 

*  -S*T-vdA  "/(' "  ST>  "  A  "  Bl  ■    (15) 

where     B^nf-^-, (16) 

Jn  +  y' 

-  0  -  r,A  +  nfi  =  -  n  (A  -  B) (17) 

Substituting  the  values  of  Q\  and  Q%  in  (14) 

M        I    y         A-B\ 

~n(B-A)\A      n  +  y} U8; 

If  we  let  j/o  =  the  distance  from  the  center  of  gravity  to  the 
neutral  axis  of  the  stress,  we  shall  obtain,  by  substituting  y<>  for 
y  and  putting  (18)  equal  to  zero, 

'     B        n 

A      ri  +  y0' 
and  hence 

An             A  —  B  ,  a\ 

!/o  =  -g  -  n  =  — g —  n (19) 

Since  5  will  be  greater  than  A,  y0  will  be  negative;  which  indi- 
cates that  the  neutral  axis  lies  on  the  same  side  of  the  center 
gravity  as  the  center  of  curvature,  or  inside  of  the  central  layer 
of  the  beam. 

An  inspection  of  (18)  will  show  that  the  greatest  stress  inten- 
sity will  occur  either  in  the  inside  or  the  outside  layer  of  the  bar 
and  that  the  distribution  of  the  stress  over  any  cross  section  will 
depend  on  the  value  of  B  for  the  section. 

If  the  curvature  of  the  bar  is  constant,  that  is,  if  the  central 
axis  is  a  circle,  the  value  of  B  will  be  constant  and  the  maximum 
stress  intensity  and  the  distribution  of  the  stress  on  every  cross 
section  will  be  the  same;  but,  if  the  curvature  varies,  B  will  vary 
and  hence  the  maximum  stress  intensity  will  vary  from  section  to 
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section,  although  both  the  bending  moment  and  cross  section  are 
uniform  throughout  the  bar. 

It  should  be  observed  that,  as  rx  increases,  equation  (14)  ap- 
proaches the  form  of  the  equation  for  the  normal  stress  intensity 
in  the  straight  beam, 


/- 


-MV . 


(20) 


and  it  will  be  found  that,  in  cases  where  the  radius  of  curvature 
is  large  compared  with  the  dimensions  of  the  cross  section,  suffi- 
ciently accurate  results  can  be  obtained  by  using  (20 )  for  calcu- 
lating the  stress  intensity  in  place  of  the  more  complex  formulas 
(14)  or  (18). 

176.  Curved  Bar  Subjected  to  Ordinary  Bending.  —  When  a 
curved  bar  is  subjected  to  ordinary  bending  by  any  balanced 


Fig.  235. 


system  of  forces,  acting  in  the  plane  of  curvature  as  indicated 
in  Fig.  (235),  the  forces  acting  on  the  part  of  the  bar  on  either 
side  of  a  cross  section  AB  can  be  resolved  into  a  set  of  normal 
components,  acting  along  the  axis  OX,  through  0  the  center  of 
gravity  of  the  section,  a  set  of  shearing  components,  acting  along 
OY,  and  a  system  of  couples.  By  combining  these  components 
the  system  can  be  reduced  to  a  single  normal  force 

P  =  2X, (1) 

acting  through  0,  a  shearing  force 

S  =  2F, (2) 

acting  along  AB,  and  couple 

M~2Fa9 (8) 
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where  F  represents  any  force  acting  on  the  beam  and  a  represents 
the  distance  from  0  to  its  line  of  action.  The  normal  component 
P  will  produce  a  uniform  stress  over  the  cross  section,  the  in- 
tensity of  which  will  be  equal  to 

*-!» '•  •  •  •    <4> 

and  the  couple  M  will  produce  a  varying  stress,  the  intensity  of 
which  at  any  point  in  the  cross  section  will  be  represented  by 
the  equation 

*'K(£a>(j-K+j)  (Art'175)-  •  •  •    (5) 

Hence  the  resultant  intensity  of  the  normal  stress  at  any  point 
in  the  cross  section  will  be  equal  to 

/-/i+/i (6) 

The  neutral  axis  of  the  stress  due  to  the  bending  couple  will 
be  located  at  a  distance 

Vo  =  ^g-^tt  (Art.  175) (7) 

from  the  center  of  gravity,  and  the  distance  between  the  center 
of  gravity  and  the  neutral  axes  of  the  combined  stress  can  be 
found  by  placing  (6)  equal  to  zero  and  solving  for  y. 

As  in  the  case  of  the  bar  subjected  to  uniform  bending  (Art. 
175),  when  the  radius  of  curvature  n  is  large  compared  with  the 
dimensions  of  the  cross  section,  sufficiently  accurate  results  can 
be  obtained  by  the  use  of  the  equations  for  the  straight  bar  (Art. 
126)  in  place  of  the  more  complex  equations. 

No  special  formula  for  the  intensity  s  of  the  shearing  stress 
on  a  cross  section,  or  longitudinal  layer,  will  be  deduced,  the 
ordinary  formula 

•  -|y-   (Art.  88) (8) 

being  sufficiently  accurate  when  the  radius  of  curvature  is  large; 
and,  when  the  radius  of  curvature  is  small  compared  with  the 
dimensions  of  the  cross  section,  an  accurate  determination  of  the 
shearing  stress  intensity  is  of  little  value.  If  desired  it  may  be 
approximately  estimated  by  the  use  of  equation  (8). 

It  should  be  observed  that  in  a  bar  of  large  curvature  the  proportion 
between  the  length  and  the  dimensions  of  the  cross  section  is  liable 


GRAPHICAL  REPRESENTATION  OF  NORMAL  STRESS     417 


to  be  such  that,  unless  the  distribution  of  the  stress  over  the  ends  of 
the  bar  is  similar  to  thai  called  for  by  the  theory,  the  actual  distribu- 
tion of  the  stress  on  any  cross  section  will  deviate  from  the  theoretical 
(Art.  53).  Hence  for  such  coxes  the  foregoing  formulas  must  be  re- 
garded  as  empirical  and  the  values  of  the  working  stress  intensities  for 
use  in  the  formulas  in  any  particular  case  must  be  determined  from 
the  results  of  experiments  made  on  bars  of  the  same  material  and  of 
similar  dimensions  loaded  under  similar  conditions. 

177.  Graphical  Representation  of  Normal  Stress.  —  In  order 
to  determine  the  normal  stress  intensity  /  at  any  point  in  a  given 
cross  section>  it  is  necessary  to  have  the  values  of  B  and  A  for 
the  section.  The  deduction  of  the  equations  for  B  and  plots 
showing  the  variation  in  /  for  a  few  typical  cross  sections  follow. 


Fig.  236. 


Fia.  237. 


Rectangular  Section. — Let  b  and  h  represent  the  dimensions  of  the  section 
(Fig.  236)  and  let  X\X\  represent  the  axis  through  the  center  of  curvature  0\ 
of  the  bar.  Let  n  =»  the  distance  from  X\Xi  to  the  center  of  gravity  O  of 
the  cross  section  and  take  for  dA  a  strip,  of  width  dy,  at  a  distance  y  from  0. 
Then 

h  h 

nf^-nbC*  A=ri61og#(ri+y)l5 
Jn+y  J_hn  +  y  &*v*iw/j^A 

2  2 

nMog.|^       (1) 


B 


and 


2n-h 


bh. 


(2) 

The  distance  yb,  from  the  center  of  gravity  to  the  neutral  axis  of  the  stress 
due  to  bending,  can  then  be  found  from  equation  (19)  (Art.  175)  and  the 
stress  intensity  /  at  any  point,  due  to  any  bending  couple  M,  can  be  found 
from  equation  (18)  (Art.  175).    The  variation  in  the  stress  intensity  across 
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the  section  is  indicated  by  the  curve  a'b\  the  intensity  Bb'  at  the  inside  of  the 
section,  nearest  the  center  of  curvature,  being  much  greater  than  the  intensity 
Aa'  at  the  outside. 

The  form  of  the  curve  a'b'  and  the  distance  y0  will  change  as  n  changes, 
the  neutral  axis  approaching  the  center  of  gravity  and  the  stress  intensity 
curve  a'b'  approaching  the  straight  line  a"b"  as  n  increases. 

Circular  Section.  —  Let  r  -  the  radius  of  the  circle  (Fig.  237)  and  2  6  =  the 
length  of  a  strip  at  a  distance  y  from  the  center  of  gravity.  Then,  if  we  follow 
the  previous  notation, 

J  n+y 
But  b  —  r  cos  6,    y  «-  r  sin  0,     dy  =  rdd  cos  0    and,  therefore, 

'2     cQ8*$dO    _o--*f*   (l-sin1*)^ 

2 


J    »fi+rsin0  J    r    n+rBind 


•/    *L     r  r*     r8(ri  -frsin_0)J 


.2„h(o+.5-^H?x0    . 

=  2*n  (n  -  Vri*  -  r») (3) 

and    A   =«t* (4) 

The  distance  yo  and  the  stress  intensity  /  at  any  point  can  be  determined 
by  equations  (19)  and  (18),  (Art.  175)  as  before,  the  variation  in  stress  in- 
tensity being  indicated  by  the  plot  (Fig.  237). 

Any  Cross  Section. — The  value  of  B  for  any  cross  section  can  be  determined 
with  sufficient  accuracy  by  dividing  the  area  into  narrow  strips,  of  width  Ay  and 
area  AA,  parallel  to  the  principal  axis  through  the  center  of  gravity,  calculating 

the  value  of  — ^—  A  A  for  each  strip  and  adding  together,  y  being  the  distance 

from  the  center  of  gravity  to  the  center  of  the  strip  in  each  case.    The  result 
obtained  by  this  process  is  represented  by  the  expression 

B-Z-^-AA..   . (5) 

Having  B  and  A  the  values  of  yo  and  the  stress  intensity  /  can  be  calcu- 
lated in  the  same  manner  as  for  the  other  sections.  The  variation  of  the 
stress  intensity,  obtained  in  the  above  manner,  is  indicated  for  the  sections 
shown  in  Figs.  (238)  and  (239).  So  long  as  the  width  of  the  strips  used  in 
making  the  calculation  is  less  than  ^  the  total  depth  of  the  section,  the  ac- 
curacy of  the  results  will  be  sufficient  for  ordinary  purposes. 
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Variation  in  Maximum  Stress  Intensity  with  Radius  of  Curvature.  —  It  will  be 
observed  that,  when  y  —  —  ci,  the  distance  from  the  center  of  gravity  to  the 
side  of  the  cross  section  nearest  the  center  of  curvature,  the  formula  for  the 
maximum  normal  stress  intensity  due  to  bending  may  be  written  in  the  form 

1 


/  =  M 


where  the  quantity 


S 


//> 


(6) 


tf'"h(B-A)Vi~n-cJJ m 


/. 


corresponds  to  the  reciprocal  of  the  section  modulus  S'  —  -  in  the  formula 


for  the  straight  beam. 


'-*y 


(8) 


Fig.  238. 


Fio.  239. 


A  comparison  of  the  results  given  by  equations  (6)  and  (8)  for  a  beam  of 
any  given  curvature  can  be  made  by  calculating  the  values  of  the  coefficients 

1  ™a  x 

art  ana  of  • 

The  plot  (Fig.  240)  represents  the  variation  in  the  value  of  ^  with  the 

radius  of  curvature  in  the  case  of  a  curved  bar  of  circular  cross  section  of  unit 

radius,  the  ordinates  representing  values  of  ^  and  the  abscissa,,  values  of 

fi  «  the  radius  of  curvature  of  the  central  axis.    For  the  sake  of  comparison, 

the  value  of  -^  is  shown  by  the  straight  line.    It  will  be  seen,  for  example,  that 

when  n  =  2  the  value  of  /  given  by  (8)  is  about  38  per  cent  smaller  than  the 
value  given  by  (6)  and  that  when  n  =  5  the  error  is  about  15  per  cent,  the 
value  given  by  (6)  gradually  approaching  the  value  given  by  (8)  as  n  increases. 
Similarly,  when  y  =  Ct,  the  distance  from  the  center  of  gravity  to  the  side 
of  the  cross  section  farthest  from  the  center  of  curvature,  the  formula  for  the 
normal  stress  intensity  may  be  written 


f  '  M  [r,  (B-  A)  (I  "  rT+^)]  "  M  W> 


(0) 
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1 
The  variation  of  0777  with  the  value  of  n  for  the  circular  cross  section  of 

unit  radius  is  also  indicated  in  the  plot  (Fig.  240),  the  value  of  /  given  by 
(8)  when  n  =  2  being  in  this  case  about  42  per  cent  larger  than  the  value 
given  by  (9)  and  about  15}  per  cent  larger  when  rt  =  5. 

Similar  results  would  be  obtained  for  bars  with  other  cross  sections. 
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178.  Flexure  of  Curved  Bars.  —  In  the  derivation  of  the 
formulas  for  the  stress  intensity  in  the  curved  bar  subjected  to 
bending  it  has  been  shown  that  the  central  axis  undergoes  a 
change  both  in  curvature  and  length  and  hence  the  displacement, 
due  to  bending,  of  any  point  on  the  axis  will,  in  general,  be  the 
resultant  of  two  component  displacements  in  the  directions  of 
any  pair  of  coordinate  axes  which  may  be  chosen. 

Let  ODC  (Fig.  241)  represent  the  central  axis  of  a  curved  bar 
before  bending.  The  components  of  the  displacement  of  any 
point  0  relative  to  the  point  C  can  be  determined  in  the  follow- 
ing manner.  Let  (xh  yi)  be  the  coordinates  of  C  with  respect  to 
any  pair  of  coordinate  axes  with  the  origin  at  0.  Let  8x  =  the 
displacement  of  0,  relative  to  C,  in  the  direction  OX,  dy  =  its 
displacement  in  the  direction  OY  and  da  =  the  change  in  the 


FLEXURE  OF  CURVED  BARS  421 

angle  between  the  tangents  at  0  and  C,  due  to  bending  the  bar. 
Let  D  be  the  center  of  gravity  of  any  cross  section  of  the  bar, 
whose  coordinates  are  (x,  y),  a  =  the  angle  between  the  tangent 
at  D  and  OX,  M  =  the  bending  moment,  n  =  the  initial  radius 
of  curvature  and  r  =  the  final  radius  of  curvature  of  the  central 
axis  at  the  point  D.  Following  the  notation  in  the  preceding 
articles  and  combining  equation  (12)  (Art.  175)  with  equation 
(19)  (Art.  167),  we  obtain  the  following  expression  for  the  change 
in  curvature  at  A, 

(ft      1      1                 MA  . 

■   ds      r      n      niEAQt-MQO' W 

where  di  =  the  change  in  da,  the  difference  of  the  slopes  of  the 
tangents  at  the  ends  of  the  length  ds  of  the  central  curve  at  D. 

We  will  let  OF  represent  the  resultant  displacement  and  OE 
and  EF,  the  component  displacements  in  the  directions  OX  and 
OY,  of  the  point  0,  due  to  the  change  in  curvature  in  the  length 
ds  only,  while  the  curvature  of  the  remainder  of  the  central  axis 
is  considered  as  remaining  unchanged. 

Then,  if  we  let  OD  =  the  length  of  the  chord  from  0  to  the 
point  (x,  y)  we  shall  have,  neglecting  signs, 

OE  =  d  (bx)  =  OF .  cosEOF  =  OD-di-  coaEOF 

=  OD.cosODK-di  =  ydi; (2) 

and 

EF  =  d  (fy)  =  OF  •  sin  EOF  =  OD  .  di  •  sin  EOF 

=  OD-  sin  ODK-di  =  xdi (3) 

Substituting  the  value  of  di  from  (1)  in  equations  (2)  and  (3) 
and  integrating,  we  obtain 

/nx—*t  MA 

Vdi=Lo   niEAQt-MQO**8'-    ■    •     (4) 

Sy  =  -  fxdi  =  -j^  {ea^A_  MQi)Xd8.     .     (5) 

For  the  change  6a,  in  the  angle  (a&  —  ax)  between  the  tangents 
at  0  and  C,  we  have 

Ba=fd  (fa)  =fdi  =£*ri  (EA£A_  MQ)  ds.    .     (6) 

It  will  be  observed  that  when  the  central  axis  is  concave  toward 
OX  and  M  is  positive,  as  indicated  (Fig.  241),  bx  and  da  are  posi- 
tive and  by  is  negative. 
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When  the  bending  moment  is  negative,  or  when  the  curvature 
of  the  central  axis  relative  to  OX  is  reversed,  the  signs  of  the  dis- 
placements can  be  easily  determined.  When  the  curvature  is 
comparatively  small,  that  is,  the  radius  of  curvature  of  the  cen- 


Fig.  241. 


tral  axis  is  several  times  the  dimensions  of  the  cross  section  of 
the  bar, 

Qi  =  0  (nearly)  and  Q2  =  -  (nearly)  (Art.  175) 


and  equations  (1),  (4),  (5)  and  (6)  reduce  to 

*'  =  x  _  I  =  K 

ds      r      n      EI}     '   * 

EI 


Jf»x— : 
x-0 

Jr»x—; 
x-0 


yds, 


EI 


xds, 


(7) 
(8) 


(9) 


fa"JLo  I?* (10) 

The  above  equations  evidently  reduce  to  the  equations  for  the 
straight  beam  (Arts.  96-96)  when  —  =  0  and  the  axis  OX  is  taken 
to  coincide  with  the  central  axis  of  the  beam. 
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In  the  deduction  of  the  foregoing  equations  the  effect  of  the 
oomponent  displacements  due  to  the  change  in  length  of  the  axis 
of  the  bar  has  been  neglected,  as  these  are  small  compared  with 
the  displacements  due  to  the  bending  and  in  many  cases  will 
have  no  appreciable  effect  on  the  results. 

The  expressions  for  the  component  displacements  bx?  and  by', 
due  to  the  change  in  length  of  the  axis,  may  be  determined  as 
follows:  Let  P  =  the  resultant  normal  force  acting  on  the  sec- 
tion at  D  (Fig.  241)  which  is  assumed  to  be  positive,  if  tension, 
and  negative,  if  compression.  The  strain  in  the  central  axis  will 
then  be  the  resultant  of  the  strain  due  to  the  normal  force  P 
and  that  due  to  the  bending  moment  M  (equation  11,  Art.  175)  or, 

*     AE     EAQt     AE^EAn U1; 

If  the  expansion,  or  contraction,  due  to  temperature  change 
is  to  be  allowed  for,  we  should  add  to  the  value  of  6o  given  by 
(11)  the  quantity  tTt  where  t  =  the  coefficient  of  linear  expan- 
sion of  the  material  in  the  bar  and  T  =  the  temperature  change, 
in  which  case 

*-;ra+i!k+'r <12> 

the  value  of  T  being  plus  when  the  temperature  increases. 

The  change  in  the  length  ds,  due  to  the  strain  €o,  will  be  eods 
and  the  component  displacements  at  0  in  the  directions  OX 
and  OF,  due  to  the  change  in  the  length  ds  alone,  will  be  re- 
spectively equal  to 

dx 
— efacosad*  =  —  e^^-ds  =  —  e^dx 

as 

and 

—  ebsinads  =  —  e^-^-ds—  —  eody, 

the  negative  signs  indicating  that  for  the  bar  shown  the  displace- 
ments along  OX  and  OY  are  negative  when  eo  is  positive. 

Hence  the  total  displacements  in  tLe  directions  OX  and  OY 
due  to  the  total  change  in  length  of  the  portion  OC  of  the  central 
axis  will  be  respectively  equal  to 

te7  =r  -   f'^eodz, (13) 

Jx-0 

&=-  r^eody; (14) 

Jx-0 
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and  hence  the  resultant  displacements,  due  the  combined  bend- 
ing, axial  thrust  and  temperature  changes,  will  be  equal  to 

and 

Xxmmxi  MA 

.0   r,(BAQ.-MQd** 


'C[^+'T+mf}'-  <16> 


The  change  in  (ao  —  <*i),  due  to  the  strain  %  in  the  length  ds  alone, 

will  be  — — •  and  the  total  increment  in  (a©  ~  ai),  due  to  the  total 

change  in  length  of  OC,  will  be 

$«'  =  fX~Xl^ds (17) 

Hence  the  total  change  in  (ao  —  ai),  due  to  combined  bending, 
thrust  and  temperature  changes,  will  be 

oai  =  oa  +  oa   =  I  — /rl  A~ w^  v  as 

Jx-o    rx  (EAQ2  -  MQi) 

In  ordinary  cases  the  above  equations  are  too  complex  to  be  of 
practical  value  and,  except  in  cases  in  which  the  curvature  is 
large  compared  with  the  cross  section  of  the  bar,  the  following 
approximate  forms  are  sufficiently  accurate: 

^=fZ*my^-fZ*(TE+eT)dx>  ■  ■  (19) 
*  =  -  £?&**  -jCT  (zs+ «rK  •  (20) 

**--£r(^+A+'r>1- (2i) 

When  the  normal  thrust  P  and  the  temperature  change  T  are 

p 

small  compared  with  the  bending  moment  M,  the  terms  -r-p  and 
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tT  in  equations  (19),  (20)  and  (21),  can  be  omitted  without 
causing  a  serious  error  and  the  equations  reduce  to  the  forms  in 
equations  (8),  (9)  and  (10).  When  the  bar  is  of  uniform  cross 
section  all  of  the  foregoing  equations  are  simplified  by  making 
E,  A  and  J,  or  Qi  and  Q2,  constant  and,  when  the  bending  is 
uniform,  the  equations  are  simplified  by  making  M  constant. 

179.  The  Hook.  —  An  approximate  method  of  determining 
the  stresses  in  a  hook,  or  an  open  link,  by  use  of  the  straight 
beam  formula  has  been  discussed  in  Art.  (133).  Owing  to  the 
curvature,  the  results  obtained  by  this  method  are  evidently 
incorrect  and  a  solution  by  the  method  of  Art.  (176)  will  give 
much  more  accurate  results. 


w 


h6"-^ 


Fig.  242. 


Let  the  hook  (Fig.  242)  be  subjected  to  a  pull  W  along  the  line  CD.  Let 
a  =  the  distance  from  the  line  of  action  of  W  to  the  center  of  gravity  0,  of 
the  cross  section  AB  which  is  perpendicular  to  CD.  Let  r}  =  the  radius  of 
curvature  of  the  central  axis  of  the  hook  at  0.  Then  from  Art.  (176)  we 
obtain  for  the  stress  intensity  at  any  point  in  AB, 


/=/•+/»- A +r7(B 


f (B n_\ 

-  A)  \A     r,  +  y) 


(1) 


It  should  be  observed  that  in  this  case  P  -  W,  M  =  -Wa  and  the  great- 
est stress  intensity  will  occur  at  the  point  A  for  which  y  —  — <H. 
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180.  The  Circular  Ring.  —  If  a  circular  ring  of  uniform  cross 
section  and  material  is  subjected  to  a  pull  by  two  equal  and  oppo- 
site forces,  acting  along  a  diam- 
eter, the  greatest  stress  intensity 
and  the  deformation  in  the  ring 
can  be  determined  in  the  follow- 
ing manner: 

First  Solution.  —  Let  n  =  the  ra- 
dius of  the  central  axis  of  the  ring 
(Fig.  243)  before  the  load  is  applied 
and  let  W  —  the  load,  acting  along 
the  diameter  CC.  Let  Me  =  the 
bending  moment  at  the  cross  section 
at  C,  M0  =  the  bending  moment  at 
the  cross  section  at  0  on  the  diam- 
eter OXf  perpendicular  to  CC\  M  — 
the  bending  moment  at  any  cross 

section  D  and  a  —  the  angle  between  the  tangent  to  the  central  axis  at  D 

and  OX. 

The  stress  on  the  cross  section  at  0  will  be  the  resultant  of  a  uniform 

W 
normal  stress  Po  —  -=-  and  a  varying  stress,  whose  resultant  is  the  couple  MQ. 

The  stress  on  the  cross  section  D  will  be  the  resultant  of  a  uniform  normal 
stress, 


Fig.  243. 


a  shearing  stress, 


W 
P  =  Po  sin  a  =  -=-  sin  a, 


W 
S  =  Po  cos  a  =  -rt~  cos  a, 


(1) 


(2) 


and  a  varying  stress,  whose  resultant  is  the  couple 

Wr\ 
M  =  M o  +  Po  (n  —  n  sin  a)  =  M o  +  -=-  (1  —  sin  a).  . 


(3) 


The  stress  on  the  cross  section  at  C  to  the  left  of  W,  will  be  the  resultant 
of  a  shearing  stress, 


i>c-  y, 


(4) 


and  a  varying  stress,  whose  resultant  is  the  couple 

W 

Me  =  Mo  +  -£  fk.  .    • 


(5) 


An  approximate  solution  for  the  value  of  Mo  can  be  made  as  follows:  It 
will  be  observed  that  under  the  load  W  the  diameter  CC1  will  increase  and  the 
diameter  00*  will  diminish  and  that  the  change  in  the  angle  between  the 
tangents  to  the  central  axis  at  the  points  0  and  C,  due  to  the  distortion,  will 
be  equal  to  zero, 
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Hence,  by  substituting  the  above  value  of  M  in  equation  (10)  (Art.  178), 
the  coordinates  of  the  point  C  being  (xi,  yx)}  we  obtain 

Sa-TlfZX'[m  +  ^-^1-^a)]d"0 (a) 

But  ds  —  —n  da  and  hence 

**  =  "  Wl  £  [Mo  +  T?  (1  "  s"1")]^^ 

2 


-  Yl  \M<r«x  +  -£-  (a  +  cosa)~| 


2 


=  S7V""2"  +  Afori2  +  "2"2h0; ^ 

and  solving  for  M0f 

«-?('-i)-^(i-!) • 

Substituting  the  value  of  Mo  in  (3),  we  obtain 

M  =  ^(l-|sin«)=:TFri(i-isinaY (9) 

and  from  (5)  we  obtain 

Mc-^, (10) 

which  is  the  greatest  bending  moment  in  the  ring.  It  will  be  observed  that 
the  bending  moment  Mc  is  positive  and  that  Mo  is  negative.  There  will  be  a 
point  N,  between  0  and  C,  at  which  the  bending  is  equal  to  zero,  which  may 
be  located  by  putting  (9)  equal  to  zero  and  solving  for  a',  the  angle  between 
the  tangent  at  N  and  OX,  which  will  give, 

a'=sin-1? (11) 

The  greatest  normal  stress  intensity  on  any  cross  section  D  (Fig.  243)  will 
be  located  at  the  inside  of  the  section  and  will  be  represented  by  equation  (6) 
(Ait.  176)  or,  if  we  substitute  the  values  of  /i  and  ft  in  terms  of  the  normal 
stress  (equation  1)  and  the  bending  moment  (equation  9), 

where  ct  =  the  distance  of  the  inside  of  the  cross  section  from  the  central 
axis  0(7. 

At  the  cross  section  0  equation  (12)  reduces  to 


„      W    ,  W{*      2)  (B  r,     \ 

J      2A"1"   (B-A)     \A     n  -c,/' 


(13) 


which  is  the  maximum  tensile  stress  intensity  in  the  ring;  and  at  the  cross 
section  C  equation  (12)  reduces  to 

'-^(i-a) .•  <»> 
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which  is  a  compressive  stress  and  is  the  maximum  intensity  of  stress  in  the 
ring. 

The  normal  stress  intensity  at  the  outside  of  the  ring  can  be  readily  ob- 
tained by  substituting  <*,  the  distance  from  the  center  of  gravity  to  the 
outside  of  the  cross  section,  for  —  d  in  equations  (12),  (13)  and  (14). 

The  change  in  the  length  of  the  diameters  00'  and  CC  can  be  approxi- 
mately determined  by  substituting  the  values  of  da  «  —  n  da,  y  —  n  cos  a, 
x  =  fi  (1  —  sin  a)  and  the  value  of  M  from  equation  (9)  in  equations  (8) 
and  (9)  (Art.  178)  and  obtaining  the  displacements  of  0,  relative  to  C,  in  the 
directions  OX  and  OF,  as  follows: 

hx  =  —  -gj.  J    Wri  ( sin  a  W  cos  a  da 

2 


TFn»  Tl   .  1  •  •   1° 

"■wU8ma"48maJ, 

!(H) '....,...:.« 


2 

-  El1 
"  EI 

and 


6y  =  EI  J    ^ri(j~"2sm    /  l*  ^  ~smcr)(ia 

2 

•i»r«  ,  /l  ,   1\  ,a      1    •    o   1° 


2 

^ /  _ 

2 

El 


B-I]-  ■  ■  •  ■ <«> 

Since  Ax  is  positive  the  diameter  00'  will  be  shortened  and  the  total  de- 
crease will  be  equal  to 

,(OO0  .^!(i.i) (17) 

and,  since  8y  is  negative,  the  diameter  CC  will  be  lengthened  and  the  total 
increase  will  be  equal  to 

«ccco-2-J£(H) m 

Second  Solution.  —  In  the  preceding  solution,  by  use  of  the  approximate 
equations  (7-9)  (Art.  178),  the  stress  due  to  the  normal  force  P  and  the  effect 
of  the  curvature  on  the  distribution  of  the  stress  due  to  bending  have  been 
neglected.  A  more  accurate  solution  can  be  made  by  use  of  the  more  exact 
forms  of  the  equations  for  the  displacements  as  follows: 

By  substituting  the  values  &  =  (A  -  B)  and  Q«  *  -  n  (A  -  B)  (Art. 
175)  in  equation  (18)  (Art.  178),  we  obtain 

— x:r.-[m(ia^)+A+^+&i*-  ™ 

and,  assuming  noltemperature  change  and  that   „*      ,    „  «  jrrr   (very 
nearly)  for  any  allowable  bending  moment,  equation  (19)  will  reduce  to 

"-£r-frft(Hi)+;H**  •  •  •  •  « 
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Substituting  the  values  of  M  and  P,  from  equations  (3)  and  (1),  in  equation 
(20)  and  observing  that  the  change  in  the  angle  between  the  tangents  at 
0  and  C,  due  to  the  distortion  of  the  ring  (Fig.  243),  is  zero,  we  have 

2 

Reducing  (21),  we  obtain 

jT[B(^°  +  TF)"A1F8ina]da"0; (22) 

2 

and  integrating, 

"B(rrr + w)  \ + AW  " 0; 

and  solving  for  Mo,  we  have 
Substituting  the  value  of  M0  in  (3),  we  have 

M-^(5-!8in«)=Hrr'(^-!8ina);  •  ••  <w 

and,  by  substituting  in  (5),  we  obtain 

*.  -  ^Sr (26) 

The  point  N,  at  which  the  bending  moment  is  zero,  may  be  located  by 
placing  (24)  equal  to  zero  and  solving  for  a',  the  angle  between  the  tangent 
at  N  and  OX,  which  will  give 

a'-sin-i^ (26) 

For  the  greatest  normal  stress  intensity  at  any  cross  section  D,  we  have 


W    .        .  W(^~l'iaa)/B         r,     \ 

2Amna  + W=T) Ka'V^TJ  ■  ■  • 


(27) 


'      2A 
and  for  the  cross  section  at  0  the  greatest  intensity  will  be 

/_2A  +      (B-A)       \A      n-cj (28) 

and  for  the  cross  section  at  C, 

' " 3TF^  u ~ S^ft)' <29) 

which  is  the  greatest  normal  stress  intensity  in  the  ring.  The  equations 
for  the  stress  intensity  at  the  outside  of  the  ring  at  the  cross  sections  D,  0 
and  C  can  be  obtained  by  substituting  d  for  —  ci  in  equations  (27),  (28) 
and  (29). 
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The  variation  in  the  bending  moment  and  the  stress  intensities  at  the  in- 
side, or  intrado»,  and  at  the  outside,  or  extradot,  of  the  ring  is  represented  by 
the  diagram  (Pig.  244). 

The  variation  in  M  lor  a  ring  of  circular  cross  section,  of  radius  r  —  1 
and  having  the  proportions  r,  —  3  r,  is  shown  by  the  curve  on  the  left  of  the 
central  axis  CC,  which  is  constructed  by  plotting  the  values  of  M  at  the 
different  cross  sections  radially  from  the  central  axis  of  the  ring  as  a  base 
line,  positive  values  of  M  being  measured  outward  and  negative  values  in- 
ward from  the  base  line. 


The  variation  in  the  stress  intensity  at  the  intrados  of  the  ring  is  shown 
by  the  curve  in  the  upper  right-hand  quadrant,  tensile  stress  intensities  being 
plotted  radially  outward  and  compressive  stress  intensities  radially  inward 
from  the  central  axis  as  a  base  line.  Similarly,  the  diagram  in  the  lower  right- 
hand  quadrant  represents  the  variation  in  the  stress  intensity  at  the  extrados 
of  the  ring,  tensile  stresses  being  measured  outward  and  compressive  stress 
intensities  inward  from  the  central  axis. 

It  will  be  observed  that  the  greatest  tensile  stress  intensity  la  located  at 
the  intrados,  at  the  sections  O  and  0',  and  that  the  greatest  compressive 
stress  intensity  is  located  at  the  intrados,  at  the  sections  C  and  (,",  and  that 
the  latter  is  the  maximum  stress  intensity  for  the  entire  ring. 

To  determine  the  change  in  the  diameters  00'  and  CC  we  have,  by  substi- 
tuting the  values  of  Qt  and  Q,  in  (1)  (Art.  178), 

MA  MA  M  .  , 

n  lAEQt  -  AfQ,)      (B  -  A)  r,  (EAr,  +  M)  "  (B  -  A)  Br?  1"*?  "Muryj, 
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and,  »«nitning  that  there  is  no  change  in  temperature,  equation  (15)  (Art.  178), 
for  the  displacement  of  0  relative  to  C  in  the  direction  0Xf  will  reduce  to 

and  equation  (16)  (Art.  178),  for  the  displacement  of  0  relative  to  C  in  the 
direction  OY,  will  become 

**  =  -£T(b  -%»***  "X'.T(a+-zfcK  •  (31) 

Substituting  the  values  x  —  n  (1  —  sin  a),  y  =  n  cos  a,  ds  —  — n  da,dx  = 

W  /  A      1  .      \ 

— n  cos  a  da,  dy  —  — n  sin  a  da,  P  =  -5-sin  a  and  Jtf  —  Wn  (  «* xsin  a  1 

in  the  above  equations  and  observing  that  when  x  =  0,  a  —  ^  and  when  x  =  Si, 
a  —  0,  we  obtain 

*»  -jT  ~  (g  -Xg(^~58ima)co8ada 


2 


,   f«  r  ^    •        .Wri/A       1   .      \1  . 


2 

TTn       /4       1\      TTn 


Ut     i) 


and 


{B-A)E  \Bt      4/     tBE 


^-r^^c^-^^^-8^^^ 


(32) 


2 


,  r°r^ri   •       t  Wn/A      l  .     \n  .      , 

+JL  l2AEsma  +  AE\B^2^a)rmada 


2 


__El!_rA      *  t  lfB- A  VI      Wn 

=  (b-a)elpt    §+2V  ^  yj   tbe k&6) 

Since  3xi  is  positive,  the  diameter  00'  will  be  shortened  and  the  total 
decrease  will  be  equal  to 

x  fnn>\  -     2Wr*     (A       l\    2  Wri  «in 

*W)-(B-A)E\Bi-*r7BE> (34) 

and,  as  by\  is  negative,  the  diameter  CC  will  be  lengthened  and  the  formula 
for  the  total  increase  may  be  written 

The  following  approximate  expressions  for  the  change  in  diameters,  as 
accurate  as  the  conditions  of  loading  in  ordinary  cases  will  warrant  the  use  of, 
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can  be  obtained  by  combining  the  approximate  values  for  the  change  due  to 
bending  only,  given  by  (17)  and  (18),  with  the  change  due  to  the  normal  com- 
ponent P,  represented  by  the  last  term  in  (34)  or  (35) ' 


6(00') 

b  {CC) 


2Wn*/l 
EI    Vr 

2Wtx*(t 
EI    \8 


2Wrx 
tAE 


ir  J  +  fcAE 


(36) 
(37) 


181.  Chain  Links.  —  The  simplest  form  of  a  chain  link  is 

made  up  of  semicircular  ends 
and  straight  sides  as  indicated  in 
Fig.  (245),  the  pull  being  applied 
along  the  central  axis  CC.  If 
the  theories  for  determining  the 
stresses  in  curved  bars  and  in 
straight  bars  were  rigidly  adhered 
to,  there  would  be  a  sharp  change 
in  the  distribution  of  the  stress 
at  the  cross  sections  0,  0',  etc., 
where  the  curved  and  straight 
parts  join.  Assuming  that  this 
change  takes  place  in  a  very  short 
distance  in  the  neighborhood  of 
these  cross  sections,  an  approxi- 
mate   solution    for    the    stresses 


Fig.  245. 


may  be  obtained  as  follows: 

Letting  W  —  the  load  and  Mo,  Mc  and  M  represent  the  bending  moments 
at  0,  C  and  D,  as  before,  (Art.  180),  we  have 


M  =  Mo  +  ^(l-sina). 


(1) 


The  change  in  the  angle  between  the  tangents  at  0  and  C  due  to  the  load 
W  will  be  zero  and,  if  there  is  no  temperature  change  and  we  assume  that  the 
change  in  the  angles  between  the  tangents  at  0  and  G,  for  the  straight  por- 
tion OG,  is  equal  to 

JLffjft 

ojSt  (equation  10,  Art.  97), 

and  that  the  change  in  the  angle  between  the  tangents  at  0  and  C,  for  the 
curved  portion  OC,  is  equal  to 


EI\ 


Wr**  _i_  vr ^  *  a-  Wr**  * 


J  (equation  7,  Art.  180), 
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we  have 

and  solving  for  Mo, 

*-¥(rS) « 

Substituting  in  (1)  and  reducing  we  obtain 

—rt+^T""11^ (4) 

end  at  C,  where  a  =  0, 

(SI?) « 

Substituting  in  the  equation  for  the  greatest  normal  stress  intensity  at  any 
cross  section  D,  we  have 

,      TFsina  .  W        /a  +  2n        .      \  (B         n     \  ,„ 

for  a  cross  section  just  to  the  left  of  C,  the  greatest  normal  stress  intensity 
will  be  equal  to 

W       (a  +  2n\(B rj_\ 

J      2{B-A)\a+*rJ\A     n-cj' Kn 

for  a  cross  section  at  O,  assuming  the  distribution  of  stress  to  be  that  in  the 
curved  bar,  the  greatest  normal  stress  intensity  will  be  equal  to 


A#  -Wri 


1      2A^2(B-A)\a  +  *ri         J\A     n-cj'  ' 


(8) 


and  for  any  cross  section  between  0  and  G,  assuming  the  distribution  of  stress 
to  be  that  in  the  straight  bar,  the  greatest  normal  stress  intensity  will  be 
equal  to 

/       W       Wrlcl/a  +  2rl         \  _   W        Wrl*cl/2-ir\ 
J~2A        2/   Vo+*ri       V"  2A         2/    Vo+»ri/'    '     W 

The  preceding  equations  give  the  stress  intensities  at  the  inside  of  the 
link,  where  y  =  —  ci.  The  expressions  for  the  stress  intensities  at  the  outside 
of  the  link,  at  the  cross  sections  D,  C,  0  and  G,  can  be  obtained  by  substitut- 
ing c«  for  —  Ci  in  equations  (6),  (7),  (8)  and  (9). 

A  comparison  of  results  will  show  that  in  a  link  of  circular  cross  section 
the  greatest  intensity  of  the  tension  on  the  cross  section  at  C  will  exceed  that 
on  the  cross  section  at  G,  calculated  from  equation  (9) ;  and  that  the  greatest 
intensity  of  the  normal  stress  in  the  link  will  be  the  compressive  stress  at  the 
inside  of  the  cross  section  at  C. 

182.  The  Spiral  Spring.  —  The  flat  spiral  spring  of  the  type 
used  for  driving  clocks  and  other  mechanisms  is  usually  made  up 
of  a  strip  of  metal  of  rectangular  cross  section,  fastened  to  a  pin 
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at  the  center  0  and  held  by  a  hinge  connection  at  the  end  A 
(Fig.  246).  Usually  the  hinge  A  is  stationary  and  the  spring  is 
wound  up  by  turning  the  pin  0,  but  obviously  the  stress  and  the 
distortion  in  the  spring  would  be  the  same  if  the  pin  0  were  fixed 
and  the  winding  were  done  by  pulling  the  end  A  around  the 
central  axis. 


If  P  —  the  force  applied  at  A,  in  the  direction  of  the  tangent  to  the  spiral, 
the  stress  at  any  section  D  will  be  the  resultant  of  a  force  equal  and  parallel 
to  P,  acting  through  the  center  of  gravity  of  the  section,  and  a  couple  M  » 
Py.  For  different  sections  of  the  spiral,  the  couple  M  will  have  values  vary- 
ing from  0  to  Py\  and  the  average  value  will  be  nearly  equal  to 

M  =  Pa (1) 

The  force  P,  acting  at  the  center  of  gravity  of  any  section,  may  be  resolved 
into  a  normal  and  shearing  component  and  the  values  of  each  of  these  com- 
ponents will  vary,  through  the  length  of  the  spiral,  from  a  minimum  zero  to 
a  maximum  P.  » 

Except  possibly  in  the  portion  close  to  the  center,  the  radius  of  curvature 
will  be  so  large,  compared  with  the  depth  of  the  cross  section,  that  the  formulas 
for  the  straight  beam  will  give  accurate  values  for  the  stress  intensity. 

The  greatest  bending  moment  occurs  at  B  and  is  equal  to 

Mo  «  Pyx  -  2  Pa  (nearly) ; (2) 


and  hence  the  greatest  stress  intensity  due  to  bending  will  be  equal  to 

Moc 


/- 


(3) 


where  -  —  the  section  modulus  of  the  spring,  this  stress  intensity  being 

C 

greater  than  that  near  the  center,  where  the  curvature  is  greater  but  the 

P 

bending  moment  is  only  half  as  large.    The  stress  intensity  -j  ,  due  to  the 

normal  component  P  at  the  section  B,  will  evidently  be  compression  but 
will  be  so  small  as  to  be  negligible. 
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The  angular  displacement  a,  of  the  point  A  relative  to  0,  may  be  esti- 
mated by  substituting  the  average  value  of  M  (equation  1)  in  equation  (10) 
(Art.  178)  and  integrating  over  the  entire  length  of  the  spiral;  this  angular 
displacement  evidently  being  equal  to  the  change  in  the  angle  between  the 
tangents  to  the  curve  at  A  and  0.     Hence 

M  /••-!,       Ml     Pal  ,A. 

axEiJ^od8ssmBSEi (4) 

The  resilience  of  the  spring  in  terms  of  the  above  value  of  a  will  be  equal  to 

K~  2a"  2EI~  2E<*  V'  '    '    '       W 

where  /  =  the  greatest  intensity  of  stress,  p  =  the  radius  of  gyration  of  the 
cross  section  and  V  =  the  volume  of  the  spring. 
If  the  section  is  rectangular 

R'TWV <® 

183.  The  Carriage  Spring.  —  The  ordinary  type  of  carriage 
spring  is  made  up  of  curved  bars,  or  leaves,  clamped  together  at 
the  center  in  the  manner  indicated  in  Fig.  (247). 


Fig.  247. 

The  flexibility  of  the  spring  is  increased,  without  diminishing 
the  strength,  by  shortening  the  successive  leaves  as  shown  in  the 
sketch.  The  curvature  of  the  leaves  in  the  initial  state,  before 
clamping  together,  varies;  the  curvature  of  the  shortest  leaf  being 
the  greatest  and  that  of  the  others  being  diminished  as  the  length 
is  increased. 

The  object  of  this  is  to  attain  the  condition  that  the  pressure 
between  any  two  successive  leaves  of  the  built-up  spring  shall 
be  concentrated,  as  nearly  as  possible,  at  the  ends  of  the  shorter 
of  the  two  leaves. 
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Assuming  that  this  condition  is  realized,  the  pressure  at  B  between  the 

first  and  second  leaves  of  the  spring,  due  to  a  load  W  at  the  center  C,  will  be 

W 
equal  to  -~  and  the  bending  moment  in  the  portion  OB  of  the  first  leaf  will 

be  uniform  and  equal  to 

M-~a, (1) 

where  a  =  the  horizontal  distance  between  A  and  B. 

Therefore,  if  the  portion  of  the  leaf  BO  is  of  uniform  section  and  the  end 
BA  is  tapered,  by  varying  the  breadth  alone  as  indicated,  or  in  any  other 
way,  so  as  to  form  as  nearly  as  possible  a  beam  of  uniform  strength  (Art. 
85)  the  greatest  fiber  stress  throughout  the  leaf  will  be  constant;  and  hence, 
since  the  radius  of  curvature  is  large  compared  with  the  depth  of  a  cross  sec- 
tion, the  greatest  intensity  of  stress  will  be  given  by  the  formula 

f     Me      Wa  c  (  . 

'       /       ~2~7 W 

Similarly,  the  pressure  between  the  second  and  third  leaves  will  be  -5- 

and,  if  the  horizontal  distance  between  B  and  C  is  equal  to  a,  the  bending 
moment  in  the  portion  OC  of  the  second  leaf  will  be  uniform  and  equal  to 
that  in  (1).  Hence,  if  the  cross  section  of  the  portion  OC  is  the  same  as  that 
in  the  first  leaf  and  the  end  CB  is  tapered  in  the  same  manner  as  the  end  BA, 
the  maximum  stress  intensity  throughout  the  second  leaf  will  be  the  same  as 
in  the  first  leaf. 

It  will  follow,  if  the  successive  leaves  are  designed  with  the  same  tapered 
ends  and  the  central  portions  with  the  same  cross  section,  that  the  mATinnnm 
stress  intensity  throughout  the  spring  will  be  the  same. 

The  deflection  of  the  spring  may  be  estimated  as  follows :  Since  the  straight 
portions  of  all  the  leaves  are  assumed  to  be  subjected  to  the  same  uniform 
bending  moment  the  change  in  curvature  of  all  will  be  the  same  and,  since 
the  initial  curvature  is  small,  will  be  equal  in  magnitude  to 

r  ~  n  =  ~W  =  ~  YWl  (e<luation  7>  Art- 178) (3) 

If  the  ends  are  tapered,  as  shown  in  the  sketch,  the  change  in  curvature 
of  the  end  BA  will  also  be  equal  tp  the  value  represented  by  (3)  (see 
equation  2,  Case  a,  Art.  103). 

Hence,  for  the  magnitude  of  the  deflection  of  0  relative  to  the  supports 
A  and  D,  we  have 

«o  -  g-gj  =  jg-gj  (Case  a,  Art.  97) (4) 

The  actual  deflection  in  the  spring  will  differ  from  this,  owing  to  the  effect 
the  friction  between  the  leaves  and  the  fact  that  the  ideal  conditions  im- 
posed in  the  theory  are  not  realized  in  the  actual  spring. 


184.   Problems  —  Curved  Bars. 
Problem  1. 

Find  the  moment  of  resistance  of  each  of  the  cross  sections  shown  in  Fig. 
(248)  assuming  the  central  axis  of  the  member  in  each  case  to  be  a  curve 
lying  in  the  plane  of  symmetry  AB  and  that  the  radius  of  curvature  of  the 
central  axis  is  20"  and  the  greatest  normal  stress  intensity  is  5000  lbs.  per 


f6)  («) 

Fio.  248. 


Problem  3. 

Solve  Problem  (■ 


)  (Art.  134),  using  the  formula  for  the  curved  bar. 


Problem  3. 

Find  the  load  that  may  be  carried  by  a  hook,  having  the  cross  section  shown 
in  Fig.  (249),  the  center  of  curvature  of  the  central  axis  being  in  the  line  AB 
produced  and  3"  to  the  right  of  B.  Assume/  =  8000  lbs.  per  sq.  in.  and  that 
the  line  of  action  of  the  resultant  load  passes  through  the  center  of  curvature. 


V — •=- 


Fio.  249. 


Fig.  250. 


Fio.  251. 


Problem  4. 

Find  the  greatest  intensity  of  the  tensile  and  compressive  stress  in  a  hook, 
having  the  cross  section  shown  in  Fig.  (250),  the  center  of  curvature  of  the 
central  axis  being  in  the  axis  of  symmetry  AB  and  3"  to  the  right  of  B.  The 
load  is  20,000  lbs.  and  its  line  of  action  passes  through  the  center  of  curvature. 

Problem  6. 

Find  the  pressure  that  may  be  exerted  by  a  curved  rocker  arm,  having  the 
cross  section  shown  in  Fig.  (251),  the  center  of  curvature  of  the  central  axis 
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being  in  the  axis  of  symmetry  AB  and  25"  to  the  right  of  B.  The  line  of 
action  of  the  resultant  pressure,  exerted  by  the  arm  is  30"  to  the  right  of  B. 
The  greatest  allowable  intensity  of  the  normal  stress  is  6000  lbs.  per  sq.  in. 

Problem  6. 

Find  the  stress  intensities  at  the  intrados  and  the  extrados  at  the  cross 
sections  0  and  C  of  the  circular  ring  (Fig.  243),  due  to  a  pull  of  6000  lbs.  through 
the  center  of  the  ring,  assuming  the  cross  section  to  be  1J"  diameter  and  the 
radius  of  the  central  axis  to  be  equal  to  3": 

(a)  By  the  first  method  (Art.  180) ; 

(b)  By  the  second  method  (Art.  180). 

Problem  7. 

Find  the  decrease  in  the  diameter  00'  and  the  increase  in  the  diameter 
CC  of  the  ring  given  in  Problem  (6).: 

(a)  By  the  first  method  (Art.  180); 

(b)  By  the  second  method  (Art.  180). 

Problem  8. 

Find  the  allowable  load  W  for  a  chain  link  (Fig.  245)  having  a  cross  section 
}"  diameter,  the  radius  of  the  central  axis  at  the  ends  being  li"  and  the 
length  of  the  straight  portion  1}".  The  greatest  allowable  intensity  of  nor- 
mal stress  is  8000  lbs.  per  sq.  in.  Find  the  greatest  intensity  of  the  tensile 
stress  in  the  straight  portions  of  the  link. 


CHAPTER  XII. 
ARCHES  AND  CATENARIES. 

186.  The  Arch.  —  An  arch  may  be  defined  as  a  member,  or 
structure,  whose  central  axis  is  a  plane  curve  which  is  attached 
through  hinges,  or  otherwise,  to  fixed  or  unyielding  supports  and 
is  usually  designed  in  such  a  manner  that  the  bending  moments 
due  to  transverse  loading  are  offset,  as  largely  as  possible,  by  the 
moments  of  the  reactions  at  the  supports.  In  very  special  cases 
bending  may  be  eliminated  entirely,  the  resultant  of  the  stress 
at  every  cross  section  coinciding  with  the  central  axis.  The  arch 
may  be  solid,  having  a  cross  section  similar*  to  that  of  a  beam  or 
built-up  girder,  or,  it  may  be  a  braced  arch,  made  up  of  tension 
and  compression  members  like  a  simple  truss.  We  shall  consider 
the  methods  of  determining  the  stress  in  the  solid  type  only. 

The  solid  arch  may  be  treated  as  a  curved  bar,  subjected  to  the 
action  of  external  forces  acting  in  the  plane  of  curvature  and,  when 
the  external  forces  are  known,  the  bending  moment  and  the  normal 
force,  or  thrust,  acting  through  the  center  of  gravity,  at  any  cross 
section  can  be  found  by  the  method  in  Art.  (176).  In  ordinary 
cases,  the  radius  of  curvature  is  so  large,  compared  with  the 
dimensions  of  the  cross  section,  that  the  stress  intensity  at  any 
point  can  be  calculated  with  sufficient  accuracy  by  use  of  the 
formula  for  the  straight  bar, 

/-£±^(Art  125), (1) 

rather  than  the  more  complex  formulas  in  Art.  (176). 

Similarly,  the  displacements  at  any  point  can  be  accurately 
determined  by  use  of  the  approximate  formulas  (19-21)  (Art.  178)  b 
and  in  many  cases  the  more  approximate  equations  (8-10),  of 
the  same  article,  are  sufficiently  accurate. 

Three  cases  will  be  considered,  involving  three  different  ways  of 
supporting  the  arch.  The  determination  of  the  stresses  and  dis- 
placements in  two  of  these  cases  is  somewhat  difficult,  owing  to  the 
fact  that  the  reactions  at  the  points  of  support  cannot  be  deter- 
mined from  the  statical  conditions  of  equilibrium  alone. 

439 


440 


APPLIED  MECHANICS 


Case  I.     Three  Hinged  Arch.  —  In  this  case,  the  arch  is  made  up  of  two 

parts,  or  ribs,  supported  on  hinges  at  O  and  E  and  connected  with  a  third 

hinge  at  C  (Fig.  252).    When  the  external  loads  Wi,  W*,  etc.,  are  known,  the 

horizontal  and  vertical  components  Ho,  Vo,  etc.,  of  the  reactions  at  the  hinges 

can  be  easily  computed  by  applying  the  statical  conditions  of  equilibrium. 

The  equation  for  the  bending  moment  at  any  point  D,  whose  coordinates 

with  respect  to  horizontal  and  vertical  axes  through  0  are  ix}  y),  may  then  be 

written 

M  =  H*y  +  ZWa  -  Vox, (2) 

where  STPa  —  the  sum  of  the  moments  about  D  of  the  forces  acting  between 
D  and  0,  moments  tending  to  increase  the  curvature  being  taken  as  positive. 
Resolving  the  loads  TPi,  W*,  etc.,  into  H  and  V  components,  Hi,  V\,  H\,  V%, 
etc.,  the  equation  for  the  thrust  at  the  center  of  gravity  of  the  cross  section 
at  D  may  be  written 

P  =  2tf  (<508a)+2V(sina), (3) 

where  ZH  —  Ho  +  H i  +  etc.,  ZV  =  V0  —  Vi  —  etc.,  the  summation  being 
taken  between  0  and  D,  and  a  —  the  angle  between  the  tangent  at  D  and  the 
horizontal  axis  OX. 

Similarly,  the  magnitude  of  the  shearing  force  at  D  will  be  equal  to 

£  =  2tf  (sina)-27(cosa) (4) 

Having  the  values  of  M  and  P,  the  stress  intensity  at  any  point  in  the  cross 
section  D  may  be  calculated  by  use  of  equation  (1). 

The  foregoing  solution  would  evidently  apply  equally  as  well  if  the  hinges 
0  and  E  were  not  on  the  same  horizontal  level  as  shown  (Fig.  252),  the  H 


Y 

<!1    \z*~ 

,vc 

Jfcj 

1 

w, 

- 

iv„ 

^***^*> 

f 

^XJL* 

X 

H,      H 

4 X > 

Vo 

-i — 

• 

Ve 

H. 

Fig 

.  252. 

and  V  components  in  such  a  case  being  taken  to  represent  the  components 
respectively  parallel  and  perpendicular  to  the  axis  OX,  through  the  hinges 
0  and  B. 

If  the  arch  were  subjected  to  a  distributed  load,  a  solution  could  evidently 
be  made  by  dividing  the  load  into  small  parts  AW,  resolving  each  increment 
into  H  and  V  components  and  making  the  summations  indicated  in  (2)  and 
(3)  as  before. 
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Case  II.  Two  Hinged  Arch.  First  Solution.  —  In  this  case  the  arch  con- 
sists of  a  single  rib  held  by  hinges  at  the  supports  0  and  C  (Fig.  353).  When 
the  loads  Wi,  Wt,  etc.,  are  known,  the  components  Vo  and  Ve  at  the  hinges 
O  and  C,  can  be  calculated  by  use  of  the  statical  conditions  of  equilibrium; 
but  these  conditions  will  fail  to  give  a  solution  for  the  values  of  Ho  and  H+ 
The  component  HQ  can  be  determined,  however,  on  the  assumption  that  the 
supports  are  rigidly  fixed  and  hence  the  displacement  of  the  hinge  0,  relative 
to  C,  is  equal  to  zero.    Equation  (2)  may  be  written  in  the  form 

Af-ffoy  +  K, (5) 

where 


K 


V*IF/z_ 


M 


Wa  -  Vox, 


(6) 


which  is  the  part  of  M  which  can  be  determined  from  the  statical  conditions 
of  equilibrium  alone. 


Y 

* ft    j 

|W, 

1 

• 

^,_> 

• 

w. 

.--' 

1       D^J^- — 

V              T                                     »             1 

H"  >\ 

\ 

N 
V 

\ 

• T 

Vo 

*           1                            \        ^            \ 

^\j 

I<H, 

X 

0J 

-* — *-    — *"      \ 

—X.     %     J 

1 

* 
* 
* 

1 

\  \  >~ 

1 

* 
/ 

* 
• 

• 

r 

Fig.  2 

153. 

Substituting  this  value  of  Af  in  equation  (8),  (Art.  178),  we  have,  on  the 
basis  of  the  above  assumption, 

By  solving  (7)  the  value  of  H0  can  be  obtained.  Except  in  comparatively 
simple  cases,  however,  the  solution  is"  complicated  and  hence  the  following 
illustrations  are  restricted  to  the  arch  of  uniform  cross  section  and  material, 
in  which  the  central  axis  is  the  arc  of  a  circle,  the  end  hinges  are  on  the  same 
level  and  the  loads  are  vertical  (Fig.  253).    In  such  a  case 


Ho=  - 


fKyds 
ftfds 


(8) 
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Having  the  values  of  H0  and  Vq,  the  bending  moment,  the  thrust,  and  the 
mftVimiiTn  normal  stress  intensity,  at  any  cross  section,  can  be  found  from 
equations  (2),  (3)  and  (1)  in  the  same  manner  as  in  the  three  hinged  arch. 

Concentrated  Loads.  —  We  will  let  I  ■■  the  span  OC,  n  —  the  radius  of  cur- 
vature of  the  central  axis,  a©  =■  the  angle  between  OX  and  the  tangent  to 
the  central  axis  at  0,  a  —  the  angle  between  OX  and  the  tangent  to  the 
central  axis  at  any  point  D,  whose  coordinates  are  (x,  y),  and  ©\,  6\,  etc., 
equal  the  angles  between  OX  and  the  tangents  to  the  central  axis  at  the 
points  of  intersection  with  the  loads  W\}  W%,  etc.,  which  are  located  at  dis- 
tances dh  a\,  etc.,  from  the  axis  OF.    Then  I  —  2ri  sinao,  s  ■*  n  (sin  a© 

—  sin  a),  j  —  ri  (cos  a  —  cos  ao),  d\  =  n  (sin  ao  —  sin  6\),  (x  —  di)  «  n  (sin  6\ 

—  sin  a),  etc.,  (I  —  di)  —  n  (sin  ao  +  sin  0i),  dt  —  —  n  da,  dx  ■»  —  fi  cos  a  da 
and  dy  —  —  n  sin  a  da. 

If  the  load  TTi  were  the  only  load  on  the  arch,  equation  (6),  for  values  of  x 
from  0  to  di,  would  take  the  form 

R'  —  —  TVs  -  —  Vo'ri  (sino©  —  sin  a), (9) 

and  for  values  of  x  from  d\  to  J, 

K'  -  TTi  (x  —  di)  —  Vo'x  -  Wifi  (sinfli  —  sina)  —  Vo'n  (sinao  —  sina),  (10) 
the  value  of  W  being 

y  •  a,  W%  ^  ""  ^  _  ^(sinao-r-ainfli) 
0  ""  2  ™  2 sinao  

Substituting  the  values  of  K'  in  (7),  observing  that  when  x  —  J,  a  ■*  —  ao, 

when  x  =  0,  a  =*  ao,  and  when  x  =  di,  a  «-  0i,  and  reducing  and  integrating 

we  have 

,            Hon*  /•-<*»/  v., 

to  = jpT"  J        (cos  a  ~  C0B  "W  ** 

Err-  f       (sin  $i  —  sin  a)  (cos  a  —  cos  ao)  da 

+    t,j  J        (sinao —  sina)  (cos  a  —  cos  ao)  dor 

r  ' 
b  ■=>  [  J/0'  (ao  +  2  ao  cos1  ao  —  3  sin  ao  cos  ao) 

—  Wi  { ($i  +  ao)  sin  0i  cosao  +  (cos0i  —  cosao)  cosao 

—  sin  $i  sin  ao  —  J  (sin1  0i  +  sin1  ao)  j 

—  2  W  (sin*  ao  —  ao  sin  a*  cos  ao)]  =  0 (12) 

Substituting  the  value  of  JY  (equation  11)  and  solving  for  H0',  the  hori- 
■ontal  component  of  the  reaction  at  0  due  to  the  load  Wi,  we  obtain 

H ,     FMCfli  sing!— opsin  op  4-cos0i— cosao)  cos  ap+Ksfa'^— sin*  *i)l        ,13* 
°™  ao+2  ap  cos1  ao— 3  sinao  cosao 

The  expression  far  the  value  of  Ho",  the  horizontal  component  at  0,  due 
to  the  load  Wt  acting  alone,  would  evidently  be  an  equation  of  the  same  form 
as  (13),  with  the  angle  0»  replacing  0i. 

Hence  the  value  of  £fp  -  Ho'  +  #o"  +  etc.,  the  horizontal  component 
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at  0  due  to  the  entire  system  of  vertical  loads,  will  be  represented  by  the 
expression 

XI 
W  [($  sin  0 — ao  sin  ao+cos  $ —cos  ao)  cosao+Ksin1  ao — sin*  $)] 

Ho  ■» :-= z =— s ,      (14) 

a©+2  ao  cos*  ao — 3  sin  a*  COS  ao 

where  W  represents  any  vertical  load  and  0  =  the  angle  between  OX  and  the 
tangent  to  the  central  axis  at  its  point  of  application  and  the  summation 
includes  all  the  loads  on  the  arch.  Since  the  loads  are  vertical,  Ho  will  evi- 
dently represent  the  horizontal  component  of  the  thrust  at  any  cross  section. 
mmm  Uniform  Load.  —  If  the  arch  were  subjected  to  a  uniform  load  w  per  unit 
length  of  the  span,  the  value  of  Ho  could  be  determined  by  substituting 
w  dx  for  W  in  equation  (14)  and  integrating,  or,  it  may  be  determined  directly 
by  substituting  the  value  of  K  for  this  case  in  equation  (7)  and  integrating, 
as  follows:    The  expression  for  K  (equation  6)  will  take  the  form 

v       WX*        %dx        WTi*  .  .    ,  •    .       \  /,  ex 

Kss~2 2"  =-2~(8m,«-8m,fl*) (N>) 

and  substituting  in  (7)  and  integrating 

8x  = vTj     *"*  C008  «  ""  cos  ao)'  da 

(sin*  a  —  sin1  ao)  (cos  a  —  cos  a*)  da 


'_-  tori4  /•- 


ft* 
™  m  [#o  (ao  +.2  ao  cos1  a©  —  3  sin  ao  cos  ao) 

—  WTi  {sin'  ao  (}  sin  ao  —  ao  cos  ao) 

+.icosao(ao— sinaocosao)}]  —0,         (16) 

the  first  term  in  the  integral  being  the  same  as  in  (12). 
Solving  (16),  we  obtain 

-j.   _  WT\  [sin1  op  (|  sin  op  —  op  cos  op)  -+-  \  cos  ap  (ao  —  sin  op  cos  ao)]  .  ~ 

0  ~"  ao  +  2  ao  cos2  ao  —  3  sin  ao  cos  ao  ' 

Two  Hinged  Arch.  Second  Solution.  —  A  more  accurate  solution  for  the 
value  of  Ho  can  be  made  by  allowing  for  the  normal  thrust  P,  as  indicated  in 
equation  (19)  (Art.  178),  when  applying  the  condition  that  the  displacement 
bxioi  Of  relative  to  C,  is  equal  to  zero.  The  effect  of  a  temperature  change 
on  the  reactions  at  the  hinges  may  also  be  included  in  the  solution. 

Concentrated  Loads.  —  When  the  arch  is  subjected  to  vertical  concentrated 
loads  the  expression  for  the  thrust  at  any  section  D  (equation  3)  may  be 
written 

P  =  H0coBa  +  (Vo-  5*  W)mna      (18) 

and  the  expression  for  K  at  the  section  D  (equation  6)  may  be  written 

K  =  ^W(x-d)-Voz, (19) 

where 


2W(l-d)      5)  JP (sin oo  + sin*) 
I  ~  2sinao 


V*-=*—, —      0.     (20) 


444  APPLIED  MECHANICS 

Substituting  the  values  of  P  and  M  -  Hoy  +  K  in  (19)  (Art.  178),  putting 
bxi  =■  0,  and  observing  that  the  strain/lue  to  the  thrust  P  will  be  compression, 


we  have 


+zkfc™a^+^f(Vo-Xlm™a^~€TfaB'0>    (21) 

the  integration  being  taken  over  the  entire  span. 

The  values  of  the  integrals  may  be  expressed  as  follows,  the  values  of  the 
first  three  being  in  the  same  form  as  in  equation  (12), 

Ha  f*  "J  n* 

WlJ        l^*8  "  pj  ^o(oo  + 2  a©  008*00  —  3  sin  ob  cos  ad),     .     (22) 

+  (cos 6  —  co8ao)cosao  —  sin  0  sin  ao  —  J  (sin1 0  +  sin* ao)  }| ,     (23) 

where  W  —  any  load  and  0  —  the  angle  between  OX  and  the  tangent  to  the 
central  axis  at  the  point  of  application  of  W, 

y    fz-l  r.t 

~~  FT  J        zyds  —  —  EI  ^V°  (Bmf  «o  —  ao  sin  ao  cos  ao) 

-  —Sri  2)  ^(9m,ao"~ aosinaocosao+sinoosin*— aosinflcosao)  |,  (24) 
J         sinadz  -  -  TgJ         sinacosada  =  0,      .    .     (26) 


AE 


-ttflllXW™a^-TE$e   a9X0W^naCOBada 

;2j  TF(8in*ao-Bin*d), 


•x-J 


(27) 


-  «r/XJ"  dx eTl (28) 

Substituting  these  values  in  (21)  and  solving  for  HQ,  we  obtain 
W  [(6  sin  0  —  ao  sin  ao  +  cos  6  —  cos  ao)  cos  ao 

+  J  (sin*ao  -  sin*  0)  -  jr-j—,  (sin*ao  -  sin**)]  +^€!TJ 

Ho ^ j ^ W 

(ao  +  2  ao  cos*  ao  —  3  sin  ao  cos  ao)  +  ~i — \  («o  +  sin.  ao  cos  ao) 

It  will  be  observed  that  the  first  terms  in  the  numerator  and  denominator 
of  (29)  are  the  same  as  in  equation  (14). 

Uniform  Load.  —  In  the  case  of  the  arch  subjected  to  a  uniform  load  w  per 
unit  of  span,  if  we  allow  for  the  effect  of  the  thrust  and  change  of  tempera- 
ture, equation  (17)  will  be  modified  in  a  similar  manner. 
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The  expression  for  the  thrust  at  any  cross  section  will  be 

P  =  ff0cosa  +  (V0  -itaOsina, (30) 

which  differs  in  the  last  term  only  from  equation  (18),  and  the  expression  for 
K  will  be  the  same  as  (15). 

Substituting  in  equation  (19)  (Art.  178),  and  reducing,  observing  that  the 
strain  due  to  the  thrust  P  will  be  compression,  we  have 

1  ™  "  ~~ElJ         (cos  a- cos  ao)* da  ~  YEI  J         (sin*  a -sin*  a©) 

(cos  a— OOSao)  aa  — -j™- J        cos  *  a  da  —  -^  I         sm  a  cos  a  da 
+  -T-s-  J         (sin  ao  —  sin  a)  sin  a  cos  a  da  —  cT7  J    efcc  =  0.  .      (31) 

The  values  of  all  the  integrals  are  given  in  equations  (16),  (25),  (26)  and 
(28),  with  the  exception  of 

tOT"i*  /•—  on/  •  \    •  j         Wi1  2   .   .  /ortN 

-r-^  I         (sin  ao  —  sm  a)  sin  a  cos  aca  =  -j=  5  sin*  ao,     .    .     (32) 

and  substituting  these  values  in  (31)  and  solving  for  HQ}  we  obtain 
UTi  [sin*  ao  (|  sin  ao  —  ao  cos  ao) 

+  1  cos  ao  (ao  —  sin  ao  cos  ao)]  — 5 — ;  «  sin*  <xq-\ — 7  *Tl 

H, ^£f 2- •   •     (33) 

(ao  +  2  ao  cos2  ao  —  3  sin  ao  cos  ao)  -+-  -z — J  («o  +  sin  ao  COS  ao) 

Braced  Arch.  —  In  the  braced  arch,  or,  the  solid  arch  of  varying  cross 
section,  subjected  to  vertical  loads,  the  value  of  H0  may  be  estimated  approxi- 
mately by  substituting  the  average  values  of  /  and  A  in  the  foregoing  equa- 
tions. 

Case  III.  Arch  with  Fixed  Ends.  —  In  this  case  the  ends  of  the  arch 
are  fixed  in  direction,  similar  to  the  beam  with  fixed  ends  (Art.  101),  and  a 
bending  moment  exists  at  each  support.  If  we  let  M0  and  Mc  equal  the 
bending  moments  at  the  supports  0  and  C,  respectively  (Fig.  253),  the  equa- 
tion for  the  bending  moment  at  any  section  D  will  take  the  form, 

M  -  Mo  +  Hoy  +  2J"  Wa  -  Vox, (34) 

and  the  value  of  the  thrust  P  will  be  represented  by  (3)  as  in  the  two  preced- 
ing cases. 

When  the  loads  are  vertical  and  the  supports  are  on  the  same  level  (34) 
may  be  written  in  the  form 

M  =  Mo  +  Hoy  +  K, (35) 

the  value  of  K  being  represented  by  (19).  The  value  of  P  will  be  given 
by  equation  (18).  Since  the  ends  of  the  arch  are  fixed  in  direction,  the  change 
in  the  angle  between  the  tangents  at  0  and  C,  represented  by  equation  (10), 
or  (18)  (Art.  178),  will  be  equal  to  zero  and  this  condition,  in  combination 
with  the  conditions  that  the  horizontal  and  vertical  displacements  of  the  sup- 
ports are  equal  to  zero,  will  furnish  a  solution  for  the  unknown  quantities  M0, 
Vo  and  Ho,  the  details  being  worked  out  in  the  same  manner  as  in  Case  II. 
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186.  Inverted  Arch.  —  If  the  arch  in  any  of  the  preceding 
cases  were  inverted  and  subjected  to  loads  acting  vertically  up- 
wards, the  equations  for  HQ  would  evidently  take  exactly  the 
same  form  as  those  of  Art.  (185). 

If  the  inverted  arch  in  any  case  were  subjected  to  loads  acting 
vertically  downwards,  the  signs  of  both  the  bending  moment  and 
the  normal  force  at  any  cross  section  would  be  reversed  and 
hence,  by  reversing  the  sign  of  the  temperature  term  only,  the 
equations  for  the  corresponding  case  in  Art.  (185)  would  give  the 
magnitude  of  H0  for  such  a  case. 

187.  Flexible  Cords.  —  The  determination  of  the  forms  taken 
by  a  flexible  cord,  or  chain,  fastened  at  the  ends,  when  subjected 
to  certain  types  of  loading  is  of  considerable  importance.  Evi- 
dently in  such  a  cord  there  can  be  no  bending,  the  resultant  stress 
at  every  cross  section  being  uniform  tension. 


Concentrated  Loads.  —  If  the  loads  are  concentrated  and  the 
weight  of  the  cord  is  negligible,  the  form  taken  will  be  a  broken 
line,  or  part  of  a  polygon  (Fig.  254  a),  the  shape  of  which  must  be 
such  that  the  stresses  in  the  sections,  or  strings,  on  either  side  of 
any  load  will  balance  that  load. 

If  triangles  are  constructed,  representing  the  forces  acting  at 
the  point  of  application  of  each  load,  and  the  triangles  for  two 
consecutive  points,  such  as  1  and  2,  are  placed  so  that  the  sides 
which  represent  the  force  in  the  section  of  the  cord  between 
them  coincide,  the  force  triangles  for  the  entire  load  system  will 
form  a  diagram  (Fig.  254  6),  in  which  the  loads  are  represented 
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by  the  vectors  AB,  BC,  etc.,  and  the  stresses  in  the  sections  a,  6, 
etc.,  of  the  cord,  are  represented  by  the  vectors  OA,  OB,  etc., 
diverging  from  the  point  0. 

The  diagram  (Fig.  254  b)  is  called  the  stress  diagram  and,  if 
the  loads  are  vertical,  the  vectors  W\,  W*y  etc.,  will  form  a  straight 
line  and  the  horizontal  component  of  the  stress  in  every  section 
of  the  cord  will  be  equal  to  Oh. 

The  broken  line  formed  by  the  cord  (Fig.  254  a)  may  be  called 
the  equilibrium  polygon. 

Distributed  Loads.  —  If  a  flexible  cord  is  subjected  to  a  distrib- 
uted load  it  will  take  the  form  of  a  curve  which  may  be  called  a 
catenary.  When  the  distributed  load  is  vertical  the  differential 
equation  of  the  curve  may  be  obtained  as  follows:  Let  0  be  the 
lowest  point  in  the  cord  (Fig.  255  a)  which  is  suspended  from  the 
points  A  and  C,  the  equilibrium  polygon  in  this  case  being  the 
curve  AOC. 


(6) 


wdx 


Fig.  255. 


Let  w  =  the  load  per  unit  of  horizontal  distance,  T  =  the  tension 
at  the  point  D,  whose  coordinates  with  respect  to  the  horizontal 
and  vertical  axes  through  0  are  (x,  y),  and  let  H  =  the  tension  at  0, 
which  is  evidently  equal  to  the  horizontal  component  of  T.  The 
total  load  on  the  cord  between  the  points  0  and  D  will  be  equal  to 

/    wdx  and,  if  a  =  the  angle  between  OX  and  the  tangent  at  D, 


tan  a  =  -^  = 
ax 


x 


wdx 

°ir~  (Fi«-255b) (^ 


Hence  if  D'  is  a  point  on  the  curve,  whose  coordinates  are 
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(x  +  dx,  y  +  dy),  the  increment  in  tan  a  between  D  and  D' 

will  be  equal  to 

j(dy\  _  wds 

a\dx)"   H  ' 
or, 

<Py  _u>  ,0, 

drf-H' w 

which  is  the  equation  of  any  vertically  loaded  flexible  cord,  re- 
ferred to  horizontal  and  vertical  axes  through  its  lowest  point. 

Uniform  Load.  —  When  the  cord  is  subjected  to  a  uniformly  distributed 
load  w  per  unit  of  distance  horizontally,  we  obtain  by  integrating  (2) 

^-~*  (to 

dx'HX (3) 

the  constant  of  integration  being  zero,  since 


g  =  0,  when  x  -  0, 


and  by  integrating  again 


v-yh* w 


the  constant  being  zero,  since  y  =  0,  when  x  =  0. 

Therefore,  the  equilibrium  curve  in  this  case  is  a  parabola.  The  tension 
at  any  point  D  will  be  equal  to 

T  -  VH2  +  (wx)* (5) 

and  this  will  evidently  be  a  maximum  at  a  point  of  support,  the  difference 
between  the  maximum  tension  and  H  depending  on  the  sag,  or  dipt  of  the 
lowest  point  of  the  curve. 

If  we  let  (xi,  y0  and  (x2,  yt)  equal  the  coordinates  of  the  supports  C  and 
A  respectively  (Fig.  255),  and  I  =  the  horizontal  length  of  the  span,  we  shall 
have 


and 


y%  "  Yh**  =2H^1" Xl) (7) 


Therefore,  when  the  span  and  the  coordinates  yx  and  yt  of  the  supports  are 
known,  the  coordinate  X\  and  the  value  of  //,  for  any  load  intensity  w,  can 
be  obtained  by  solving  (6)  and  (7)  simultaneously.  When  the  supports  are 
on  the  same  level,  the  lowest  point  is  in  the  center  of  the  span  and  the  solution 
can  be  made  by  the  use  of  (6)  alone. 

Variable  Load.  —  When  w  is  variable  the  equation  of  the  curve  and  values 
of  H  and  T  can  be  obtained  in  a  similar  manner,  provided  w  can  be  expressed 
as  an  integrable  function  of  x. 

Linear  Arch.  —  It  is  evident  that  if  a  member  designed  to  resist  compres- 
sion and  having  the  form  of  the  flexible  cord  were  inverted  and  subjected  to 
the  same  load  the  stress  on  every  cross  section  would  be  uniform  compression. 
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Hence  if  the  central  axis  of  an  arch,  designed  to  support  a  uniform  load 
per  unit  length  of  span,  were  a  curve  represented  by  equation  (4),  the  result- 
ant stress  on  every  cross  section  would  be  uniform  compression  and  there 
would  be  no  bending  in  the  arch.  Such  a  curve  is,  therefore,  sometimes 
called  a  linear  arch,  or  more  frequently,  the  equilibrium  curve  for  the  arch. 

188.  The  Common  Catenary.  —  If  a  flexible  cord  of  uniform 
section  and  material  is  suspended  at  the  ends  and  hangs  freely 
under  its  own  weight  (Fig.  256),  the  curve  formed  by  the  cord  is 

iC 


known  as  the  common  catenary.  The  equation  of  the  curve, 
referred  to  the  axes  OX  and  OY  through  the  lowest  point,  may  be 
obtained  as  follows: 

Let  vh  =  the  weight  per  unit  length  of  the  cord.    The  value  of  w  (Art.  187) 

will  then  be  equal  to 

ds 


Substituting  this  value  in  (2)  (Art.  187)  we  have, 


(1) 


S-is-k^*(£f--- • 


H 


where  m  —  —  =*  a  constant.    Equation  (2)  may  be  written  in  the  form 

dty 

dr2  1 


VMS' 


m 


and  integrating,  we  obtain  


the  constant  of  integration  being  zero.    Hence, 


JS+VMS" 


x 
m 


e 
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Transposing  and  squaring  both  sides  of  the  equation, 

and  therefore, 

I-|(«--«"-)-^5 <« 

Integrating  again 

*"5?V    +e     y-»-M«*J-«.  •  •   •   •     (» 
where  —  m  =  the  constant  of  integration.    We  also  have 

i-v^W-K^-"*) « 

and  by  integrating  we  obtain  for  the  length  of  the  portion  of  the  curve  between 
O  and  any  point  D, 

•  -f(e"-«"7-m«nh| (7) 

the  constant  of  integration  being  zero. 

If  we  transfer  the  equations  to  the  axes  OxXi  and  OiF,  where  O0i— m, 
(4)  and  (6)  will  remain  in  the  same  form  and  (5)  will  become 


(8) 


By  expanding  the  values  of  sinh  —  and  cosh  —  in  series  and  reducing, 

equation  (5)  will  become 

x*          x4            x* 
V  SB2m  +  24^+720m»  +  "       (9) 

Similarly,  equation  (7)  will  become 

x*  x* 

*  m  x  +  a- i  +  ion     4  +  •  *  * (10) 

The  tension  at  the  point  D  will  evidently  be  equal  to 

T  -  VH*  +  (u^)2  -  Wi  Vm*  +  «*  -  u^ (11) 

By  transposing  (6)  and  multiplying  by  u?i>  we  obtain 

«* -!f(«=  + •"-)&- S  **-§»'*.  .  .  .    (12) 
Hence  the  total  weight  of  the  section  of  the  cord  between  0  and  D  will  be    '. 

uw-^JV^-^areaOiODiV);     (13) 

that  is,  the  load  on  any  section  of  the  catenary  is  equal  to  the  area  between 

the  curve  and  the  axis  OiXi  multiplied  by  a  constant  -=r  —  — . 

ti        tn 
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When  the  dip  of  the  curve  is  small  the  higher  powers  of  x  in  (9)  and  (10) 
may  be  neglected  and 

y  "  2m  "  T5  (very  nearly)> (14> 

*  =  *  +  6m*  "  *  +  6ff*  (very  nearlv)' (15) 

and  the  tension  at  any  point  in  the  cord  (equation  11)  will  be  equal  to 

T  -  H  (very  nearly) (16) 

Therefore,  in  such  a  case  the  catenary  very  nearly  coincides  with  the 
parabola. 

Transformed  Catenary.  —  It  is  evident  that  an  inverted  catenary  would  be 
the  equilibrium  curve  for  an  arch  designed  to  carry  a  vertical  load,  the  in- 
tensity of  which  varies  directly  as  tne  ordinates  between  the  curve  and  a 

jj 

horizontal  line  at  a  definite  distance  m  =  —  above  the  highest  point  in  the. 

curve. 

A  more  general  type  of  an  equilibrium  curve  for  an  arch  would  be  that  for 
a  distributed  load,  whose  intensity  varies  directly  as  the  ordinate  between 
the  curve  and  a  horizontal  line  at  any  distance  d  above  the  highest  point. 
The  equation  of  such  a  curve  may  be  derived  by  a  method  similar  to  that 
employed  in  the  case  of  the  common  catenary.  If  we  let  OOi  (Fig.  256) 
represent  the  distance  d,  the  load  intensity  at  any  point  D  will  be  equal  to 
wj/f  where  w  =  the  load  represented  by  each  unit  of  the  area  between  the 
curve  AOC  and  the  horizontal  line  X\OiX\.  The  differential  equation  of  the 
curve  will  be 

dx*      HV' KU) 

which  may  be  written,  substituting  y  for  y*, 

Integrating,  obaerving  that  wheng  -  0,  y  -  d, 

J -Vf  <*-*>- £*!•■=* W 

where  m*  =  —  . 

w 

Equation  (18)  may  be  written 

dy  lj 

and  integrating,  observing  that  when  *  ■  0,  y  »  a\ 

<-p±*¥3l-i » 

which  reduces  to 

V-i(eM+e  "J «0) 

which  becomes  the  equation  of  the  common  catenary  when  d  —  m, 
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189.  Effect  of  Temperature  and  Load  Changes.  —  When  the 
dip  of  a  suspended  cord,  or  wire,  is  small  compared  with  the  span, 
the  expansion,  or  contraction,  due  to  a  change  in  temperature,  will 
result  in  a  considerable  change  in  the  dip.  In  calculating  this 
change  it  must  be  observed  that  the  expansion  due  to  an  increase 
in  temperature  will  be  partly  counteracted  by  the  elastic  contrac- 
tion due  to  the  change  in  stress  accompanying  the  change  in  dip. 

Let  t  =  the  temperature  change,  which  is  positive  for  an  increase  and 
negative  for  a  decrease,  and  c  =  the  coefficient  of  linear  expansion  of  the  cord. 
Let  (xi,  yi)  be  the  coordinates  of  a  point  of  support  C  (Fig.  257),  with  refer- 
ence to  the  horizontal  and  vertical  axes  through  Oi,  the  lowest  point  in  the 
cord,  *i  =  the  length  of  the  curve  OiC,  Hi  =  the  tension  at  the  lowest  point 
and  vh  =  the  weight  per  unit  length  in  the  initial  condition. 


Fig.  257. 


After  a  change  in  temperature  let  (xi,  y2)  be  the  coordinates  of  the  point 
C,  with  reference  to  the  horizontal  and  vertical  axes  through  the  lowest  point 
Ot)  let  Si  =  the  length  of  the  curve  OiC,  Ht  -  the  tension  at  the  lowest  point 
in  the  cord  and  assume  the  weight  per  unit  length  to  remain  unchanged.  Let 
A  =  the  area  of  the  cross  section  and  E  =  the  modulus  of  elasticity  of  the 
cord.  When  the  dip  of  the  curve  is  small  the  tension  throughout  the  length 
of  the  cord  may  be  assumed  to  be  uniform  and  equal  to  the  tension  at  the 
lowest  point. 

Then,  from  (15)  (Art.  188), 

*l=Xi+GH? (1) 

and 

*    *  +  6B7' () 

and,  subtracting  (1)  from  (2), 

m  m  «h»Z,»  /    1  1    \  ,o. 

**-*1  =  -q~[h?~h?) m 


TRAMWAY  CABLE  453 

But 

*-*  -(^nr1-^)* w 

and  hence 

1  1         6«,   fHi-Hi  ,    A 

where 


and 


*-1S- « 


*-*+§£ <*> 


the  value  of  «i  being  obtained  by  eliminating  m  between  (14)  and  (15)  (Art. 
188).  The  solution  of  (5)  will  give  the  value  of  H%  and  the  dip  of  the  curve, 
after  the  temperature  change,  will  be  equal  to 

y%"2H, (8) 

If  the  load  on  the  cord  changes,  coincident  with  the  change  in  temperature, 
and  we  let  it*  =  the  weight  per  unit  length  after  the  temperature  change, 
equation  (3)  will  become 

— -  %{%-m) <•> 

and  (5)  will  become 


}'H?  =  -tf\—AE-  +  d) (10) 


Having  the  values  of  vh,  Hlf  xx  and  sh  for  the  cord  in  the  initial  condition, 
and  the  value  of  u*,  after  the  change  in  temperature  t,  the  value  of  H%  may 
be  obtained  by  the  solution  of  (10)  and  the  value  of  y%  from  (8),  as  before. 

The  change  in  dip,  due  to  a  uniform  load  change  only,  may  evidently  be 
obtained  by  putting  *  =  0  in  (10)  and  solving  for  Ht  and  j/»,  as  before. 

190.  Tramway  Cable.  —  The  deflection  of  the  track  cable  of  a 
tramway  for  any  position  of  the  traveling  load  may  be  deter- 
mined with  a  sufficient  degree  of  accuracy  by  use  of  the 
approximate  formulas  for  the  common  catenary  (14)  and  (15) 
(Art.  188). 

Let  the  curve  AOB  (Fig.  258)  represent  the  form  of  the  cable  under  a  load 
W  at  the  point  0.  Let  L  »  the  horizontal  distance  and  y0  =  the  difference  in 
level  between  the  points  of  support  A  and  B  and  let  (xi,  y\)  and  (x%t  yt)  be  the 
coordinates  of  A  and  B  with  respect  to  horizontal  and  vertical  axes  through  0. 
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If  we  assume  the  cable  to  be  perfectly  flexible  and  of  uniform  weight,  the  curves 
OA  and  OB  will  be  parts  of  two  catenaries,  intersecting  at  0,  and  the  lowest 
points  on  the  two  curves  may  be  represented  by  Oi  and  0%,  respectively. 

Let  »i  =  the  length  of  the  curve  OA,  8%  «  the  length  of  the  curve  OB  and 
8  =  «,  +  «,  =  the  total  length  of  the  cable.  Let  w  =  the  weight  of  the  cable 
per  unit  length,  H  —  the  horizontal  component  of  the  tension  at  any  point, 
Va  —  the  vertical  component  of  the  tension  at  A,  Vi  —  the  vertical  compo- 
nent of  the  tension  at  B  and  V0  =  the  vertical  component  of  the  reaction 
between  the  parts  OA  and  OB  at  the  point  0. 


tJL 


Fia.  258. . 

If  we  assume  the  load  W  to  act  on  the  part  OA  alone  and  apply  the  condition 
2Af  =  0  to  the  forces  acting  on  0At  with  the  axis  of  moments  at  A,  we  shall 
have 

uwji  5  +  Wxi  -  V&i  -  Hyi "-  0  (very  nearly),     ...      (1) 

and,  similarly  for  the  part  OB, 

-  uw,|*  -  V&t  +  Hyt  =  0  (very  nearly) 

Eliminating  Vq  between  (1)  and  (2), 

?  +  ?  +  F_*(te  +  g)_-  +  r-ir(g  +  g)-o; 


(2) 


and  hence 


H  - 


Xi        x% 


(3) 


Taking  the  sum  of  the  moments  of  all  the  forces  acting  on  the  cable  about 
an  axis  through  B  and  solving  for  Va,  we  have 


(4) 
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similarly, 

Fj_^  +  H&  +  « (8) 

The  tension  at  A  will  be  equal  to 

71.  -  VVo*  +  H*; (6) 

and  the  tension  at  B, 

n-  VFiP  +  fl»; (7) 

the  greater  of  the  last  two  values  being  the  greatest  tension  in  the  cable  for  the 
given  position  of  W.  As  the  postition  of  W  changes  the  greatest  tension  in 
the  cable  will  evidently  vary.  In  general,  an  exact  solution  for  the  position 
of  W  for  which  the  greatest  tension  is  a  maximum,  is  somewhat  difficult; 
but  the  maximum  value  may  be  obtained  with  sufficient  accuracy  by  assum- 
ing that  it  occurs  when  W  is  at  the  middle  of  the  span. 

For  most  cases  sufficiently  accurate  values  of  *i  and  «»  may  be  obtained  by 

«i  -  Vatf  +  tf (8) 

and 

*  -  Vatf  +  y,* (9) 

More  exact  values  of  «i  and  «s  may  be  obtained  by  using  equations  (15)  and 
(14)  (Art.  188)  as  follows:  Taking  the  origin  at  0i  (Fig.  258), 

-»[i+*+,;5+w] do) 

and 

„  „  fa  +  oQ*       Qi*  ^  *i  (2oi  +  xi) . 

w  2m  2m  2m         '      '     "    '     '     w 

hence 

*-?-5 ™ 

Substituting  the  value  of  <h  in  (10),  the  value  of  %\  is  obtained  in  terms  of  yi 
and  Xi.  In  a  similar  manner  an  expression  for  «i  in  terms  of  y%  and  x%  can  be 
easily  obtained. 

When  A  and  B  are  on  the  same  level  the  greatest  tension  occurs  when  W  is 

at  the  middle  of  the  span,  in  which  case  yi  =  y*f  X\  —  x%  =  —  and 

H-^QV  +  wO (13) 

w 

Va  -  F»  -  y  +  u»i, (14) 


^-y^+uA 


*-«,-yT+,*,, (16) 

or,  a  more  exact  value  of  *i  may  be  obtained  from  equation  (10) 

In  ordinary  cases  the  deflection  y\  is  so  small,  compared  with  the  span,  that 

Tm"  H  (very  nearly); 
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and  sufficiently  accurate  results  can  be  obtained  by  assuming  the  cable  to  be 
under  a  uniform  tension  H.  In  such  a  case  the  dip  of  the  curve,  formed  by  the 
cable  when  the  load  is  off  the  span,  can  be  readily  found  by  calculating  0  from 
(8)  and  (9)  and  determining  the  new  value  of  m  from  (15)  (Art.  188)  and  the 
dip  ffi  from  (14)  (Art.  188).  If  allowance  is  to  be  made  for  the  change  in  the 
length  of  the  cable,  due  the  change  in  tension  when  W  is  removed,  the  value  of 

tn  —  — •  should  be  calculated  first  from  (15)  (Art.  188)  and  the  correct  value 

of  Ht  obtained  by  the  use  of  (5)  (Art.  189),  after  which  the  dip  y\  may  be  found 

by  substituting  m  =  —  in  (14)  (Art.  188). 

In  the  foregoing  analysis  the  cable  has  been  treated  as  a  perfectly  flexible 
cord,  whereas  in  an  ordinary  cable  the  rigidity  will  be  sufficient  to  produce  a 
considerable  bending  stress  where  it  bends  around  the  carriage  sheaves,  sup- 
porting the  load  W,  and  the  form  of  the  curve  taken  by  the  cable  will  be 
somewhat  different  from  that  taken  by  the  flexible  cord. 

The  effect  of  the  rigidity  on  the  H  components  at  the  supports  may  be  shown 
by  introducing  in  equations  (1)  and  (2)  the  term  M,  representing  the  bending 
couple  at  the  section  at  0  (Fig.  258),  and  solving  for  H,  which  will  give 

H - ; (16) 

yi  +  y* 

Xi        Xt 

showing  that  the  value  of  H  would  be  less  than  if  the  cable  were  perfectly 
flexible.  The  values  of  Va  and  Vb  (equations  4  and  5)  would  be  the  same  as 
for  a  flexible  cord. 

In  an  ordinary  case  the  value  of  M  would  not  be  large  enough  to  change  to 
any  considerable  extent  the  value  of  H  from  that  given  by  (3) ;  and  the  form 
of  the  curve  can  be  determined  with  sufficient  accuracy  by  treating  the 
cable  as  a  flexible  cord. 

In  calculating  the  maximum  stress  intensity,  however,  allowance  for  the 
stress  due  to  bending  should  be  made.  Rankine  proposed  that  the  bending 
stress  be  calculated  on  the  assumption  that  all  the  wires  in  the  cable  take  the 
same  curvature  when  bending  around  a  sheave.  On  this  assumption,  if  d  «= 
the  diameter  of  a  single  wire,  E  =  the  modulus  of  elasticity  of  the  material 
and  r  »  the  radius  of  curvature  of  the  axis  of  the  bent  cable,  the  maximum 
stress  intensity  due  to  bending  would  be  equal  to 

Ed 
2r' 

Hence,  if  T  =  the  tension  and  A  =  the  total  area  of  the  cross  section,  the 

maximum  stress  intensity  in  the  cable,  where  it  bends  around  a  sheave,  would 

be  equal  to 

t       T  ,  Ed  „_ 

'•-Z  +  27 (17) 

In  applying  (17)  in  practice  allowance  should  be  made  for  the  fact  that  the 
"lay"  of  the  strands  in  an  ordinary  cable  is  such  that  the  curvature  of  the 
different  wires  in  the  bent  cable  is  not  the  same;  and  also  that  the  friction 
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between  the  strands  will  prevent  them  from  moving  freely  on  each  other, 
which  would  tend  to  produce  a  higher  stress  in  the  wires  on  the  outside  of 
a  bend  than  in  those  on  the  inside. 

Mr.  F.  C.  Carstarphen  has  shown,  by  an  extensive  series  of  tests  on  steel 
cable,  that  as  the  tension  on  a  cable  increases  the  properties  of  the  cable  under 
bending  approach  those  of  a  solid  bar  of  the  same  material.  To  meet  such  a 
condmoa  (17)  should  be  modified  to 

'«-!  +  fr <18> 

wnere  A  =  the  diameter  of  the  cable  and  #1  =  a  modified  value  of  the  modu- 
lus of  elasticity,  depending  on  the  value  of  T. 

Moreover  the  value  of  E\  for  a  tramway  cable  under  its  working  tension  may 
be  so  large  that  the  resistance  of  the  cable  to  bending  will  be  sufficient  to  pre- 
vent it  from  taking  a  radius  of  curvature  as  small  as  the  radius  of  the  carriage 
sheaves  at  0  (Fig.  258),  resulting  in  a  smaller  value  for  the  bending  stress  than 
that  given  by  (18). 

191.  Flexible  Trough.  —  The  form  of  the  cross  section  of  a 
perfectly  flexible  trough  filled  with  any  homogeneous  fluid  will  be 
the  same  as  that  of  a  flexible  cord  subjected  to  a  load  which  is 
everywhere  normal  to  the  curve  and  whose  intensity  at  any  point 
is  proportional  to  the  depth  below  a  horizontal  axis  coinciding 
with  the  surface  of  the  fluid. 

Let  AOiB  (Fig.  259)  represent  the  cross  section  of  a  flexible  trough  of  width 
2  b  and  depth  a,  supported  at  A  and  B  and  filled  with  a  homogeneous  liquid 
to  the  level  AB.  Take  the  axes  of  coordinates  through  0,  the  middle  point  in 
AB,  and  let  w  =  the  weight  of  the  liquid  per  unit  of  volume,  H  =  the  tension 
per  unit  length  of  the  trough  at  the  lowest  point  0\,  T  —  the  tension  per  unit 
length  at  any  point  C,  whose  coordinates  are  (x,  y),  p  =  the  intensity  of  pres- 
sure at  C,  9  =  the  angle  between  the  tangent  at  C  and  the  horizontal  and  r  = 
the  radius  of  curvature  at  C. 

Applying  the  condition  of  equilibrium,  ZX  =  0,  to  the  forces  acting  on  the 
portion  of  the  trough  OiC  we  have 


2X=  -H+  P'"1'?  sin  0d*  + Tecs  0  =  0, (1) 

J  yam  a 

where  p  =  —wy  =  — ,    sin0  =  -.-    and    cos0  =  j— 

r  9      r'  fa  as 

Hence 

and 

r-[ff_!(o»-jfl]g-  [fl- !?(<,' -•)]«»*.  .    .      (2) 

But     T  —  —  vtyr  —  —  wy  -r: ;  and  hence    —  wy  =  lif  —  -^(a*  ""vOIx: 
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and 


—  wy 


w 


dx. 


(3) 


ff-  ^  (<*-*») 


Multiplying  by  tan  $ 


-¥,  we  have 


iAnSde 


—  toy 


where 


H- 


dy 


-2ydy 


2(a      ^         17-a+* 


-2ydy 


,.     .     W 


2/7 
to 


-d». 


Fig.  250. 


Integrating  (4),  we  obtain 

-  log  coed  -  -  log  (y»  +  K)  +  t. 
Observing  that  0  =  0,  when  y  —  at 

c  -  log  (o«  +  K); 


and  hence 


«, 


i/*  H-  IT 

log  coed  =  log^T  g> 


oos0 


y*  +  ^ 


(5) 


<® 
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Therefore,  

ianc'      dx  tf  +  K 

a*  +  X 
and 

y»  +  K  d  tf  +  K 

/a'  +  2g  +  y»\     /o»+X\ 
_(a»  +  2g  +  y»)-(a»-hX)  I  a»         7     I     «»    J  ,  (7) 

Let  &  =  1  —  ~ :    then   -  =  Vl  —  ^   and   dy  =  "T  ;  and,  substi- 

tuting  in  (7)  and  reducing, 

-  v/(^-).,)(1_,) 


\Z^-y/2(a'  +  X)(l-iw) 


V(l  -  **)  (1  -A*s«) 

a*  iva* 


(8) 


where  *t  =  2(a«  +  X)  ~  4H 

By  Bubetituting  s  =  sin0,  <Jz=*co8<£<20  =  Vl  —  s?d$f 

off 
a*  +  K  =  —  and  integrating,  equation  (8)  reduces  to 

/\/-  -  2  I/-  (1  -  *»sin«*) 
|SS|         vl-tfsin** 

where  ^  ■■  sin-12  —  cos"1  Vl  —  a*  «  cos"1  - 

a 

y«aoos4 (10) 


(9) 


O,or, 


and 


a  a    w 
''■•2\H 


(11) 
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The  values  of  the  integrals  in  (0),  for  any  value  of  k  and  different  values  of  <f> 

can  be  readily  determined  from  a  table  of  elliptic  integrals  and,  by  substituting 

H 
these  values  and  the  value  of  —  in  the  equation,  values  of  x  corresponding  to 

the  values  of  £  can  be  found.    In  this  manner,  as  many  values  of  x  and  y  as 
may  be  required  for  plotting  the  curve  can  be  obtained. 
Substituting  the  value  of  cos  B  (equation  6)  in  (2)  we  have 


r=[/f-|(a«-y»)] 


tf  +  K1 
and  reducing, 

T  -  H (12) 

Hence  the  tension  throughout  the  length  of  the  trough  is  uniform  and  equal 
to  the  tension  at  the  lowest  point. 


Fig.  260. 


The  form  of  the  curve  will  depend  upon  the  value  of  the  ratio  - ;  and  the 
value  of  H  will  be  determined  by  the  values  of  w  and  a,  in  addition  to  the  value 
of  —    Different  forms  are  represented  by  the  curves  OiA,  0\B,  OiC,  OJ)  and  OiO 

(Fig.  260).    As  the  ratio  -  increases,  the  form  of  the  curve  approaches  that 

of  the  parabola  with  the  vertex  at  Ox.    The  dotted  curves  represent  the  par- 
abolas through  Oi  and  the  points  A  and  B. 

If  we  let  6a  —  the  slope  of  the  tangent  at  a  point  of  support,  we  have  by 
putting  y  =  0  in  (6) 

ea  «  cos "l a%,K  -  cos _l  ( 1  -  2# ) (13) 

It  may  be  noted  that  when  wa*  =  2  H  the  tangent  is  vertical  as  shown  by 
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the  curve  0\C  (Fig.  260).  In  this  case  it  will  be  found  that  the  ratio  -  »  0.599 
(very  nearly). 

The  value  of  H  for  any  given  values  of  w,  a  and  b  can  be  found  by  trial; 
substituting  x  =  a  in  (9)  and  y  —  b  in  (10)  and  interpolating  in  a  table  of 

elliptic  integrals  until  the  value  of  the  ratio  —  required  to  satisfy  the  equations 

is  found. 

b  H 

When  -  >  1  the  value  of  —  can  be  found,  very  nearly,  by  treating  the  curve 

as  a  parabola.  For  example,  if  we  let  OA  -  b  and  OOi  -  a  (Fig.  260),  the 
area  of  the  half  segment  of  the  parabola  00\A  will  be  equal  to  |  ab  and  the  dis- 
tance of  its  center  of  gravity  from  the  vertical  through  A  will  be  equal  to  f  6. 
Taking  moments,  about  an  axis  through  A,  of  the  forces  acting  on  the  fluid  in 
the  half  segment  OOi  A,  we  have 


-Ha  +~YX^a-wX^abX^b  =0, 


(14) 


and  hence 


S-K'+t") (15) 


192.  Problems.  —  Arches  and  Catenaries. 

Problem  1. 

A  three-hinged  circular  arch  is  made  up  of  two  equal  ribs  AB  and  BC, 
formed  by  bending  8"  steel  I-beams  to  circular  arcs,  the  radius  of  the  central 
axis  of  each  rib  being  25  ft.    The  arch  is  subjected  to  four  concentrated  loads 


Fig.  261. 


of  5000  lbs.  each,  as  indicated  (Fig.  261;.  Calculate  the  horizontal  and  vertical 
components  of  the  supporting  forces  at  A  and  C  and  determine  the  greatest 
fiber  stress  in  the  arch,  assuming  the  area  of  the  cross  section  —  6  sq.  in.,  I  = 
60  (ins.)4  and  neglecting  the  weight  of  the  arch  ribs. 
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Solution.  —  Since  the  arch  is  symmetrically  loaded,  the  distribution  of  the 
stresses  in  the  two  ribs  will  be  the  same  and,  from  the  conditions  of  equi- 
librium, the  values  of  the  H  and  V  components  at  A, 

Ha  -  12,000  lbs.,  Va  =  10,000  lbs., 

are  readily  obtained. 

Taking  the  origin  at  A  and  substituting  in  equations  (2)  and  (3)  (Art.  185), 
we  have,  for  any  cross  section  of  the  arch  between  A  and  a, 

M  -  12,000  y  -  10,000  x, (1) 

P  -  12,000  cos  a  -|-  10,000  sin  a; (2) 

for  any  cross  section  between  a  and  b 

M  -  12,000  y  -  10,000  x  +  5000  (x  -  8), (3) 

P  =  12,000  cos  a  +  5000  sin  a; (4) 

and  for  any  cross  section  between  b  and  B, 

M  =  12,000y  -  10,000*  +  5000  (x  -  8)  +  5000  (x  -  16),  .     .     (5) 
P  =  12,000  coso (6) 

For  the  slope  of  the  tangent  at  A,  we  have 

<*  -  sin"1  H  -  cos"1  ft  »  53.1°, 

for  the  slope  of  the  tangent  at  a, 

$i  -  sin"1  H  -  28.7°, 

and  for  the  slope  of  the  tangent  at  b, 

$t  =  sin-1  A  -  0.2°. 

Expressing  X  and  y  in  terms  of  a,  we  have 

x  =  r  sin  a&  —  r  sin  «  =  20  —  25  sin  a, 
y  =  r  cos  a  —  r  cos  ao  =  25  cos  a  —  15; 

and,  substituting  in  (1)  and  reducing, 

M  =  300,000  cos  a  +  250,000  sin  a  -  380,000.      ...     (7) 

Differentiating,  placing  the  derivative  equal  to  zero  and  solving  for  a,  we  have 
^£  -  -300,000sin«  +  250,000 cos «  =  0, 

tan  a  =  H»  «  =  tan'1  0.8333  =  39.8°, 

which  lies  between  ao  and  $i. 

Substituting  the  values  sin  39.8°  =  0.640  and  cos  39.8°  -  0.768  in  (7)  and 
(2)  we  have  for  the  greatest  bending  moment  between  A  and  a, 

M'  -  300,000  X  0.768  +  250,000  X  0.640  -  380,000  =  10,400  ft.  lbs. 

and  for  the  normal  thrust  at  the  section  of  greatest  bending  moment, 

P'  =  12,000  X  0.768  +  10,000  X  0.640  =  15,600  lbs. 

Proceeding  in  a  similar  manner  for  any  section  between  a  and  5,  we  obtain 
from  (3), 

M  =  12,000  y- 5000  x- 40,000 =300,000  cos  a +125,000  sin  a -320,000,    (8) 

^  =  -300,000  sin  a +  125,000  coe  a  =  0, 
tan  «  =  Hi,  a  =  tan"1 0.4167  -  22.6°. 
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Since  this  value  of  a  is  less  than  0i,  the  greatest  bending  moment  for  any 
section  from  a  to  6  will  be  at  the  section  a.  But,  from  the  preceding  part  of 
the  solution,  M'  is  evidently  greater  than  the  bending  moment  Ma'f  and  a  com- 
parison of  (4)  with  (2)  will  show  that  P'  is  greater  than  the  thrust  on  any  section 
between  a  and  b.  Therefore  the  greatest  fiber  stress  will  be  found  by  substi- 
tuting the  values  of  M'  and  P*  in  (1)  (Art.  185),  from  which  we  obtain 

f-  ^^  +  10,4°°  *  12  X  6  =  2600  +  12,480  -  15,100  lbs.  per  sq.  in. 

It  is  evident  that,  since  the  maximum  fiber  stress  at  a  is  greater  than  that  on 
any  section  from  a  to  6,  it  must  also  be  greater  than  the  fiber  stress  on  any  sec- 
tion between  b  and  B. 

Problem  2. 

Solve  Problem  (1)  omitting  the  load  on  each  rib  nearest  the  hinge  B. 

Problem  8. 

Solve  Problem  (1)  by  constructing  the  equilibrium  polygon  for  the  forces 
acting  on  the  arch,  with  the  strings  of  the  polygon  passing  through  the  hinges 
A,  B  and  C;  and  determining  the  section  of  greatest  bending  moment  by  in- 
spection and  the  normal  thrust  on  this  section  by  a  graphical  resolution  of 
forces. 

Problem  4. 

Determine  the  greatest  fiber  stress  in  a  two-hinged  arch  of  the  same  dimen- 
sions and  subjected  to  the  same  loads  as  the  arch  in  Problem  (1),  the  hinge  B 
(Fig.  261)  being  omitted. 

Note.  —  Calculate  the  value  of  Ha,  the  horizontal  component  of  the  sup- 
porting force  at  A,  by  using  equation  (14)  (Art.  185)  and  proceed  with  the  rest 
of  the  solution  in  the  same  manner  as  in  Problem  (1). 

Problem  6. 

Determine  the  deflection  at  the  crown  of  the  arch  in  Problem  (4); 

(a)  Making  an  approximate  solution  by  use  of  equation  (9)  (Art.  178); 

(b)  Making  a  more  exact  solution  by  use  of  equation  (20)  (Art.  178). 

Problem  6. 

Determine  the  greatest  fiber  stress  in  the  arch  given  in  Problem  (4)  if  the 
concentrated  loads  were  replaced  with  a  uniformly  distributed  load  of  600  lbs. 
per  ft.,  measured  horizontally. 

Note.  —  Calculate  Ha,  the  horizontal  component  of  the  supporting  force  at 
A,  by  using  equation  (17)  (Art.  185)  and  write  the  general  expression  for  M 
(equation  5,  Art.  185),  observing  that  the  value  of  K  is  given  by  (15)  (Art.  185). 
Differentiate  and  determine  the  greatest  bending  moment  as  in  Problem  (1). 

Problem  7. 

A  flexible  cable  is  suspended  between  the  tops  of  two  towers,  200  ft.  apart, 
one  of  the  towers  being  20  ft.  higher  than  the  other.  The  cable  is  subjected 
to  a  uniform  load  of  100  lbs.  per  ft.,  measured  horizontally,  and  the  lowest 
point  in  the  cable  is  20  ft.  below  the  level  of  the  lower  of  the  two  supports. 
Find  the  greatest  tension  in  the  cable. 
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Solution.  —  Assume  an  origin  of  coordinates  at  0,  the  lowest  point  in  the 
curve  formed  by  the  cable,  and  let  (xa,  ya)  be  the  coordinates  of  A,  the  lower  of 
the  two  supports,  and  (a%,  y&)  be  the  coordinates  of  B,  the  higher  support,  with 
reference  to  horizontal  and  vertical  axes  through  0.  Then,  from  (4)  (Art.  187), 
we  have 

VaS*2HXa' () 

100     i  .on        100/onn  Y  /o\ 

Substituting  ya  =  20  and  solving  (1)  and  (2)  simultaneously,  we  obtain 

x*  -  82.8  ft.,  Xb  -  117.2  ft. 

and 

if  =  17,140  lbs (3) 

The  greatest  tension  will  occur  at  the  support  B  and  will  be  equal  to 

Tb  -  V(tf)«  +  (wo*)*  -  20,760  lbs (4) 

Problem  8. 

A  steel  guy  rope,  weighing  0.50  lb.  per  ft.,  is  attached  to  the  top  of  the  mast 
of  a  derrick,  50  ft.  high,  and  anchored  at  a  distance  of  150  ft.  from  and  at  the 
level  of  the  foot  of  the  mast.  Find  the  deflection  of  the  middle  point  of  the 
gu}  rope,  from  a  straight  line  between  the  anchor  and  the  top  of  the  mast,  when 
the  tension  in  the  guy  is  4000  lbs. 

Note.  —  Use  the  appioximate  equation  for  the  catenary  (14)  (Art.  188) 
and  observe  that  the  origin  of  coordinates  is  beyond  the  anchor  for  the  guy. 
By  letting  (xfl,  ya)  and  (a%,  yi)  represent  the  coordinates  of  the  point  of  anchor- 
age and  the  top  of  the  mast,  respectively,  referred  to  the  horizontal  and  vertical 
exes  through  the  origin,  the  problem  may  be  solved  in  the  same  manner  as 
Problem  (7) 

Problem  9. 

A  wire  rope  drive  consisting  of  a  steel  cable,  1"  diam.,  weighing  0.8  lb.  per 
ft.,  running  over  two  sheaves,  4  ft.  diam.,  with  centers  on  the  same  level  and 
150  ft.  apart,  is  transmitting  100  h.p.  If  the  speed  of  the  sheaves  is  150  r.p.m. 
and  the  tension  in  the  tight  portion  of  the  drive  is  5000  lbs.,  calculate  the  dip 
at  the  middle  point  in  the  tight  portion  of  the  cable  and  also  at  the  middle 
point  of  the  slack  portion. 

Note.  —  The  tension  will  be  very  nearly  uniform  throughout  each  span  of 
the  cable  and  the  approximate  formula  (14)  (Art.  188)  can  be  used,  assum- 
ing H  =  tension  throughout  the  span. 

Problem  10. 

A  steel  towing  hawser,  1"  diam.,  weighing  1.4  lbs.  per  ft.,  and  800  ft.  long 
is  subjected  to  a  horizontal  pull  of  8000  lbs.  Find  the  dip  at  the  middle  point 
and  the  length  of  the  span,  assuming  that  the  supports  are  on  the  same  level. 
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Problem  11. 

A  steel  wire,  0.12"  diam.,  weighing  0.0382  lb.  per  ft.,  is  suspended  between 
two  supports  200  ft.  apart  and  on  the  same  level,  (a)  Find  the  dip  at  the 
center  of  the  span  when  the  tensile  stress  in  the  wire  is  15,000  lbs.  per  sq.  in. 
(b)  Find  the  increase  in  the  dip  due  to  an  increase  in  temperature  of  100°  F. 

E  «  30,000,000  lbs.  per  sq.  in.,  €  =  0.0000067  per  degree  Fahr. 

Solution.  —  (a)  The  area  of  the  cross  section  of  the  wire  A  »  0.01131  sq.  in. 
The  tension  throughout  the  span  will  be  practically  uniform  and  therefore 

H  =  15,000  X  0.01131  -  170  lbs. 

Substituting  in  (14)  (Art.  188), 

0.0382  X  (100)1      -  *ou 
* 2  X  170        "  112  ft' 

(b)  Substituting  in  (7)  (Art.  189), 

•i  -  100  +  23XX(11,^)1  -  100.0084  -  xi  (very  nearly) 

and,  substituting  «i  =  x\  in  (5)  (Art.  189), 
1  1  6  X 100 


* (o.01131  X  30,000,000  +  00000067  x  100)' 


//,»      (170)»     (0.0382)1  X  (100) 

which  reduces  to 

Ht*  +  85.8  Ht  -  825,000  -  0. 

Solving  for  £Tj,  we  obtain 

Ht  «  72  lbs.; 

and  hence, 

TJ0.0382  X  (100)'      -  „  H 

* 2"X72 2Mft* 

and  the  increase  in  dip 

y*  —  yi  -  1  53  ft. 

Problem  12. 

Calculate  the  increase  in  the  dip  of  the  wire  in  Problem  (11)  due  to  a  uni- 
form ice  load  of  0.2  lb.  per  ft.,  the  temperature  remaining  unchanged.  De- 
termine the  tension  in  the  wire  under  the  additional  load. 

Problem  13. 

Calculate  the  maximum  deflection  of  a  copper  wire,  0.204"  diam.,  weighing 
0.126  lb.  per  ft.,  in  a  span  of  120  ft.  when  the  tension  in  the  wire  is  12,000  lbs. 
per  sq.  in. 

Problem  14. 

Calculate  the  change  in  the  maximum  deflection  of  the  wire  in  Problem  (13) 
due  to  an  ice  load  of  0.25  lb.  per  ft.,  combined  with  a  decrease  in  temperature 
of  80°  F. 

E  «  16,000,000  lbs.  per  sq.  in.,  «  -  0.000009  per  degree  Fahr. 
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Problem  16. 

A  steel  tramway  cable,  1"  diam.,  weighing  2.20  lbs.  per  ft.,  has  a  span  of 
800  ft.  Calculate  the  deflection  under  a  load  of  1500  lbs.  at  the  middle  of  the 
span,  assuming  the  greatest  tension  in  the  cable  to  be  10,000  lbs.  and  the  sup- 
ports on  the  same  level.  If  the  cable  is  made  up  of  19  wires,  0.2"  diam.,  and 
the  value  of  E  is  assumed  to  be  25,000,000  lbs.  per  sq.  in.,  calculate  the  maxi- 
mum deflection  of  the  cable  under  its  own  weight  only* 


CHAPTER  XIII. 
CYLINDERS  AND  PLATES. 

193.  Thin  Oval  Cylinder.  —  The  expressions  for  the  stress 
intensities  at  any  point  in  a  thin  circular  cylinder,  subjected  to 
uniform  internal  pressure,  have  already  been  deduced  (Art.  54). 
If  a  thin  cylinder  of  oval  section  is  subjected  to  a  uniform  internal 
pressure  it  will  tend  to  become  circular  in  shape  and  bending 
stresses  will  be  set  up  in  the  wall,  in  addition  to  direct  tensile 
stresses. 

Let  a  and  b  equal  the  semi-axes  of  a  thin  oval  cylinder  (Fig. 
262),  symmetrical  with  respect  to  the  axes  OX  and  OY,  .where 


Fio.  262. 


a  >  6.  Let  t  =  the  thickness  and  p  =  the  intensity  of  the  uni- 
form internal  pressure.  Consider  a  portion  of  the  cylinder  be- 
tween two  transverse  sections  at  a  unit  distance  apart  and  let 
T\  =  the  direct  tension  and  Af i  =  the  bending  moment  at  the 
section  of  this  strip  cut  by  the  axis  XX ,  T2  =  the  tension  and 
M%  =  the  bending  moment  at  the  section  cut  by  the  axis  YY,  and 
T  =  the  tension  and  M  =  the  bending  moment  at  any  section 
C,  through  the  point  whose  coordinates  are  (x,  y). 
Then 

Ti  =  pa, (1) 

Tt  =  pb (2) 

467 
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and 


T-Wg  +  [V,-,<»-x)]g 


dx  ,       dy  /ON 

the  greatest  tension  in  the  cylinder  evidently  being  equal  to  7V 

If  we  call  bending  moments  which  tend  to  increase  the  curva- 
ture positive,  the  expression  for  the  bending  moment  at  C  will  be 

M  =  Ml  +  Tl(a-x)-£(a-x)*-£y*.      .    .    (4) 

Substituting  the  value  of  7\  from  (1)  and  reducing, 

M^Mi  +  lc^-^-y^^^+lc^-r*),.    .     (5) 

where  r2  =  x*  +  j/2. 
When  x  =  0,  (5)  becomes 


and  hence. 


Mt-Mi  +  Ziat-V); (6) 

Mt-M^^-V) (7) 


From  an  inspection  of  (5)  and  (6)  it  is  evident  that  M\  is  the 
greatest  negative  bending  moment  and  M%  is  the  greatest  posi- 
tive bending  moment  in  the  cylinder;  and  that  the  quantity 

2  (a2  —  ft2)  represents  the  algebraic  difference,  or  the  numerical 

sum,  of  the  two  bending  moments. 

For  an  exact  solution  for  the  value  of  M\f  or  Mi,  the  equation  of 
the  curve  formed  by  the  perimeter  would  be  required  and  then, 
by  applying  the  condit'on  that  the  slopes  of  the  curve  at  the 
intersections  with  the  axes  OX  and  OY  would  remain  unchanged 
by  the  bending  (Art.  178),  an  equation  containing  Mi  and  M% 
might  be  obtained,  which  with  (7)  would  give  a  solution. 

An  approximate  solution,  accurate  enough  for  general  pur- 
poses, however,  can  be  made  much  more  easily,  as  follows: 

Draw  the  cross  section  of  the  cylinder  to  scale  and  divide  any 
quadrant  into  a  number  of  sections  of  length  As  and  measure  the 
value  of  r,  the  length  of  the  radius  vector  from  0  to  each  of  these 

sections.    Calculate  the  value  of  the  quantity  ^  (a2  —  r1)  for  each 
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value  of  r  and  plot  each  value  as  an  ordinate  on  the  development 
of  the  quadrant  IFasa  base  line  (Fig.  263).  The  value  of  Mx 
will  then  be  nearly  equal  to  the  mean  of  the  ordinates  of  the  area 
XYY i)  for,  the  angle  between  the  tangents  at  the  points  X  and 


Fig.  263. 

Y  (Fig.  262)  will  remain  unchanged  and,  if  we  neglect  the  effect 

of  the  tension  T  on  the  change  in  curvature,  we  have  from  (10) 

(Art.  178), 

Elba  -  2MA«  =  0; (8) 

and,  substituting  the  value  of  M  from  (5), 


and  hence, 


Mi2A«  +  2|(a*-r»)A*  =  0;     ....     (9) 


Mx-- 


2|(a*-r*)Aa 


(10) 


where  L  =  the  length  of  the  base  line  XY  and  2  ^  (a2  —  r*)  A«  = 

the  area  XYYX. 

This  relation  is  similar  to  that  between  the  bending  moment  at 
the  support  of  a  symmetrically  loaded  beam,  fixed  at  the  ends, 
and  the  diagram  of  bending  moments  for  a  simple  beam,  simi- 
larly loaded  (Art.  107). 

If  a  line  BD  is  drawn  at  the  height  of  the  mean  ordinate  Mx 
and  parallel  to  the  base  XY  (Fig.  263),  the  bending  moment  at 
any  section  of  the  cylinder  will  be  represented  by  the  ordinate 
between  BD  as  a  base  and  the  curve  XYh  ordinates  above  BD 
representing  positive  bending  moments  and  those  below  BD, 
negative  bending  moments.  The  point  of  inflexion  e  can  be 
located  on  the  cylinder  by  laying  off  the  distance  Xe,  measured 
from  the  bending  moment  diagram,  along  the  perimeter  (Fig.  262). 
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If  A  =  the  area  and  -  =  the  section  modulus  of  any  cross 

c 

section  C,  the  greatest  stress  intensity  on  the  section  will  be 
equal  to 

/-!+?. cm 

where  /  is  a  tensile  stress.    The  greatest  stress  intensity  in  the 
cylinder  will  evidently  be  equal  to 

fl  =  A+~T~  =  T  +  ~P~'     •    •    •    •    W 

at  the  inner  edge  of  a  cross  section  at  X. 
The  shearing  force  at  any  section  C  will  evidently  be  equal  to 


S-[r.-p(a-x)]|-ro| 


and  its  value  can  be  found  by  measuring  the  angle  between  the 
tangent  to  the  perimeter  at  C  and  the  axis  OX  and  calculating 
the  products  of  its  cosine  and  x  and  of  its  sine  and  y  and  sub- 
stituting in  (13).  The  shearing  force  is  evidently  zero  at  the 
sections  at  X  and  Y  and  its  value  at  intermediate  sections  is 
represented  by  the  ordinates  of  the  curve  XSY  (Fig.  263). 

If  the  cylinder  is  closed  at  the  ends  the  intensity  of  the  end 
tension  will  be  very  nearly  equal  to 

/-Jh (14) 

where  Ai  =  the  area  of  the  end  of  the  cylinder  and  4  L  =  the 
length  of  the  perimeter. 

194.  Tube  of  Rectangular  Cross  Section.  —  If  a  tube,  or  pipe, 
of  rectangular  cross  section  and  uniform  thickness,  is  subjected  to 
a  uniform  internal  pressure,  the  sides  will  be  subjected  to  com- 
bined bending  and  tensile  stresses. 

Let  2  a  and  2  b  represent  the  lengths  of  the  longer  and 
shorter  sides,  respectively,  and  t  =  the  thickness  of  a  rect- 
angular tube  (Fig.  264).  Consider  a  portion  of  the  tube 
between  two  transverse  sections,  at  a  unit  distance  apart,  and 
let  p  =  the  intensity  of  internal  pressure,  Ti  =  the  direct  ten- 
sion and  Mi  =  the  bending  moment  at  the  section  through  this 
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portion,  cut  by  the  axis  of  symmetry  OX;  and  T%  =  the  tension 
and  M2  =  the  bending  moment  at  the  section,  cut  by  the  axis  of 
symmetry  OY.  Let  M0  =  the  bending  moment  at  a  right  section 
at  either  side  of  a  corner  C;  and  M  =  the  bending  moment  at  any 
section  between  X  and  C,  or  at  any  section  between  Y  and  C. 


jo 


!Y 


I 


*■ 


E" 


*K- 


Fig.  264. 


■*i 


The  direct  tension,  throughout  the  length  of  the  short  side,  will 
then  be  equal  to 

Ti  =  pa; (1) 

and  the  direct  tension,  throughout  the  length  of  the  long  side, 

r,  =  p6.     .         (2) 

Assuming  bending  moments  positive  where  the  curvature  is 
convex  outwards  and  negative  where  the  curvature  is  convex 
inwards,  we  shall  have  for  the  sections  at  X  and  Y, 

p6* 


M i  -  Mo  + 


and 


M i  -  Mo  + 


pa* 


(3) 


(4) 


For  any  cross  section  B,  between  X  and  C,  the  bending  mo- 
ment 


Af-Mx-^; 


(5) 


and  hence, 


EIi  =  fMdy  =  Miy-?£,     ....     (6) 
the  constant  of  integration  being  equal  to  zero. 
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Similarly,  for  any  section  2),  between  Y  and  C, 

Af  =  M2-^ (7) 

and 

EIi=fMdx  =  M*-?£ (8) 

Substituting  y  =  b  in  (6)  we  have,  for  the  product  of  EI  and 
the  slope  at  C, 

6  ' 
and,  substituting  x  =  a  in  (8),  we  have 


Elic^MJ)-^; (9) 


EHc'  =  M&-?£ (10) 

The  values  of  ie  and  ij  will  be  equal  in  magnitude  and  have 
opposite  signs  and  hence,  by  adding  (9)  and  (10), 

Mi&  +  M2a-|(a»  +  ft*)=0;     ....    (11) 

and,  by  substituting  the  values  of  M\  and  Mif  from  (3)  and  (4), 
and  solving  for  M o,  we  obtair 

Putting  the  value  of  M0  back  in  (3)  and  (4)  and  reducing, 

Afi  =  2(&*  +  2a&-2a*) (13) 


and 


M2  =  |(a2  +  2o6-262) (14) 


It  is  evident,  from  an  inspection  of  (12),  (13)  and  (14),  that  the 
greatest  bending  moment  in  the  tube  is  M0;  and  hence  the  greatest 
stress  intensity  will  be  located  at  the  inside  edge  of  a  cross  section 
through  the  side  XC,  next  to  the  corner  C.    This  stress  intensity 

will  be  tension  and,  if  A  =  the  area  and  -  =  the  section  modulus 

c 

of  the  cross  section,  it  is  evident  that 

f     Ti      Moc      Tx      6Jlfo  /1Kv 

f=A1+Ts=i+^r (15) 
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By  placing  (5)  and  (7)  equal  to  zero  we  have,  for  the  points  of 
inflexion, 

551  06) 


V^ 


and 


v/? 


2f (17) 

If  desired,  the  bending  moment  and  shearing  force  diagrams 
for  the  long  and  short  sides  may  be  readily  plotted. 

For  a  square  tube,  putting  b  =  a,  the  values  of  the  bending 
moments  become 

*•--?. <18> 

^  =  ^2  =  ^- (19) 

If  the  long  and  short  sides  of  the  tube  are  not  of  the  same  thick- 
ness, the  values  of  the  bending  moments  can  be  expressed  in  terms 
of  I\  and  hy  the  moments  of  inertia  of  the  cross  sections  of  the 
short  and  long  sides,  respectively,  about  the  axes  through  the 
centers  of  gravity.  By  substituting  the  values  of  7i  and  7a  in  (9) 
and  (10)  and  solving  for  M0,  as  before,  we  would  obtain 


Mc 


3  [ah  +  blj' w 


and,  by  substituting  this  value  in  (3)  and  (4),  values  for  Ml  and  Mt 
can  be  easily  obtained. 

195.  Thick  Hollow  Cylinder. — A  method  of  calculating  the 
stress  intensity  in  the  wall  of  a  circular  cylinder  subjected  to  uni- 
form internal  pressure,  applicable  when  the  thickness  of  the  wall 
is  small,  has  been  given  in  Art.  (54). 

In  general,  when  a  circular  cylinder  is  subjected  to  a  uniform 
internal  or  a  uniform  external  radial  pressure,  or  to  both  pres- 
sures simultaneously,  and  the  material  is  of  uniform  elasticity, 
the  stress  at  any  point  in  the  wall  may  be  determined  from 
the  fundamental  relations  between  stresses  and  strains  in  an 
elastic  body  (Art.  46),  on  the  assumption  that  the  cylinder  is 
under  plane  stress,  with  the  plane  of  stress  at  right  angles  to  its 
axis. 
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Let  n  =  the  internal  radius  and  rj  =  the  external  radius  of  a 
cylinder,  which  is  subjected  to  a  uniform  internal  pressure  of 
intensity  P,,  combined  with  a  uniform  external  pressure  of  inten- 
sity Pt.     (Fig.  265.) 


v 

r 

v'\^YPr 

/  \^m3^- 

""""N. 

/       */v    \nTC~ 
1     p,  1    /  \> 

1      1  (*/% 

pt      \ 

0            1       R 

1               '■       1,^7 

,p      1 

I               *       \    / 

\y 

V    \X- 

\  /x~— 

Fio.  266. 

Through  any  point  0  in  the  wall,  at  a  distance  r  from  the 
center  C,  the  principal  planes  of  stress  will  be  the  radial  plane  OR 
and  the  plane  OT,  tangent  to  a  cylinder  of  radius  r.  At  the 
point  0  let  p,  =  the  stress  intensity  on  the  radial  plane  OR,  p,  = 
the  stress  intensity  on  the  tangential  plane  07",  e,  =  the  strain 
in  the  direction  OT,  and  e,  =  the  strain  in  the  direction  OR;  and 
assume  tensile  stresses  and  strains  positive  and  compressive  stresses 
and  strains  negative.  Let  u  =  the  change  in  the  length  of  the 
radius  r,  due  to  the  distortion  of  the  cylinder  under  pressure. 

Then 

*-*■   ■  -. w 


ei  = 


2-r(u  +  r)-2rr      u. 


2it 
and,  from  (5)  and  (6)  (Art.  46), 

P'  =  ^i ]  ("*'  +  «<)  = 


!    /    da     u\ 
-lV"*"1"  r) 


(2) 


■    (3) 
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and 

mE    t        ,      N         mE    I    u  .  du\  ,A. 

If  we  consider  any  particle  D,  at  the  distance  r  from  the  center 
of  the  cylinder  and  bounded  by  two  transverse  planes,  at  a  unit 
distance  apart,  two  cylindrical  surfaces,  of  radii  r  and  r  +  dr,  and 
two  radial  planes  subtending  an  angle  dS  (Fig.  265),  the  stress 
intensities  on  the  two  transverse  planes  will  be  equal  to  zero;  and 
pr  =  the  stress  intensity  on  the  inner  cylindrical  surface,  pr  +  dpr 
=  the  stress  intensity  on  the  outer  cylindrical  surface  and  pt 
=  the  stress  intensity  on  each  of  the  radial  planes. 

Sinoe  the  stresses  acting  on  the  particle  are  in  equilibrium,  the 
sum  of  the  radial  components  of  the  stresses  acting  on  its  faces 
will  be  equal  to  zero  and  hence 

(Pr  +  dpr)  (r  +  dr)  dS  -  prrdB  -  2 ptdr  sin  i  dB  =  0, 

which  reduces  to 

&-Pi  +  d£  =  0; (5) 

r  dr         '  v 


giving  a  relation  existing  between  the  radial  and  tangential  stress 
intensities  throughout  the  wall  of  the  cylinder.  Differentiat- 
ing (3), 

dpr  _ 

dr 


_     mE    I    <Pu  ,  1  du  _  w  \ 
"m*-  l\mdi*+r  dr      r2/' 


and,  substituting  this  value,  together  with  the  values  of  pr  and  p% 

from  (3)  and  (4),  in  equation  (5)  and  reducing,  we  obtain  the 

differential  equation 

dhi      1  du     u      A  /A. 

dt  +  -rTr~*  =  ° (6) 


This  equation  may  be  written  in  the  form 

A  f^u\  _  _  §l  (-\  • 
dr  \dr/  ~"      dr  \r/ 9 


and  hence,  by  integrating, 


dU=-?  +  2At (7) 


dr  r 

where  2  A  =  the  constant  of  integration. 
By  transforming  (7)  we  obtain 
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and  integrating, 

ur  -  Ai*  +  B, 
or, 

u  =  Ar  +  £,  (8) 

where  B  =  the  constant  of  integration. 

Hence 

du      A      B 


and 


*i  =  *  =  A+^; (10) 

and,  by  substituting  the  values  of  the  strains  in  (3)  and  (4)  and 
reducing, 

and 

tnE    A    .     tnE    /B\  rtt^* 

"-srn^+snW (12) 

To  determine  A  and  B  we  may  substitute  in  (11)  pr  =  Pi, 
when  r  =  n,  and  pr  =  Pi,  when  r  =  r2,  and  solve  the  two  equa- 
tions simultaneously,  obtaining 

and 

m  +  \  /(Pi  -  PQ  rM*\ 

By  substituting  the  values  of  A  and  B  in  equations  (8)  to  (12) 
inclusive,  the  change  in  the  radius  and  the  principal  strains  and 
stress  intensities  at  any  point  in  the  cylinder,  due  to  any  combi- 
nation of  internal  and  external  pressures,  can  be  found. 

When  the  external  pressure  P»  =  0,  the  above-named  equations 
reduce  to 

.,  _  Pin'  [(m  -  1)  r*  +  (m  +  1)  r,«] 

"~  mEr{r?-rt)  »    •     •     •     l16> 

„  _  Pm»  [(»  -  1)  r»  -  (m  +  1)  rfl 

C,~  mtfr*  (n*- tf)  »    •    •     •     v.10^ 

„  _  Pm'  [(m  -  1)  r»  +  (m  +  1)  r,«]  ,  _ 

C'~  rofir*  fa*  -  r,»)  »   •    •     •     ^ 


B  = 


Pin*  (r*  -  rt») 


(18) 
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and 

p'~  r«(n«-tf) (19) 

It  will  be  evident  from  an  inspection  of  the  foregoing  equations 
that  the  greatest  stresses  and  strains  in  a  cylinder  under  internal 
pressure  only  will  occur  at  points  on  the  inner  surface  of  the 
wall  and,  by  putting  r  =  rlf  in  (18)  and  (19),  we  obtain  for  the 
maximum  stress  intensities, 

max.  pr  =  Pi    .    .     .     .         •    •    (20) 
and 

Vi  =    (n2  -  r22) (    ' 

The  variation  in  the  tangential  stress  intensity  p«,  on  a  radial 
section  of  the  cylinder  subjected  to  internal  pressure  only,  is 
indicated  by  the  diagram  aa'b'b,  constructed  by  erecting  ordi- 
nates  representing  values  of  p<  at  different  points  on  the  base  ab. 

If  we  assume  m  =  3,  the  values  of  the  products  of  E  and  the 
principal  strains  at  any  point  in  the  inner  surface,  when  the 
cylinder  is  subjected  to  internal  pressure  only,  become  equal  to 

max.2?er-  — V-^ zr1      ....    (22) 

(ri2  -  r22) 


and 


m^  F,   _Pi(2n*  +  4r22) 


If  we  assume  m  =  4  these  products  become  equal  to 


and 


max.  #er  =  -4~(ri2  _  r^  "      ....     (24) 

^        Pi  (3  n2  +  5  r22)  /OK, 

max.  Se,  =    1V,  \        J (25) 

4  (n2  -  r22) 

If  62  =  the  extension  in  the  direction  of  the  axis  of  the  cylinder 
it  is  evident  that 

Ees  =  -&  -  2f  = ?—  A  =  a  constant.  .    .    (26) 

m     m         m  —  1  v    ' 

If  a  uniform  longitudinal  tension  Ps  is  applied  to  the  cylinder  in 
combination  with  the  radial  pressure,  the  stress  intensities  pr  and 

p,  will  not  be  affected:  but  the  constant  —  —  will  be  added  to  the 

r  m 
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values  of  Eer  and   Eet,  determined  from  the  radial  pressure 

alone. 
The  longitudinal  stress  intensity  will  be  given  by  the  expression: 

p'.-T-A— (27) 

196.  Thick  Hollow  Sphere.  —  The  principal  stress  intensi- 
ties and  strains  at  any  point  in  a  thick  hollow  sphere,  subjected 
to  uniform  internal  or  external  pressure,  may  be  determined  by  a 
method  similar  to  that  employed  in  the  case  of  the  cylinder. 

Let  n  =  the  internal  radius  and  r2  =  the  external  radius  of  a 
hollow  sphere  which  is  subjected  to  a  uniform  internal  pressure, 
of  intensity  Pi,  and  a  uniform  external  pressure,  of  intensity  P». 
Through  any  point  0,  at  a  distance  r  from  the  center,  the  prin- 
cipal planes  of  stress  will  be  any  two  meridian  planes  at  right 
angles  to  each  other,  intersecting  in  the  radius  CR,  and  the  tan- 
gent plane  through  0,  intersecting  either  meridian  plane  in  a 
line  OT,  as  indicated  in  the  sketch  of  a  section  of  the  sphere 
(Fig.  266). 

R 


Fig.  266. 

Let  pr  =  the  intensity  of  the  stress  on  the  tangent  plane  and 
pt  =  the  intensity  of  stress  on  a  meridian  plane  through  0, 
er  ■»  the  strain  in  the  direction  OR  and  et  ==  the  strain  in  the 
direction  of  the  tangent  OT.  Assume  tensile  stresses  and  strains 
positive  and  compressive  stresses  and  strains  negative;  and  let 
u  =  the  change  in  length  of  the  radius  r,  due  to  the  distortion  of 
the  sphere  under  pressure. 
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Then 


and 


du  /1N 

e'  =  Tr (1) 


_2x(tt  +  r)-2*r_tt.  (9. 


and,  from  (6)  and  (4),  (Art.  49), 

mE 


32)0-  1)^  +  2?]      •    •     <3> 


Pr      (m  +  1)  (in 
and 

P'=(m  +  l)(m-2)rr+drJ (4) 

If  we  consider  a  small  particle  at  0,  bounded  by  the  surfaces 
of  two  concentric  spheres  of  radii  r  and  r  +  dr  and  a  circular  cone, 
having  2  dO  for  the  angle  at  the  vertex  C,  as  indicated  in  Fig. 
(266),  the  stress  intensities  on  the  inner  and  outer  spherical 
surfaces  will  be  equal  to  pr  and  pr  +  dprj  respectively,  and  at 
any  point  on  the  conical  surface  the  stress  intensity  will  be  equal 
to  pt.  For  equilibrium  the  sum  of  the  radial  components  of  the 
stresses  on  the  particle  must  be  equal  to  zero  and  hence 

(pr  +  dpr)  r  [(r  +  dr)  d$]*  -  prw  (rd$)*  -  pt  sin  d$  2*r dBdr  =  0, 
which  reduces  to 

2fcz^  +  £_a (5) 

giving  a  relation  existing  between  the  radial  and  tangential  stress 
intensities  throughout  the  wall  of  the  sphere. 
Differentiating  (3), 

dr  "  (m  +  1)  (m  -  2)  L^  }  di*^~  r  dr       r*  J'  '    w 

and,  substituting  this  value,  together  with  the  values  of  pr  and  pi} 
in  (5)  and  reducing,  we  obtain  - 

<Pu,2du_2u  =  0  m 

dr*^r  dr       r*         K) 

Writing  (7)  in  the  form 


dr\dr)~         dr\r)' 
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and  integrating,  we  obtain 

g=-2H  +  3A, (8) 

where  3-4.  =  an  unknown  constant.    Multiplying  by  r1  and  trans- 
posing, we  have 

r»$  +  2ur-x(rt*)-8-Af«;     ....    (9) 


and  integrating, 


or, 


dr  dr 


u  =  Ar  +  ^, (10) 


where  B  =  the  constant  of  integration. 
Hence, 

e'-Tr=A--*> (") 

e,  =  -  =  A  +^; (12) 

and,  by  substituting  the  values  of  the  strains  in  (3)  and  (4)  and 
reducing, 


and 


mE    A       2mE(B\  /to, 

P'" *A rrb       ....    (13) 

r       m  —  2         m  + 1  \r/  N    ' 

mE    A    .     mE   /B\  /<IJX 

To  determine  A  and  5  we  may  substitute  in  (13)  pr  =  Pi, 
when  r  =  ri,  and  pr  =  P*,  when  r  =  r%,  and,  by  solving  the  two 
equations  simultaneously,  obtain 

A      m-2  /iW-iW\  n  ~ 

i/(Pi-P0nW\ (16) 


B=m  + 


2m£ 


By  substituting  the  values  of  A  and  B  in  equations  (10)  to  (14), 
inclusive,  the  change  in  the  radius  and  the  principal  strains  and 
stresses  at  any  point,  due  to  any  combination  of  internal  and 
external  pressures,  can  be  found. 
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When  the  external  pressure  P»  =  0,  these  equations  reduce  to 

„  =  *W  l(m  -  2)  r»  +  (m  +  1)  r,»] 

mEr*  (n«  -  r,»)  '      *    *    *     u'; 

#  _  fir.'  t ,»  -  2)  r»  -  (m  +  1)  r,'] 
r~  mEt*  (n*  -  rf)  »      •     •     •     U»; 

P,n«  [(»n  -  2)  r»  +  (!^)  r,»] 

»-3&£# <»> 

ana 

P'~    2r»(n»-r,«) (2) 

The  greatest  values  of  the  strains  and  stress  intensities,  when 
the  sphere  is  subjected  to  internal  pressure  only,  will  occur  at 
points  on  the  inside  surface;  and,  by  putting  r  =  n  in  (20)  and  (21), 
we  obtain  for  the  maximum  stress  intensities 

max.  pr  —  Pi (22) 

and 

max-  *>'  =    2  (n»  - 1/) (23) 

If  we  assume  m  =  3,  the  values  of  the  products  of  E  and  the 
principal  strains  at  any  point  in  the  inner  surface,  when  the 
sphere  is  subjected  to  internal  pressure  only,  become  equal  to 

max.ge,=    3V(ri3,r,,/ (24) 

and 

'        3  (n»  -  r,») (25) 

If  we  assume  m  =  4,  these  products  become  equal  to 

mftT  *v  -fi(2n'-5y/)  m, 

and 

maX'  £e'        8  (n«  -  r,») (27) 

197.  Circular  Flat  Plate  Uniformly  Loaded.  —  The  expressions 
for  the  stress  intensities  and  the  strains  due  to  a  uniform  normal 
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pressure  on  the  surface  of  a  circular  flat  plate  will  be  derived  for 
two  special  cases,  namely:  (a)  when  the  plate  is  fixed  in  direction 
at  the  circumference  and  (b)  when  the  plate  is  freely  supported  at 
the  circumference.  For  convenience  the  plate  will  be  taken  to  be 
horizontal  and  the  load  to  act  vertically  downwards  in  each  case. 
The  material  is  assumed  to  be  homogeneous  and  of  uniform 
elasticity. 


Fig.  267. 

(a)  Plate  Fixed  at  the  Circumference.  —  Let  the  sketch  (Fig.  267a)  repre- 
sent a  vertical  cross  section  through  the  center,  or  a  meridian  section,  of 
the  plate.  Let  P  =  the  load  intensity,  n  =  the  outside  radius  and  t  —  the 
thickness  of  the  plate.    Let  W  =  the  total  load  on  the  plate.    Then 

W  ^PirS (1) 

Let  Wib  represent  a  section  through  the  middle  layer  of  the  plate  in  the 
unstrained  state  and  bOb  the  section  through  the  middle  layer  after  the  load 
is  applied,  the  middle  layer  of  the  strained  plate  being,  evidently,  the  surface 
of  revolution  formed  by  revolving  the  curve  Ob  about  the  axis  OY.  Assume 
the  axis  OX  through  the  point  0  and  let  c  be  any  point  in  the  meridian  section 
Ob,  having  the  coordinates  (x,  y),  the  original  position  of  the  point  being  Ci, 
having  the  coordinates  (x,  0).  Evidently  all  points  on  a  circle  of  radius  x, 
through  Ci,  will  be  displaced  the  same  vertical  distance  under  the  load. 

If  the  thickness  t  is  considerably  smaller  than  the  radius  n,  it  may  be 
assumed:  (1)  That  all  straight  lines  perpendicular  to  the  plane  of  the  middle 
layer,  before  flexure,  remain  straight  and  normal  to  the  middle  layer  after  bending 
takes  place;  and,  since  the  material  is  homogeneous  and  elastic,  it  may  be 
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assumed;  (2)  Thai  the  stress  intensity  is  proportional  to  the  strain  in  all  direc- 
tions through  the  plate.  Strains  and  stresses  in  the  vertical  direction,  due 
directly  to  the  pressure  on  the  surface,  will  be  so  small  as  to  be  negligible. 

It  will  follow  from  these  assumptions  that  the  middle  layer  will  be  the 
neutral  layer,  in  which  there  is  no  tensile  or  compressive  strain  or  stress.  A 
normal  to  the  neutral  layer  at  cj,  before  bending,  will  be  perpendicular  to  the 
neutral  layer  at  c  after  bending,  making  the  angle 

with  OY.  Let  a  be  any  point  on  the  normal  at  c  and  let  the  distance  ca  —  v. 
The  distance  of  a  from  OY  will  evidently  be  equal  to 

r  =  x  —  9sin4  =  x  —  v  -g  (very  nearly), 

where  v  is  positive,  when  measured  above  the  neutral  layer,  and  negative, 
when  measured  below  the  neutral  layer. 

The  reciprocal  of  the  radius  of  curvature  of  the  meridian  section  Ob  at  e 
will  be  equal  to 

^=|js  (very  nearly); 

and,  if  we  assume  tensile  stresses  and  strains  plus  and  compressive  stresses 
and  strains  minus,  the  radial  strain  at  a,  in  the  direction  parallel  to  the 
tangent  to  06  at  c,  will  be  equal  to 

*  — 5--S-  •    •    • <2> 

The  tangential  strain  at  a,  in  the  direction  of  the  perpendicular  to  the 
plane  XOY,  will  be  equal  to 


-     ^  V       *  Ac)        **  =  _'£  fdy\ 
1  2rx  x\dx) 


(3) 


Then,  if  we  let  pT  ™  the  radial  stress  intensity  at  the  point  a,  that  is,  the 
normal  stress  intensity  on  the  plane,  perpendicular  to  the  plane  XOY  and 
containing  the  element  ca,  and  p%  —  the  tangential  stress  intensity  at  a,  that 
is,  the  normal  stress  intensity  on  the  plane  XOY,  we  shall  have,  from  (5)  and 
(6)  (Art.  46), 


and 


mE     ,        .     x  mEv    /    dhi  ,  ldiA 

mE    (        ,      N  mEv    /mdy  ,  d*y\  ,_v 

If  we  consider  a  small  particle  at  a  (Fig.  2675),  bounded  by  two  planes, 
parallel  to  the  tangent  plane  to  the  neutral  surface  at  c  and  at  distances  v  and 
v  +  dv  from  c,  two  radial  planes,  intersecting  at  the  axis  OY  and  subtending 
the  angle  d8,  and  two  curved  surfaces,  normal  to  the  neutral  surface,  which, 
without  appreciable  error,  may  be  considered  as  cylindrical  surfaces  having 
radii  r  and  r  +  dr;  the  intensities  of  the  stress  components,  acting  on  the 
faces  of  the  particle  in  directions  parallel  to  the  tangent  plane,  will  be  the 
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shearing  components  5  and  s  +  (is,  the  normal  components  pt  and  the  normal 
components  pT  and  pT  +  dpT,  acting  as  indicated. 

Since  the  stresses  on  the  faces  of  the  particle  must  be  in  equilibrium,  the 
sum  of  the  components  in  the  radial  direction  OR  will  equal  zero;    and  hence 

(Pr  +  dpr)  dv  (r  +  dr)  dB  -  prdvrdB  -  2ptdvdreml  dO  +  (8+ds)rd0dr 
-«rd0dr-O, 

which  reduces  to 

Pr-Pt  ,  dpr  .  ds  _  n 

Since  the  deflection  of  the  plate  is  small,  we  may  write  r  —  x  and  or  ■■  dx,  in 
which  case  (6)  may  be  written 

ds  _  pr  —  Pt  .  dpr  m 

dv~      x       ^  dx Ui 

Differentiating  (4)  with  respect  to  x,  we  obtain,  for  any  layer  at  a  distance 
v  from  the  neutral  layer, 

dpr  _  _    mEv    /    <Py      1  &y  _  \_  dy\  % 
dx"      ro'-lVd*8      *<&■      x*dx)' 

and,  substituting  the  value  of  the  derivative,  together  with  the  values  of  vr 
and  pt  in  (7)  and  reducing,  we  obtain 

ds  __    m*Ev  (&y,l#y  _  ldy\  _    _ 
^"m'-lVd*8      *<**•      x*dx)~~V£t'     '    '    '    '      m 
where 

-        m*E    (*y      lffiy       1  rfy\  . 

m'-lVda*"1"*^      s*dx/ w 

Integrating  (8),  observing  that  Z  is  constant  for  any  one  value  of  x,  we  obtain 

t*Z      *»Z      Z ,.  A      -x 
•-"2 g"  -8(  ^' (10) 

PZ 

wnere  — =-  is  the  constant  of  integration,  determined  from  the  condition  that 

o 

8  =  0,  when  p«±s 

Equation  (10)  evidently  gives  the  radial,  or  horizontal,  shearing  stress 
intensity  in  terms  of  Z,  at  any  point  a  at  a  distance  x  from  07,  on  a  layer  of 
the  plate  parallel  to  and  at  the  distance  v  from  the  neutral  layer;  and  hence 
(Art.  24)  it  gives  the  vertical  shearing  stress  intensity  at  the  point  a  in  the 
conical  surface,  formed  by  revolving  the  normal  ac  about  the  axis  OY.  Since 
the  deflection  of  the  plate  is  small,  this  conical  surface  will  be  very  nearly  the 
same  as  that  of  a  right  cylinder,  of  radius  x  and  length  I;  and  the  total  shearing 
stress  around  its  circumference  will  be  equal  to  the  resultant  pressure  on  the 
portion  of  the  surface  of  the  plate  within  a  circle  of  radius  x. 

Hence 

t  i 

Pjrx*  =  2rxf2  t8dv  =  ^f2t(4*-fi)dv=  -wzZp   .     (11) 
"2  "2 
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and,  substituting  the  value  of  Z  and  transposing  terms, 

*y      l*y      \dy_     6(m»-l)P 

dtf^xdz*      ±»dx  msW  "       '     *    *    '     Kld) 

where  A  -  -  *(m%-Up  -  -  <H™' -  D  ^ 

WMC  A~  m*Et*       "       ~i^^EF~ 

Equation  (12)  may  be  written  in  the  form 

5S  \5*/  +  di  ViS/  =  ilx; 
and  hence,  by  integrating, 

3+;J-'(i+')-   •••.•••» 

Equation  (13)  may  be  written  in  the  form 
and,  by  integrating, 

€12/ 

where  C  «  0,  since  -jj[  =  0  when  a;  =  0;  and  hence 

aMS+?) m 

Integrating  (14), 
where  D  =  0,  since  y  —  0  when  x  —  0;  and  hence 

v "  m  (** + 8  **) (16) 

To  determine  the  remaining  unknown  constant  B,  we  have 
-jn  =■  0  when  x  =  n;  and  hence,  from  (14), 

ft-      r«* 

Substituting  this  value  in  (15),  we  have,  for  the  equation  of  the  neutral  section 
06, 

y  =  ^(x4-2r1V) (16) 

By  differentiation,  we  obtain 

da;      8^      fW'     d*      8W*       n  ''    dx»         4    ' 

and,  substituting  the  values  of  the  derivatives  in  (2)  and  (3),  we  obtain  the 
expressions  for  the  radial  and  tangential  strains  at  any  point  in  the  plate, 

er=  -^(3s»-ri») (17) 

and 

Av 

e«--y(*»-n») (18) 
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By  substituting  the  values  of  tr  and  e*  in  (4)  and  .(5),  we  obtain  the  ex- 
pressions for  the  radial  and  tangential  stress  intensities  at  any  point, 

Pr  =  ^[(3m  +  l)*»-(m  +  lW] (19) 


and 


P«-^[(m  +  3)rf-(m  +  l)ri»], (20) 


where 

mE     A      6P       6TF 


A!  =  - 


m*  —  1  mP      irrihnP' 


If  we  determine  the  value  of  Z,  by  substituting  the  values  of  the  deriva- 
tives in  (9),  and  then  substitute  its  value  in  (10),  we  obtain  the  value  of  the 
horizontal  and  vertical  shearing  stress  intensities  at  any  point, 

•"T?^"4^ (2n 

The  greatest  values  of  the  radial  and  tangential  stress  intensities  and  strains 
will  evidently  occur  at  the  surfaces  of  the  plate,  where  v  =  ±-;  and  it  follows, 

from  an  inspection  of  (17)  and  (18),  that  the  greatest  strain  in  the  plate 
is  the  radial  strain  at  the  surface  of  the  plate  at  the  circumference.  Simi- 
larly, it  is  evident  from  an  inspection  of  (19)  and  (20)  that  the  greatest  normal 
stress  intensity  is  the  radial  stress  intensity  at  the  surface  of  the  plate  at  the 
circumference. 

Hence,  if  we  assume  m  —  3  and  substitute  x  =  n,  v  ■=  ±  =  ,  together  with 

the  value  of  A  in  (17),  we  obtain,  for  the  greatest  value  of  the  product  of  E 
and  a  principal  strain, 

_          ,  2Prx*       ,  2W  /oox 

max-^a-=fc-3^-aB±3^;       (22) 

and,  for  the  greatest  value  of  a  principal  stress,  we  have,  by  putting  to  =  3, 
x  =  n,  v  =  ±5  and  substituting  the  value  of  A\  in  (19), 

max-  ?'  "  ±  TT  =  4rft (28) 

It  is  evident  from  an  inspection  of  (21)  that  the  greatest  shearing  stress 
intensity  will  be  located  at  the  neutral  layer  at  the  circumference  of  the  plate; 
and,  putting  x  =  r,  and  v  =  0,  we  obtain 

3  Pr,       3  W  ,OA. 

"■*••"  "TT  "  SS5 (24) 

The  principal  stress  intensities  ±pi,  at  a  point  of  maximum  shear,  will  also 
be  represented  by  (24),  the  planes  of  principal  stress  making  angles  of  45° 
with  the  neutral  layer  (Art.  30);  and  hence,  letting  m  =  3,  the  product  of 
E  and  a  principal  strain  at  these  points  will  be  equal  to 

*-»+S-T-£i « 


By  putting 


we  obtain 
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By  putting  x  =  rx  and  substituting  the  value  of  A  in  (16),  we  obtain  for 
the  value  of  the  greatest  deflection  of  the  plate, 

►.-fiSif** m 

and,  if  we  assume  m  =  3, 

"~  bEV~  bicEP K    ' 

g_|(3x.-n.)-0, 

—% (28) 

for  the  distance  of  the  point  of  inflexion  of  the  curve  Ob  from  the  center  of  the 

mm 

plate,  and  a  circle  of  radius  —j=  will  evidently  be  the  line  of  inflexion  in  the 

neutral  layer  of  the  plate. 

If  we  consider  a  vertical  section  one  unit  in  width,  perpendicular  to  any 
radius  at  a  distance  x  from  the  center  of  the  plate,  the  normal  stress  on  this 
section  will  be  uniformly  varying  and  the  moment  of  resistance  of  the  stress 
on  the  section  will  be  equal  to 

Mr=-?£ (29) 

where  the  moment  is  considered  positive  when  the  curvature  is  convex  down- 
wards and  p/  is  the  normal  stress  intensity  at  the  top  surface  of  the  plate. 

Letting  m  —  3  and  substituting  the  value  of  Ai  and  the  value  of  p/,  obtained 

I 
by  putting  t;  =  ^  in  (19),  we  obtain 

Mr~  -£<5*-2*f> (30) 

Similarly,  if  we  consider  a  vertical  strip  one  unit  in  width  through  any 
radial  section,  at  a  distance  x  from  the  center  of  the  plate,  the  moment  of 
resistance  will  be  equal  to 

M,--?^, (31) 

where  pi  is  the  normal  stress  intensity  at  the  top  surface  of  the  plate;  and, 

substituting  the  value  of  A\  and  the  value  of  pi,  obtained  by  putting  v  —  5  and 
m  —  3  in  (20),  we  have 

Mi --£ (3* -2!*) (32) 

The  quantities  Mr  and  Mt  are  frequently  called  the  bending  moments  in 
the  plate;  and  for  the  maximum  values  we  have,  when  x  =  tu 

max.Mr-  -£ZL«-|L.; (33) 
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and,  when  x  *  0, 

max.  M%  —  -Tg-  =  jo- » $*) 

which  is  evidently  equal  to  the  value  of  Mr  at  the  center  of  the  plate. 

If  m  is  assumed  to  be  equal  to  4,  or  any  other  quantity,  the  strains,  stress 
intensities,  deflections  and  bending  moments  can  easily  be  determined  by 
substituting  the  value  of  m  in  the  fundamental  equations  (17),  (18),  (19),  (20) 
and  (26). 

(b)  Plate  Freely  Supported  at  the  Circumference,  —  The  assumptions  and 
conditions  for  this  case  and  the  derivation  of  the  formulas,  as  far  as  equation 
(15),  will  be  identical  with  Case  (a). 

In  this  case  the  constant  B  can  be  determined  from  the  condition  that  when 
*  ■  fiy  Pr  -  0;  and  by  differentiating  (15),  we  obtain 

and,  by  substituting  the  values  of  the  derivatives  in  (4), 

pr"  ~  8  ff-  1}  K3 m  +  1)  *  +  4  (m  +  1)  B) (35) 

Then,  by  substituting  x  —  rlt  putting  (35)  equal  to  zero,  and  solving  for  Bf 
we  obtain 

3m  +  l 
B""4&ir+i)n- 

Substituting  the  value  of  2?  in  the  above  derivatives  and  then  substituting 
the  values  of  the  derivatives,  together  with  the  value  of  A,  in  equations  (2) 
and  (3),  we  obtain 

*--t["-£?H ™ 

and 

«._T[*___*.j; (37) 

and,  by  substituting  in  (4)  and  (5), 


and 


Pr  =  ^  [(3m +  !)(*»-*)]       ......     (38) 


Pi-^[(m  +  3)^-(3m  +  l)fi«] (39) 


By  substituting  the  values  of  the  derivatives  in  (9)  and  then  calculating 
the  value  of  «  from  (10),  we  would  obtain  the  same  expression  for  s  as  in  Case 
(a)  (equation  21). 

It  is  evident  from  an  inspection  of  the  above  equations  that  the  greatest 

t 
stress  intensities  and  strains  occur  when  x  =  0  and  v  =»  ±  = ;  and,  putting 

m  =  3,  and  substituting  the  value  of  A  in  (36),  or  (37),  we  have 

max.  Est  «  max.  Eet  =»  =F  «  -ip-  —  T  gza-  •     •     »     •     (40) 
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Substituting  the  value  of  Ah  together  with  the  above  values  of  x,  v  and  m, 
in  (38),  or  (39),  we  have 

5Pri*  5JP 


max.  pr  =  max.  pt 


4  t* 


4t(» 


(41) 


The  maximum  value  of  8  is  given  by  (24),  as  in  the  preceding  case,  with  the 
accompanying  product  of  E  and  the  principal  strain,  given  by  (25). 

The  equation  of  the  neutral  section,  obtained  by  substituting  the  value  of 
B  in  (15),  will  be 

*=34[*-2(^)*4 <« 

and,  by  substituting  x  =  n  and  the  value  of  A,  we  obtain  for  the  value  of  the 
greatest  deflection,  when  m  =  3, 

2  Pn*      2  Wn* 


Vq  - 


3^<8       3xJBP 


(43) 


t. 


For  the  values  of  the  bending  moments  we  shall  have,  putting  t>  =  -  in 

(38)  and  (39),  and  substituting  the  values  of  p/  and  pt  in  (29)  and  (31), 
together  with  m  —  3, 


^r=  -^(5x^-5^), 


(44) 
(45) 


and  for  the  maximum  values,  evidently, 


TUT  TiM  5PrS         5W  MAN 

max.  Mr  —  max.  M t  =     n*     ~  ht- (46) 


24 


24 


If  m  is  assumed  to  have  a  value  other  than  3,  the  values  of  the  stress  inten- 
sities, strains,  etc.,  may  be  easily  derived  in  the  same  manner  as  the  above. 

198.  Circular  Flat  Plate  Centrally  Loaded.  —  The  expressions 
for  the  stress  intensities  and  strains  in  a  circular  flat  plate,  due  to 
a  uniform  load  over  the  central  portion  only,  can  be  determined 
by  the  method  employed  in  Art.  (197).  Two  cases  will  be  con- 
sidered, similar  to  the  two  cases  in  the  preceding  article,  the  plate 
being  considered  "horizontal  and  the  load  as  acting  vertically 
downward  in  each  case. 


Fig.  208. 
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(a)  Plate  Fixed  at  the  Circumference.  —  Let  n  -  the  outside  radius  and 
t  —  the  thickness  of  the  plate,  P  «  the  load  intensity  and  W  =  the  total 
load,  uniformly  distributed  over  a  circular  area  of  radius  r0  (Fig.  268).    Then 

W  =  P*rt, (1) 

where  the  value  of  r*  for  any  given  value  of  W  must  be  greater  than  a  certain 
limiting  value  to  be  determined. 

Making  the  same  assumptions  and  following  the  same  method  as  in  the 
preceding  article  we  obtain  the  same  fundamental  equations  (2)  to  (10), 
inclusive  (Art.  197). 

Equating  the  total  shear  on  a  cylindrical  section  through  the  plate,*  of 
radius  x,  to  the  total  load  on  the  surface  within  the  circle  of  radius  x,  we 
obtain,  for  values  of  x,  from  0  to  r0, 

P*x»«  -TxZg(Art.  197); (2) 

and,  for  values  of  x  from  r0  to  n, 

P*rf  =-txZ? (3) 

Substituting  the  value  of  Z  from  (9)  (Art.  197)  and  reducing,  we  have,  for 
values  of  x  from  0  to  r0, 


and,  for  values  of  x  from  r0  to  n, 

dx1      xdx*      x*dx        x 

where 

-  _       6  (w»  -  1)  P  m      6  (m«  -  1)  IF 
m*Jft»        "  *rtm*Et% 

Integrating  (4),  observing  that  when  x  *  0,  y  =■  0  and  -^  =  0,  we  obtain, 
as  in  Art.  (197),  for  values  of  r  from  0  to  r©, 

"■4(S+¥> <«> 

and,  for  the  values  of  the  derivatives, 

£-"(!+?) <* 

g-'(¥+i) «> 

S-"¥ • 

Similarly  from  (5),  for  values  of  r  from  r<>  to  n, 

y  -  4r.«  [J  Gog*-l)+^p  +  /'log*  +  (?];.    .    .      (10) 
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and 

2-<wB(i«-i)+*+g.  ••  • (U) 
S-^GOf+D+l-j] <m 

To  determine  the  constants  B,  E,  F  and  G,  we  have  the  conditions: 
when  x  =  r0,  the  values  of  y  given  by  (6)  and  (10)  are  equal,  the  values 

of  ~  given  by  (7)  and  (1 1)  are  equal  and  the  values  of  -^  given  by  (8)  and  (12) 
are  equal;  and,  when  z  »  n,  the  value  of  -f-  given  by  (11)  is  equal  to  aero.    The 

dX 

solution  of  these  equations  will  give:  • 

G      "32"~"8logr°- 

Substituting  these  constants  in  the  equations  for  the  derivatives  and  then 
substituting  in  equations  (2)  and  (3)  (Art.  107),  we  obtain,  for  values  of  x 
from  0  to  ro, 

*--£[3*.  +  4tflog£-£| (14) 

e,--^[*  +  4r„»logj>-j£|; (15) 

and,  for  values  of  x  from  r0  to  n, 

* 8-L41ogn-^-r7  +  4J'     •   •    •   •   (16) 

•« 8-L4l0gn  +  ^-r7j (I7) 

Substituting  the  values  of  the  strains  in  (4)  and  (5)  (Art.  197),  we  obtain, 
for  values  of  x  from  0  to  r0, 

Pr  =  ^[(3m  +  l)x*  +  (m  +  l)(4re»log^--g)],   .     .     (18) 

Pi  =  ^[(w  +  3)^  +  (m  +  l)(4r0Mog^-^)];     .    .    (19) 
and,  for  values  of  x  from  r0  to  n, 

Pr«fW[(m  +  1)(4log^-g)-(«-l)§  +  4«],     .    (20) 

p«-^[(m  +  l)(41og^-g)  +  (m-l)g  +  4],    .    .    (21) 
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where 

A  mE    A      6P  =    6W> 

1  "      m*  - 1  m*»      uToW 

Substituting  the  values  of  the  derivatives  in  (9)  and  (10)  (Art.  197),  we  ob- 
tain for  the  shearing  stress  intensity,  for  values  of  x  from  0  to  r0, 

•"IT  <*-**> W> 

and,  for  values  of  x  from  r»  to  n, 

«-W('-4^ (23) 

At  the  center  of  the  plate,  when  v  =  ±x,we  obtain,  by  substituting  the  values 
of  A  and  Ax  in  (14),  (15),  (18)  and  (19),  assuming  m  —  3, 

*-**-*£?  ["•J-®']    ■  •     •  (24) 

and 

and,  similarly,  at  the  circumference  we  obtain  from  (16)  and  (20), 

and 

»-*&[-i©n <»> 

On  investigation  it  will  be  found  that  when  -  >  0.42  (nearly)  the  greatest 
strain  will  be  located  at  the  circumference  of  the  plate  and  the  maximum  value 
of  Eer  will  be  given  by  (26).    Similarly,  when  —  >  0.59  (nearly)  the  greatest 

mm 

stress  intensity  will  be  given  by  (27).    For  ratios  of  —  less  than  the  above 

values  the  maximum  strains  and  stresses  will  be  at  the  center. 

From  an  inspection  of  (22)  and  (23)  it  will  be  evident  that  the  greatest 
shearing  stress  intensity  is  located  at  the  intersection  of  the  neutral  layer  and 
the  cylindrical  surface  of  radius  r0  and  will  be  equal  to 

3  Pro       3  W  /OQv 

max.  8  —  — : —  =  -M . \ \*o) 

and,  if  m  =  3,  the  product  of  E  and  the  principal  strain  accompanying  this 
stress  will  be  equal  to 

*-t-5 (29) 

If  r o  is  very  small  the  values  of  the  stress  intensity  and  the  strain  given  by 
(28)  and  (29)  for  a  total  load  W  may  exceed  those  at  any  other  point  in  the 
plate,  the  values  approaching  infinity  as  r0  approaches  zero.  The  equations 
may  be  used  therefore  to  determine  the  limiting  radius  of  the  circle  over  which 
the  load  may  be  distributed* 
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By  putting  the  values  of  the  constants  in  (6)  and  (10)  we  obtain  the  equa- 
tions of  the  neutral  section  Ocb,  for  values  of  x  from  0  to  ro, 

»-KI+'wK)-w)'  •  «"• 

and,  for  values  of  x  from  r0  to  n, 

For  the  greatest  deflection,  putting  the  value  of  A  and  x  =  n  in  (31),  we 
obtain,  assuming  m  «  3, 

» -»[■*-¥ -—a *• 

When  n  >  2?0  (nearly)  the  point  of  inflexion  in  the  neutral  section  Ocb 
can  be  found  by  putting  (12)  equal  to  zero  and  solving  for  x,  the  equation 
being. 

l<-iS-5&+i-° (33> 

(b)  Plate  Freely  Supported  at  the  Circumference.  —  For  this  case  the  funda- 
mental equations  will  be  in  the  same  form  as  equations  (1)  to  (13),  inclusive, 
for  Case  (a).  To  determine  the  constants  in  the  equations,  we  have  the  con- 
ditions: when  x  =  ro,  the  values  of  y  given  by  (6)  and  (10)  are  equal,  the 

values  of  -£  given  by  (7)  and  (11)  are  equal  and  the  values  of  -r?  given  by  (8) 

and  (12)  are  equal;  and,  when  x  =  rh  the  stress  intensity  pr  is  equal  to  aero. 
The  solution  of  these  equations  will  give 

•--lerO-^+eri)* 

v    ¥' 

Proceeding  as  in  Case  (a),  we  obtain,  for  values  of  x  from  0  to  ro, 

— T[*+""^+eri)3i-sfa'  •  •  <»> 

and,  for  values  of  x  from  r0  to  n, 

["■;-S+(sTi)S+sTi]-  •  •  <*» 

["•s+s+erQs-sni-  •  • » 


Avrf  fA ,     x      r o*  ,  fm  —  l\ro* 

*  "  ~  ~8 


Avrf 

«. — g 
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For  the  stress  intensities  we  have,  for  values  of  x  from  0  to  r», 
Pr-^[(3m  +  l)x»  +  (m  +  l)4r0Mogg  +  (m-l)^-4mro«],  .     (38) 

P#-^[(w  +  3)^  +  (mH-l)4rologg  +  (m-l)g-4mri»];    .    (30) 

and,  for  values  of  x  from  r0  to  rh 
Pr-^[(m  +  D4log^-(m-l)(^-g)],  .    (40) 

p,-^[(m  +  l)4log^  +  («-l)(g+£-4)].  .  .    (41) 

It  will  be  apparent  from  an  inspection  of  the  foregoing  equations  that  the 
greatest  values  of  the  strains  and  stress  intensities  occur  at  the  center  of  the 
plate  and  that,  if  m  =  3, 

inax.^-max.^  =  ±^[41og^+i(jy-3],      .    (42) 
max.pr^niax.p^i^^log^-higy-s].         .    (43) 

The  values  of  8  will  be  given  by  (22)  and  (23),  as  in  Case  (a),  the  maximum 
value  of  *  and  the  accompanying  principal  strain  being  given  by  (28)  and  (29). 

The  equations  of  the  meridian  section  through  the  neutral  surface,  ob- 
tained by  putting  the  values  of  the  constants  in  (6)  and  (10),  will  be,  for  values 
of  x  from  0  to  r<>, 

v  »  Aft  4-nArMoff-0  4-  m  ~  *  V0***       mr^\  f44) 

and,  for  values  of  x  from  r0  to  rh 

^foV^i      *_i^i      x      3m +  1     .  .   /m-lXro'r1  ,  5rf\  .    . 

v-^\*{^n  +  Ylo*7o-2fr^  •    (45) 

By  substituting  the  value  of  A  and  putting  x  -  rt  in  (45)  we  obtain  for 
the  value  of  the  greatest  deflection,  assuming  m  —  3, 

In  either  of  the  cases  considered  under  this  article  the  values  of  the  bending 
moments  Mr  and  Mt,  at  any  point  in  the  plate,  can  be  readily  determined  by 
substituting  the  expressions  for  the  stress  intensities  p/  and  pt',  at  the  sur- 
face of  the  plate,  in  equations  (20)  and  (31)  (Art.  197). 

199.  Circular  Flat  Plate  Uniformly  Loaded  and  Supported 
at  the  Center.  —  If  a  circular  flat  plate  is  subjected  to  a  uni- 
formly distributed  load  combined  with  a  center  load,  the  strains, 
stress  intensities  and  deflections,  at  any  point  in  the  plate,  can  be 
determined  by  adding  the  values  obtained  for  each  load  sep- 
arately, from  the  equations  in  Arts.  (197)  and  (198).  This 
method  can  be  used  for  a  plate  which  is  fixed  at  the  circum- 


V* 
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ference,  or  when  the  plate  is  freely  supported.  The  case  under 
consideration  is  a  special  case  of  the  latter  type  in  which  the 
supporting  force,  or  center  load,  is  equal  in  magnitude  to  the 
total  uniform  load  and  opposite  in  direction,  the  resultant,  reac- 
tion at  the  circumference  being  equal  to  zero. 


Fig.  269. 

Let  r%  =  tne  outside  radius  and  t  =  the  thickness  of  the  plate,  Pi  =  the 
intensity  of  the  load  and  P0  =  the  intensity  of  the  supporting  force,  which  is 
uniformly  distributed  over  a  circle  of  radius  r0  (Fig.  269),  the  minimum  value 
of  r0  being  determined  by  the  conditions  stated  in  Art.  (198).  Then  the  total 
load 


W  =  Purr?  -  -Po*rc 


(1) 


The  following  expressions  for  the  strains  and  stress  intensities  throughout 
the  plate  can  be  readily  obtained  by  adding  the  values  under  Case  (b)  (Art. 
197)  and  Case  (b)  (Art.  198),  calling  the  upward  pressure  negative. 

For  values  of  x  from  0  to  r0, 

&  _  Av  [™  _  3f?  _  4  lo_  D  _  (I^IY*.  +  ULlAl 


m  -+- 

m  — 


m  -\- 
m  —  V 


A   fx1      z1        . ,     r0      (m  -  l\r0s  .  m  -  1"| 

p,-A,»[(8m+l)(^-^)-4(iii+l)loga_(m_i)g+(m_i)Jf      . 

p«=A,»[(m  +  3)(^-^)-4(m  +  l)log^-(m-l)g  +  (».-l)]; 

and,  for  values  of  x  from  r0  to  n, 

.   r3z«  .  r0»       .,      a;      /m-l\r^      3m +  51 

p,-A,t.[(3m+l)^+(m-l)^-4(m+l)log~(m-l)^-(3m+l)], 
pt-A,»[(m+3)^-(w-l)^-4(m+l)log^-(m-l)^+(m-5)];  . 


(2) 
(3) 

(4) 
(5) 


(6) 
(7) 
(8) 
(») 
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the  values  of  the  constants  being 

A       3(m*-l)TT  ,     A         ZW 

A=      4*mW  and    Al~4^tf 

The.  bending  moments,  so-called,  will  be  given  by  (29)  and  (31)  (Art.  197), 

the  values  of  pr'  and  pt  being  obtained  by  putting  v  =  d=  x  in  (4)  and  (8)  and 

(5)  and  (9). 

Values  of  «,  for  values  of  x  from  0  to  r0,  will  be  represented  by  the  following 
expression,  obtained  by  combining  (21)  (Art.  197)  and  (22)  (Art.  198), 

f-4rf(r?"J?yff"4,P); (10) 

and,  by  combining  (21)  (Art.  197)  and  (23)  (Art.  198)  we  have,  for  values  of 
x  from  r0  to  n, 

-sca-i)"-" «•» 

The  equations  of  the  meridian  section  of  the  neutral  layer  can  be  obtained 
by  combining  (42)  (Art.  197)  with  (44)  and  (45)  (Art.  198). 

For  the  maximum  values  of  the  strains  and  stress  intensities  we  have  the 
following,  assuming  m  =  3; 


3 

_L_        W 

max.  pr  =  max.  pt  =  ±  ^ 


inaa.^r  =  max.^  =  ±^ig-i(jy-4logg],  .    .    (12) 

G-i©r-««3  •  ■  <"> 

located  at  the  center  of  the  plate; 

—  «%[(?)■-  o <>« 

when  x  —  r0,  with  the  accompanying  value  of  the  product  of  E  and  the  prin- 
cipal strain 

— 5[©H » 

The  greatest  deflection,  obtained  by  adding  (43)  (Art.  197)  and  (46)  (Art. 
198),  making  due  allowance  for  signs,  will  be  equal  to 

W 


yo  =  ^Efi 


[tf-n»  +  ff*logjj] (1« 


200.  Square  and  Rectangular  Flat  Plates  Uniformly  Loaded, 

—  If  we  attempt  to  deduce  equations  for  the  strains  and  stresses 
in  a  square,  or  rectangular,  flat  plate,  uniformly  loaded  and  fixed, 
or  freely  supported,  at  the  edges,  on  the  basis  of  the  assumptions 
made  in  the  case  of  the  circular  plate,  an  exact  solution  will  be 
found  to  be  impossible  Approximate  formulas,  however,  which 
must  be  regarded  as  largely  empirical,  can  be  obtained  by  making 
additional  assumptions  in  regard  to  the  distribution  of  the  stresses 
in  the  plate.    Four  cases  will  be  considered. 
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va7  Rectangular  Plate  Fixed  at  the  Edges.  —  Let  2  a  and  2  b  be  the  dimen- 
sions of  the  surface,  t  =  the  thickness  and  P  ■«  the  pressure  intensity  (Fig. 
270).  Neglecting  stresses  and  strains  in  the  direction  normal  to  the  surface, 
the  same  assumptions  may  be  made  as  in  the  case  of  the  circular  plate,  namely: 
(1)  That  all  straight  lines,  perpendicular  to  the  surface  of  the  plate  before  flexure, 
remain  straight  and  normal  to  the  middle,  or  neutral,  layer  of  the  plate  after  bend- 
ing takes  place,  and  (2)  that  stress  intensities  are  proportional  to  strains  through- 
out the  plate. 


If  we  consider  a  strip  through  the  center  of  the  plate,  one  unit  in  width  and 
parallel  to  the  axis  OYt  it  is  evident  that,  if  the  dimension  a  is  increased 
indefinitely,  the  strains  and  stresses  in  the  strip  will  approach  the  values  of 
the  stresses  and  strains  in  a  rectangular  beam,  fixed  at  the  ends,  of  the  same 
cross  section  as  the  strip  and  subjected  to  the  same  uniform  load.  Hence,  at 
the  limit  when  a  «■  oo ,  the  bending  moment  at  any  cross  section  of  the  strip, 
at  a  distance  y  from  the  center  (Fig.  2706),  will  be  equal  to 


(1) 


and  the  deflection  at  the  cross  section, 


z 


fs 


K 

EI 


dxdx  =■  — 


5&  <*  "  ■*  -  -  51?  <*  -  *»■• 


(2) 


Similarly,  if  we  consider  a  strip  one  unit  wide  along  OX,  and  6  is  increased 
indefinitely;  at  the  limit,  when  6  =  oo ,  the  value  of  the  bending  moment  at  a 
section,  at  any  distance  z  from  the  center  (Fig.  270c),  will  be  equal  to 

Pat    p4; (3) 


M 


6 


and  the  deflection  at  the  cross  section 

P 
f  *      2Efi 


(a*  -  x*?. 


(4) 
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It  was  assumed  by  Grashof  that  the  following  equation,  which  would 
satisfy  each  of  the  limiting  cases  mentioned,  could  be  taken  as  the  equation 
of  the  surface  formed  by  the  neutral  layer  after  bending;  namely, 

_  _P_   (q»  -  afli  ffi  -  y«)» 

2EP  a*  +  ¥  v; 

Then,  if  we  let  rx  -  the  radius  of  curvature  of  a  section  of  the  neutral  layer, 
parallel  to  OX,  through  any  point  in  the  layer,  whose  coordinates  are  (x,  y,  z), 
and  ry  =  the  radius  of  curvature  of  the  section  parallel  to  OF,  through  the 
same  point,  we  shall  have,  making  the  same  approximation  as  in  the  common 
beam  theory, 

r«      dx*  rv      dj/»' 

and  hence,  on  the  basis  of  the  assumptions  stated  above,  the  strains  in  any 
layer  of  the  plate,  at  a  distance  v  from  the  neutral  layer,  in  directions  parallel 
to  OX  and  OV,  will  be  respectively  equal  to 

« 

*--*"-•*?'    (6) 

^--FV—°W; (7) 

tensile  strains  and  stresses  being  plus  and  v  being  plus  when  measured  upwards. 
Obtaining  the  values  of  the  derivatives  from  (5)  and  substituting  in  (6) 
and  (7), 

2PKtf-3aP)(P-y»)*  m 

'*  =  EP&  +  V)  W 


and 


m   _       2Pt;(6»-3y')  (<*'-*»)' 

**      ~  EP&  +  V)  W 


It  will  be  evident  from  an  inspection  of  (8)  and  (9),  that  the  maximum 
strains  will  be  located  at  the  surface  of  the  plate,  at  the  ends  of  the  axes  OX 
and  OY,  and  for  these  points, 

2  Pa* 

P 

2P6* 
(* 


max.  Eex  —  =fc 


max.  Eey  =  ± 


(«h) <10> 

fef*) <"> 


Kt  the  center  of  the  plate,  when  v  —  =fc  ~, 


Eex  =  qF 


Ptf 


(«h) <12> 

*>  -  ^  t  (*$*) <13> 

It  will  be  evident  that  when  a  >  b  the  greatest  value  of  the  product  of  E 
and  a  strain  for  the  entire  plate  will  be  that  given  by  (11). 
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By  use  of  equations  (5)  and  (6)  (Art.  46)  we  may  obtain,  for  the  sections 
at  the  ends  of  the  axis  OX,  when  v  —  ±  5, 

m*      2  Pa1  /     ¥     \ 

and,  similarly  for  the  sections  at  the  ends  of  the  axis  OY, 

,      m»      2P6>  /     a«    \  /teN 

It  will  be  evident  from  an  inspection  of  equations  (14)  and  (15)  that,  when 
a  >  6,  the  greatest  stress  intensity  will  be  given  by  (15),  where,  if  m  *  3, 

9PV  {     o<     \  /t„ 

^■^"TFVF+W (16) 

The  quantity     ^     (equation  11)  is  evidently  equivalent  to  -j-,  where 

P4fci 
Af  i  =    10    -?  the  greatest  bending  moment  in  a  strip  one.  unit  wide  along 

OY  (Fig.  270a),  considered  as  a  beam  under  a  uniform  load  of  intensity  P, 
j     ft 

and  -  ■■  r-  —  the  section  modulus  of  the  cross  section  of  the  strip.    Similarly, 
c      o 

the  quantity       a     is  equivalent  to  — y- ,  where  Mi  —    12   .     Hence  equa- 
tions (10)  and  (11)  may  be  interpreted  as  follows,  assuming  a  >  b: 

To  determine  the  greatest  values  of  the  products  of  E  and  the  principal  strains 
in  a  rectangular  plate,  fixed  at  the  edges  and  subjected  to  a  uniform  load;  cal- 
culate the  maximum  fiber  stresses  in  the  two  strips,  one  unit  wide,  along  the 
central  axes  of  the  plate,  considered  as  uniformly  loaded  beams  fixed  at  ends; 

the  load  on  the  shorter  strip  being  equal  to  I   .    ■  ^  IP  and  that  on  the  longer  strip 

equal  to  (  .      .,  JP,  where  P  —  the  load  intensity  on  the  plate. 

Since  the  strains  along  the  edges  of  the  plate  at  the  ends  of  the  axes  OX  and 
OY  are  equal  to  zero  the  stress  intensities  px  and  pyt  from  (14)  and  (15),  are 
greater  than  the  values  of  Eex  and  Ee^,  from  (10)  and  (11),  instead  of  being 
equal  to  them,  as  would  be  the  case  if  the  strips  were  separate  beams. 

The  greatest  deflection  in  the  plate  will  evidently  occur  at  the  center  and, 
by  putting  x  =  0  and  y  -  0  in  (5),  we  obtain  for  its  value 

PatV  ,_ 

**~      2Et*{a*  +  V) U7' 

It  will  be  evident,  from  an  inspection  of  (2)  and  (4),  that  the  division  of  the 
load  intensity,  required  to  produce  the  same  maximum  deflection  in  two  strips 
of  unit  width,  along  the  central  axes  of  plate,  when  acting  as  independent 
beams,  is  the  same  as  that  called  for  in  the  foregoing  rule  for  calculating  the 
myyH™iim  strains,  by  considering  the  strips  along  the  central  axes  as  uni- 
formly loaded  beams- 
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The 


m  (Fig.  271)  represents  the  variation  in  the  value  of  the  quantity 


a 


.  t  ,A  with  the  variation  in  r  J  aud  it  is  evident  that  when  r  >  3  the  value 
a*  +  b*  o  b 

a* 
of    .  ,  jn  —  1  (nearly);  that  is,  the  maximum  stresses  and  strains  are  prac- 
tically the  same  as  if  the  plate  were  of  indefinite  length. 


1-0 


08 


0.7 
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M 


I1  — ——  — —  — — —  — —  — — —  * 

<   ■  ■       — —         ■  — ^— .  , 


Values  of  4j- 
Fia.  271. 


Expressions  for  the  shearing  stress  intensities  through  the  plate  might  be 
obtained  by  use  of  the  general  equations  of  equilibrium  (Art.  49);  but  the 
magnitudes  would  be  so  small  that  the  results  would  be  of  no  considerable 
importance. 

(b)  Square  Plate  Fixed  at  the  Edges.  —  For  a  square  plate,  putting  b  *  a 
in  (10),  (11),  (14)  and  (15),  we  have 


Pa* 


max.  Ee*  =  max.  Ee^  =  ±  —= 


(18) 


and,  when  m  «  3, 


max.  px  =  max.  pv 


9  Pa* 


(19) 


Putting  b  —  a  in  (17),  we  have  for  the  maximum  deflection  of  the  plate 

Pa* 


Zq  -    - 


4W 


(20) 


The  numerical  coefficients  in  (18)  and  (19)  are  somewhat  higher  than  the 
coefficients  in  the  empirical  formulas,  proposed  by  Bach  and  others,  for  cal- 
culating the  strains  and  stress  intensities  in  square  plates. 

The  results  of  a  series  of  measurements  of  the  deflection  of  a  square  steel 
plate  made  under  the  supervision  of  one  of  the  authors  showed  that  the  values 
given  by  (20)  averaged  15  to  20  per  cent  higher  than  the  measured  deflections, 
which  would  also  indicate  that  the  values  given  (18)  and  (19)  are  too  high  and 
hence,  if  we  write  these  equations  in  the  forms 


max.Eex 


SPa* 
9fi  J 


(2D 
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and 

max.  v  -  ±  -£" , (22) 

they  will  probably  represent  more  nearly  the  true  values  of  the  greatest  strain 
and  stress  intensity  in  the  plate. 

Grashof ,  by  a  solution  of  the  differential  equation  of  the  neutral  surface  of 
the  square  plate  found  the  coefficient  in  (21)  to  be  %  when  m  —  3. 

It  would  follow,  perhaps,  that  if  the  numerical  coefficients  in  (10)  and  (16) 
were  modified,  in  accordance  with  these  facts,  to  V  and  2,  respectively,  the 
equations  would  represent  more  nearly  the  true  values  of  the  tnnTinrnm  strain 
and  stress  intensities  in  the  rectangular  plate. 

(c)  Square  Plate  Freely  Supported  at  the  Edge*.  —  A  theoretical  treatment 
will  not  lead  to  a  satisfactory  solution  in  this  or  the  following  cases.  We  will, 
therefore,  write  for  these  cases  empirical  formulas,  simply,  omitting  signs 
and  stating  in  each  case  the  reasons  for  the  proposed  form  of  the  equation. 

If  we  compare  equations  (21)  and  (22)  with  equations  (22)  and  (23)  (Art. 
197)  we  find  that  the  maximum  values  of  the  strains  and  stress  intensities 
given  by  the  formulas  for  the  square  plate,  fixed  at  the  edges  and  uniformly 
loaded,  are  one-third  higher  than  the  values  given  by  the  formulas  for  a  circular 
plate,  having  a  diameter  equal  to  the  side  of  the  square,  and  loaded  and 
supported  in  the  same  manner. 

Hence,  if  we  assume  a  similar  relation  to  exist  in  the  case  of  the  square  and 
circular  plates  freely  supported  at  the  edges  we  may,  by  increasing  the  numeri- 
cal coefficient  in  (40)  (Art.  107)  by  one-third,  estimate  the  value  of  the  product 
of  E  and  the  greatest  strain  to  be 

max.2?e*  —  max.  Be?  —  "KaT  *       (23) 

the  strain  evidently  being  located  at  the  ceiter  of  the  plate. 

By  substituting  in  (5)  (Art.  46)  we  shall  have,  for  the  greatest  stress  in- 
tensity, if  m  —  3, 

max.  p»  —  max.  py  »  -=-g- (24) 

(d)  Rectangular  Plate  Freely  Supported  at  the  Edges.  —  Since  the  load 
intensities  on  two  uniformly  loaded  beams,  of  the  same  cross  section  and 
having  the  same  muTimum  deflection,  are  inversely  proportional  to  the  fourth 
powers  of  the  lengths,  we  may  assume,  from  the  analogy  with  Case  (a),  that 
the  ratio  of  the  nuMrimimi  strains  in  the  two  unit  strips,  taken  along  the 
central  axes  OX  and  OY  (Fig.  270),  is  the  same  as  in  that  case. 

Hence,  using  the  same  notation  as  before,  we  shall  have  for  the  maximum 
values  of  the  products  of  E  and  the  strains  ex  and  eVf  located  at  the  center  of 
the  plate, 

.,        20  Pa'  /    ¥     \  ,OM 

™^--WFW+v)' (26) 

„         20P&V    a4     \  /oaN 

■" •**  "  ST  W+V) (26) 

both  (25)  and  (26)  reducing  to  the  form  of  (23)  when  b  =•  a. 
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When  a  >  b  the  greatest  value  of  the  product  of  B  and  a  principal  strain 
for  the  entire  plate  will  evidently  be  given  by  (26). 

By  substituting  in  (6)  (Art.  46)  we  obtain  for  the  value  of  the  greatest 
stress  intensity  in  the  plate,  when  m  -  3, 

5Pa»6»(3o'  +  6») 
"»»■*-       6*(a<  +  6<) (27) 

201.  Square  and  Rectangular  Flat  Plates  Centrally  Loaded. 

—  In  each  of  the  following  cases  we  will  assume  a  load  IF  to  be 
uniformly  distributed  over  a  small  circular  area  of  radius  r0  at 
the  center  of  the  plate.  We  will  use  the  same  notation  for  the 
dimensions  of  the  plate  as  in  Art.  (200).  Four  cases  will  be  con- 
sidered, empirical  formulas,  simply,  being  written  for  each  case. 

(a)  Square  Plate  Fixed  at  the  Edges.  —  If  we  assume  the  mftTimnm  strain 
in  the  square  plate  to  be  one-third  higher  than  in  the  circular  plate,  having  a 
diameter  equal  to  the  side  of  the  square  and  similarly  loaded,  as  in  Case  (c) 
(Art.  200),  we  shall  have,  from  (24)  (Art.  198),  for  the  product  of  E  and  the 
greatest  strain,  located  at  the  center  of  the  plate, 

— •*-J5[*-2-(5)l « 

If  we  assume  —  —  0.1,  equation  (1)  reduces  to 

max.  Be*  -  max.  Eey  -  -j^-=-  (nearly) ;      ....      (2) 

and,  from  (5)  (Art.  46),  if  m  -  3, 

2  W 
max.  p»  —  max.  py  =  —=-  (nearly) .   ......      (3) 

(b)  Square  Plate  Freely  Supported  at  the  Edges.  —  Making  an  assumption 
similar  to  that  in  Case  (a)  we  shall  have,  from  (42)  (Art.  198), 

■«•*■- fSt^+K?)'-'] » 

1*0 

If  we  assume  —  —  0.1  equation  (4)  reduces  to 

7  W 
max.  Ee9  —  max.  Ee^  —  -^-(nearly); (5) 

and  from  (5)  (Art.  46),  if  m  -  3, 

21  W 
max.  p,  -  max.  pv  =■  -^-  (nearly) (6) 

(c)  Rectangular  Plate  Fixed  at  the  Edges.  —  Since  the  greatest  bending 
moments  in  two  centrally  loaded  beams  of  the  same  cross  section  and  having 
the  same  mftTUTninn  deflection  are  inversely  proportional  to  the  squares  of  the 
lengths,  if  we  assume  the  maximum  moments  of  resistance  of  the  two  unit 
strips  along  the  central  axes  of  the  plate  to  be  proportional  to  the  maximum 
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values  of  Eex  and  Eey,  we  may  estimate  that,  when  r  -  0.1.  the  mftTimnm 

o 

values  of  the  products  of  E  and  the  strains  ex  and  ey  will  be  equal  to 

21  W 


max.  Eex  = 
max.  Eey  = 


8P 

21  TT 

80 


Gr£*)' W 

(*T*)> ® 

located  at  the  center  of  the  plate. 

When  a  >  b  the  value  of  the  product  of  E  and  the  greatest  strain  for  the 
entire  plate  will  evidently  be  that  given  by  (8);  and  both  (7)  and  (8)  will  evi- 
dently reduce  to  the  form  of  (2)  when  b  =  a. 

By  substituting  in  (6)  (Art.  46)  we  would  have  for  the  greatest  stress 
intensity  in  the  plate,  when  m  —  3, 

W  (3  a«  +  V) 
"»-»-    P(a»  +  6»)    ' (9) 

which  reduces  to  the  form  of  (3)  when  b  =  a. 

(d)  Rectangular  Plate  Freely  Supported  at  the  Edges.  —  By  reasoning 
similar  to  that  in  the  preceding  case  we  have  for  the  maximum  values  of  the 

products  of  E  and  the  strains  e»  and  e„,  assuming  ~  =  0.1, 


max.  Eex  = 


7W 
21* 


*"■**■  2?  fers)' (11) 

located  at  the  center  of  plate;  the  maximum  value  for  the  entire  plate,  when 
a  >  bt  being  that  given  by  (11);  both  (10)  and  (11)  reducing  to  the  form  of 
(5)  when  b  =  a. 

The  greatest  stress  intensity  in  the  plate,  obtained  from  (6)  (Art.  46), 
would  then  be  equal  to,  assuming  m  =  3, 

21  W  /r3a»  +  &2\  ,10, 

^ p*  =  ToT  Klt  +  v)' (12) 

which  reduces  to  the  form  of  (6)  when  b  =  a. 

202.  Problems.  —  Cylinders  and  Plates. 

Problem  1. 

Determine  the  allowable  internal  pressure  intensity  in  an  elliptical  cylinder 
}"  thick,  having  maximum  and  minimum  inside  diameters  8"  and  5",  assum- 
ing a  working  stress  intensity  of  12,000  lbs.  per  sq.  in. 

Problem  2. 

Determine  the  required  thickness  of  a  square  tube,  2"  X  2//  inside  measure- 
ment, to  withstand  an  internal  pressure  of  40  lbs.  per  sq.  in.,  assuming  /  « 
12,000  lbs.  per  sq.  in. 


504  APPLIED  MECHANICS 

Problem  8. 

A  circular  cylinder,  10"  inside  diameter  with  a  wall  3"  thick,  is  subjected 
to  an  internal  pressure  of  5000  lbs.  per  sq.  in. 

(a)  Calculate  the  maximum  stress  intensity  in  the  wall; 

(b)  Calculate  the  maximum  value  of  the  product  Eet,  assuming  m  =  4; 

(c)  Determine  the  increase  in  the  inside  diameter  due  to  the  pressure, 
assuming  E  —  30,000,000  lbs.  per  sq.  in. 

Problem  4. 

Plot  the  diagrams  for  the  cylinder  in  Problem  (3),  showing  the  variation  of 
the  following  quantities  along  any  radial  section,  assuming  E  =  30,000,000 
lbs.  per  sq.  in.  and  m  «  4: 

(a)  Tangential  stress  intensity; 

(b)  Radial  stress  intensity; 

(c)  Values  of  Eet; 

(d)  Values  of  Eer\ 

(e)  Increase  in  radius. 

Problem  5. 

Solve  Problem  (3),  assuming  the  cylinder  to  be  subjected  to  an  external 
pressure  only  of  8000  lbs.  per  sq.  in. 

Problem  6. 

Solve  Problem  (4),  assuming  the  cylinder  to  be  subjected  to  an  external 
pressure  only  of  8000  lbs.  per  sq.  in. 

Problem  7. 

Determine  the  thickness  of  a  cast-iron  cylinder,  12"  inside  diameter,  re- 
quired to  withstand  an  internal  pressure  of  1200  lbs.  per  sq.  in. : 

(a)  Assuming  the  working  stress  intensity  =  4000  lbs.  per  sq.  in.; 

(b)  Assuming  the  value  of  the  product  Eet  -  4000  lbs.  per  sq.  in. 
Calculate  the  increase  in  the  inside  diameter  of  the  cylinder,  assuming 

E  =  14,000,000  lbs.  per  sq.  in. 

Problem  8. 

Solve  Problem  (7),  substituting  a  cast-iron  spherical  shell,  12"  inside  diam- 
eter, for  the  cylinder. 

Problem  9. 

A  circular  flat  plate,  24"  diameter  and  1"  thick,  fixed  at  the  circumference, 
is  subjected  to  a  uniform  pressure  of  120  lbs.  per  sq.  in.    Assuming  m  —  3; 

(a)  Determine  the  maximum  stress  intensity  in  the  plate; 

(b)  Determine  the  maximum  value  of  the  product  Esr', 

(c)  Determine  the  greatest  deflection  of  the  plate,  assuming  E  =  30,000,000 
lbs.  per  sq.  in. 

Problem  10. 

Solve  Problem  (9),  assuming  the  plate  to  be  freely  supported  at  the  cir- 
cumference. 
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Problem  11. 

Plot  diagrams  representing  the  variation  of  the  following  quantities  along 
any  radial  section  of  the  plate  in  Problem  (9),  assuming  m  —  3: 

(a)  Radial  stress  intensity  pr; 

(b)  Tangential  stress  intensity  p<; 

(c)  Values  of  £*; 

(d)  Values  of  Eet. 

Determine  the  radius  of  the  line  of  inflexion  in  the  neutral  layer  of  the  plate. 

Problem  12. 

Calculate  the  maximum  values  of  pr  and  Eer  for  a  plate,  20"  diameter  and 
1"  thick,  supported  at  the  center  only  on  a  post  2"  diameter,  and  subjected  to 
a  uniform  load  of  150  lbs.  per  sq.  in.  Calculate  the  greatest  deflection  of  the 
plate.    Assume  E  =  30,000,000  lbs.  per  sq.  in.,  m  »  3. 

Problem  18. 

A  circular  flat  plate,  30"  diameter  and  \"  thick,  fixed  at  the  circumference 
and  supported  by  a  stay  at  the  center,  is  subjected  to  a  uniform  pressure  of 
intensity  P.  Determine  the  central  supporting  force  in  terms  of  P,  assuming 
the  support  to  be  on  the  same  level  as  the  circumference  and  the  supporting 
force  to  be  distributed  over  a  circle  2"  diameter.  Calculate  the  allowable 
value  of  P,  assuming  m  =  3: 

(a)  Assuming  pr  =  16,000  lbs.  per  sq.  in.; 

(b)  Assuming  Eet  =  16,000  lbs.  per  sq.  in. 

Problem  14. 

Find  the  allowable  pressure  intensity  on  a  rectangular  plate  20"  X  12"  and 
\"  tnick,  assuming  the  working  stress  intensity  -  16,000  lbs.  per  sq.  in.: 

(a)  When  the  plate  is  fixed  at  the  edges; 

(b)  When  the  plate  is  freely  supported  at  the  edges. 

Find  the  allowable  pressure  on  the  assumption  that  the  product  of  E  and 
the  greatest  strain  =  16,000  lbs.  per  sq.  in.: 

(a)  When  the  plate  is  fixed  at  the  edges; 

(b)  When  the  plate  is  freely  supported  at  the  edges. 

Problem  15. 

Find  the  allowable  center  load  W  on  the  plate  in  Problem  (14),  under  each 
of  the  conditions  stated,  on  the  assumption  that  the  load  is  distributed  over 
a  circle  having  a  diameter  equal  to  about  0.1  of  the  short  dimension  of  the 
plate. 


CHAPTER  XIV. 
REINFORCED  CONCRETE  BEAMS  AND  COLUMNS. 

203.  Conditions  and  Assumptions.  —  It  is  our  purpose  in  this 
chapter  to  give  the  derivation  of  the  formulas  commonly  used  in 
making  calculations  of  the  stresses  due  to  bending,  shear  and  com- 
pression in  beams  and  columns,  or  struts,  made  up  of  concrete  and 
steel  reinforcement. 

In  the  development  of  the  theory  it  will  be  necessary  to  assume 
the  existence  of  certain  ideal  conditions  which,  at  best,  are  only 
approximately  met  in  practice.  The  formulas  which  are  deduced, 
however,  will  be  in  proper  form  for  use,  provided  the  required  con- 
stants are  obtained  from  the  results  of  experiments  on  the  strength 
of  members  subjected  to  loading  under  conditions  similar  to  those 
actually  existing  in  concrete  structures. 

In  all  the  cases  considered  the  following  conditions  will  be 
imposed: 

(a)  Every  member  will  be  considered  to  be  made  up  of  layers, 
or  fibers,  parallel  to  its  central  axis,  and  each  of  the  component 
materials  will  be  considered  to  be  homogeneous. 

(b)  The  theory  will  be  subject  to  the  limitations  (c),  (d)  and  (e) 
(Art.  63)  of  the  ordinary  theory  of  beams. 

In  addition  to  the  foregoing  conditions  it  will  be  necessary  in 
every  case  to  make  the  following  assumptions,  the  first  two  of 
which  are  similar  to  the  assumptions  of  the  beam  theory  (Art.  66). 

(1)  That  a  plane  cross  section,  perpendicular  to  the  central  axis 
of  a  member  before  loading,  remains  plane  and  normal  to  the  central 
axis  after  loading. 

(2)  That  each  material  follows  Hooke's  law,  within  the  limits  of 
stress  due  to  the  working  load,  the  ratio  of  stress  intensity  to  strain 
in  the  concrete  bearing  a  fixed  relation  to  the  ratio  of  stress  in- 
tensity to  strain  in  the  steel,  in  both  tension  and  compression. 

(3)  It  follows  from  the  first  assumption  that  at  any  surface  of 
contact  the  concrete  and  the  steel  must  elongate,  or  contract,  the 
same  amount  in  any  given  length;  that  is,  there  must  be  a  perfect 
bond,  or  no  slipping,  between  the  two  materials. 
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(4)  The  resistance  of  concrete  to  tension  will  be  assumed  to  be 
negligible. 

The  last  assumption  is  probably  in  close  agreement  with  actual 
conditions  in  many  cases,  the  concrete  on  the  tension  side  of  a 
member  subjected  to  bending  failing,  on  account  of  its  low  tensile 
strength,  before  the  safe  working  load  is  reached,  even  when  evi- 
dence of  the  failure  is  not  visible  to  the  eye.  Under  certain  con- 
ditions this  failure  in  tension  may  not  take  place  and  the  resistance 
of  the  concrete  to  tension  will  have  an  appreciable  effect  on  the 
moment  of  resistance  at  any  given  section.*  In  such  cases,  how- 
ever, the  error  due  to  assuming  the  tension  equal  to  zero  will 
not  be  very  great;  and  formulas  based  on  this  assumption  will  be 
adaptable  to  all  cases. 

•  In  the  development  of  the  theory,  in  each  of  the  following  cases, 
the  foregoing  conditions  and  assumptions  will  be  rigidly  adhered 
to,  although  leading  in  some  cases  to  refinements  which  the  con- 
ditions of  practice  may  not  justify.  It  is  the  part  of  the  Engineer 
to  modify  the  theoretical  equations  into  such  forms  as  may 
simplify  the  necessary  computations  and  still  give  results  suffi- 
ciently accurate  for  use  under  actual  working  conditions. 

For  the  sake  of  simplicity  all  beams  will  be  considered  as  hori- 
zontal and  the  formulas  for  columns  and  struts  will  be  derived  by 
considering  the  central  axes  vertical. 

204.  Rectangular  Beam  Reinforced  for  Tension  Only.  —  A 
section  of  such  a  beam  is  represented  by  the  sketch  (Fig.  272),  one 
or  more  reinforcing  bars  being  embedded  in  the  concrete  near  the 
under  side  of  the  beam  to  resist  tension,  the  compression  in  the 
upper  portion  of  the  beam  being  resisted  entirely  by  the  concrete. 
In  accordance  with  the  assumptions  (Art.  203)  the  stress  in  the  con  • 
crete  at  any  cross  section  will  be  uniformly  varying  compression 
above  the  neutral  axis  NN  and  of  zero  intensity  at  all  points  below 
the  neutral  axis. 

The  steel  reinforcing  bars  would  be  placed  in  a  single  horizontal 
plane,  when  possible;  but,  if  necessary,  would  be  arranged  in  two, 
or  more,  horizontal  layers.  Since  the  total  area  of  the  cross  sec- 
tion of  the  steel  bars  is  small  in  extent,  compared  with  the  area  of 
the  entire  cross  section,  the  stress  in  the  steel  may  be  considered 
to  be  uniform,  without  any  considerable  error. 

*  See  Experimental  Researches  on  Reinforced  Concrete;  by  A.  Considere. 
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Fig.  272. 

The  following  notation  has  been  generally  adopted: 

6  =  the  breadth  of  the  beam, 

h  =  the  total  depth  of  the  beam, 

d  =  the  depth  to  the  center  of  gravity  of  the  total  cross  section 

of  the  steel  reinforcing  bars,  called  the  effective  depth  of 

the  beam, 
A  =  the  total  area  of  the  cross  section  of  the  steel  reinforce- 
ment, 
fe  =  the  maximum  intensity  of  stress  in  the  concrete, 
/,  =  the  intensity  of  stress  in  the  steel, 
C  =  the  resultant  compressive  stress  in  the  concrete, 
T  =  the  resultant  tensile  stress  in  the  steel  reinforcement, 
M  =  the  moment  of  resistance  of  the  stress  on  a  cross  section, 

equal  and  opposite  to  the  bending  moment  due  to  the 

external  forces, 
k  =  the  ratio  of  the  depth  of  the  neutral  axis  to  the  effective 

depth  d, 
z  =  the  distance  from  the  top  of  the  beam  to  the  resultant 

compressive  stress  C, 
j  =  the  ratio  of  the  moment  arm  of  the  resisting  couple  to  the 

effective  depth  d, 
p  =  the  ratio  of  the  steel  area  A  to  the  effective  area  of  the 

concrete  bd, 
ce  =  the  maximum  longitudinal  strain  in  the  concrete, 
e,  =  the  longitudinal  strain  in  the  steel, 
Ec  =  the  ratio  of  stress  intensity  to  strain,  or  the  modulus  of 

elasticity,  for  the  concrete, 
E§  =  the  modulus  of  elasticity  of  the  steel, 
n  =  the  ratio  of  the  value  of  E,  to  the  value  of  Ec* 
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It  will  follow  from  assumption  (1)  (Art.  203)  that  the  longitudi- 
nal strain  in  the  layers  of  the  beam  will  be  uniformly  varying  (see 
equation  1,  Art.  95)  from  zero  at  the  neutral  layer  to  the  values  ec, 
at  the  upper  layer,  and  e$,  at  the  layer  through  the  center  of  the 

steel,  and  therefore 

e«_d  —  fed  _  1  —  ft  .-v 

ee~     kd     "     ft  w 

From  assumption  (2)  (Art.  203)  we  have 

?!  —  1l  v  _  —  l±-  •  io\ 

ec~E.S9  ~Ttf.' w 

and,  combining  (1)  and  (2), 

i-m » 

Since  the  loads  on  the  beam  are  vertical,  it  is  evident  that  C  ™  T; 
and  hence 

&F-M; W 

from  which  we  obtain 

fe~2A' w 

But,  from  the  foregoing  definitions,  ^  —  p  and,  substituting  this 

value  in  (5)  and  equating  to  (3),  we  have 

k  1-k. 

2p  k 

and  solving  for  ft,  

k  =  V2pn  +  (jm)2  -  pn, (8) 

which  gives  the  ratio  k  in  terms  of  the  steel  ratio  p  and  the  ratio  of 
the  moduli  of  elasticity  of  the  steel  and  the  concrete  n;  showing 
that  the  position  of  the  neutral  axis  depends  solely  on  the  propor- 
tion of  the  steel  reinforcement  and  the  ratio  of  the  two  moduli 
of  elasticity. 

It  is  evident  that 

kd 

*=3 

and  that 

jd  =  d-z, (7) 

hence 

i  - 1  —  |-      (8) 
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The  moment  of  resistance  of  the  stress  on  the  cross  section  will 

evidently  be  equal  to 

M  =  Tjd  =  Cjd; (9) 

and,  substituting  the  values  of  T  and  C,  we  have 

M=fAjd=f-^jd, (10) 

from  which  we  may  obtain  the  stress  intensities  in  terms  of  the 
bending  moment  at  the  section, 

J*  "  Ajd  "  pjW    ' Ui; 

*-# <"> 

From  (3)  we  also  have 

'-£(rh); <13) 

/ 
the  magnitude  of  the  quantity  -  being  represented  in  the  sketch 

(Fig.  272). 
From  (11)  and  (12)  we  obtain 

M_2Jf 

Uvi     W {   ' 

from  which  the  size  of  the  beam,  required  to  resist  a  bending 
moment  M ,  may  be  obtained  when  the  constants  in  the  equation 
are  known. 

The  beam  of  minimum  weight,  required  to  resist  a  given  bending 
moment,  will  evidently  be  that  in  which  both  the  stress  intensity 
in  the  steel  and  the  maximum  stress  intensity  in  the  concrete  have 
the  greatest  allowable  values.  This  condition  will  not  exist  unless 
the  amount  of  the  steel  reinforcement  bears  a  certain  definite 
proportion  to  the  amount  of  concrete.  In  order  to  determine  the 
proportion  of  steel  required  we  have,  from  (3), 


and  from  (5), 


i-l  +  A. 
k         ^nfe' 

*2/.      bd     p- 


Eliminating  k  between  these  two  equations  and  reducing, 

V  =     f  fl     /x; (15) 

2' 


M  +  AV 

fc  V  +  nfj 
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which  is  the  value  of  p,  in  terms  of  the  allowable  working  stress  in- 
tensities and  the  ratio  n,  for  the  beam  of  minimum  weight,  required 
to  resist  any  given  bending  moment. 

The  design  of  a  beam  under  this  condition,  therefore,  comiscs 
in  calculating  the  value  of  bdP  for  the  required  bending  moment, 
by  substituting  the  values  of  the  constants  in  (14),  and  then 
selecting  values  for  b  and  d  which  will  satisfy  the  equation,  the 
total  cross  section  of  the  steel  reinforcement  required  being  equal 
to  A  =  pbd,  the  value  of  p  being  obtained  from  (15). 

206.  Shearing  and  Bond  Stresses.  —  If  the  bending  in  the 
rectangular  concrete  beam  is  due  to  vertical  loading,  longitudinal 
shearing  stresses  will  be  developed,  in  the  same  manner  as  in  the 
homogeneous  beam  (Art.  88).  The  longitudinal  shearing  stresses 
along  the  layers  in  contact  with  the  reinforcing  bars  will  tend  to 
break  the  bond,  or  cause  slipping,  between  the  steel  and  the  con- 
crete. The  bond  stress  intensity  must  therefore  be  considerably 
below  the  stress  intensity  at  which  the  adhesion  between  the  con- 
crete and  the  steel  rods  will  be  overcome.  It  is  customary  to 
assume  that  the  intensity  of  the  bond  stress  is  the  same  at  all  points 
in  the  perimeters  of  the  reinforcing  bars,  which  he  in  the  plane 
of  any  given  cross  section,  but  that  the  intensity  varies  in  the 
longitudinal  direction,  in  the  same  manner  as  the  shearing  stress. 

At  any  point  in  the  beam  the  intensity  of  the  shearing  stress  on 
a  vertical  section  will  evidently  be  equal  to  that  on  a  longitudinal 
section  (Art.  24).  The  shearing  stress  intensity  at  any  point  on 
any  longitudinal  section  may  be  found  by  the  following  method, 
similar  to  that  employed  in  the  common  beam  theory  (Art.  88). 

We  will  use  the  same  notation  as  before  and,  in  addition,  let 

V  =  the  shearing  force  at  any  cross  section  of  the  beam. 

v  =  the  shearing  stress  intensity  on  a  vertical,  or  longitudinal, 
section  at  any  point  below  the  neutral  layer, 

u  =  the  bond  stress  per  unit  of  area  of  the  surface  of  a  rein- 
forcing bar, 

o  =  the  perimeter  of  a  single  reinforcing  bar, 
2o  =  the  sum  of  the  perimeters  of  all  the  reinforcing  bars. 

Then  from  equation  (1)  (Art.  88)  we  have,  for  the  total  shearing 
stress  on  the  portion  of  a  longitudinal  section  between  two  cross 
sections  at  the  distance  x  apart, 

ste  =  B%  -  Ri, (1) 
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where  R%  and  Ri  represent  the  resultant  normal  stresses  on  the 
portions  of  the  two  cross  sections,  between  the  longitudinal  layei 
and  the  top  of  the  beam,  and  8  represents  the  average  longitudinal 
shearing  stress  intensity  between  the  two  cross  sections.  Under 
assumption  (4)  (Art.  203)  it  is  evident  that  for  all  layers  below  the 
neutral  layer, 

R%  —  Ri  —  C%  —  C\  =  a  constant, 

where  C2  and  d  represent  the  values  of  the  total  compression  in 
the  concrete  at  the  two  cross  sections.  Hence,  by  taking  x  suffi- 
ciently small,  we  may  put  v  =  «  and  write  (1)  in  the  form 

C*~C} (2) 


v  = 


bx 


But  from  (9)  (Art.  204)  we  have 


Ct  —  C\  = 


jd 


(3) 


where  M%  and  Mx  represent  the  bending  moments  at  the  two  cross 

sections.    Hence, 

Mi-Mi       V  .  fA. 

W 


v  = 


xbjd         bjd ' 
since,  by  taking  x  sufficiently  small,  we  may  write 

Ml^lL  =  V  (Art.  73). 


The  longitudinal  shearing  stress  intensity,  on  sections  above  the 
neutral  layer,  will  evidently  vary  in  the  same  manner  as  in  a  homo- 
geneous beam  of  rectangular  section  (Art.  90).    Hence  the  dia- 
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Fig.  273. 

gram,  representing  the  variation  in  either  the  longitudinal  or  the 
vertical  shearing  stress  intensities  at  any  cross  section,  will  be  in 
the  form  shown  (Fig.  273),  the  portion  above  the  neutral  layer 
being  a  parabola  and  the  portion  below,  a  vertical  line. 

To  obtain  the  intensity  of  the  bond  stress  between  the  concrete 
and  the  steel,  observe  that  the  average  longitudinal  shearing  stress 
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per  unit  of  length  of  the  surface  of  contact  with  the  steel  will  be 
equal  to  vb,  the  total  surface  of  contact  per  unit  of  length  of  steel 
being  equal  to  Do.  Hence  the  average  bond  stress  intensity  will 
be  equal  to 

u=zs~m (5) 

It  is  evident  that  the  allowable  value  of  u  will  depend  on  the 
nature  of  the  surface  of  the  reinforcing  bars,  whether  rough  or 
smooth;  and  it  is  important  that  the  maximum  value  of  u  in  any 
beam  shall  not  exceed  the  allowable  value  for  the  type  of  rein- 
forcing bar  used. 

It  is  also  evident  that  sufficient  space  must  be  left  between  the 
bars  if  the  full  strength  of  the  bond  between  the  steel  and  the  con- 
crete is  to  be  obtained.  The  distance  between  the  centers  of 
adjacent  bars  should  be  at  least  2\  to  3  times  their  diameters  and 
the  distance  between  the  center  of  a  bar  and  the  side  of  a  beam  at 
least  2  diameters. 

206.  Floor  Slabs.  —  Slab  supported  on  two  sides.  The  stresses 
in  a  reinforced  concrete  floor  slab,  supported  on  two  sides  only, 
may  be  determined  by  considering  the  slab  as  divided  into  trans- 
verse strips,  one  unit  wide,  and  treating  each  strip  as  a  rectangular 
beam.  Slabs  are  usually  made  continuous  over  the  supports;  that 
is,  the  reinforcing  bars  are  arranged  so  as  to  resist  negative  bend- 
ing, or  tension  at  the  top  of  the  slab,  at  every  support. 

When  the  continuity  exists  for  several  spans  it  is  evident  that 
each  intermediate  span  approaches  the  condition  of  a  beam  fixed 
at  the  ends;  and,  for  uniform  loading,  the  greatest  bending  moment 
may  be  determined  with  sufficient  accuracy  by  use  of  the  formula 

If,  -  ^  (Art.  101), (1) 

where  M2  —  the  bending  moment  at  the  end  of  the  span  and  I  = 
the  distance  from  center  to  center  of  the  supports  (Fig.  274).  If 
the  clear  span  h  is  considerably  less  than  the  distance  between 
centers  a  somewhat  less  value  may  be  used  in  place  of  I  in  (1). 
For  uniform  loading,  the  bending  moment  M\,  at  the  middle  of 
the  span,  would  be  one-half  the  value  of  M2;  but,  when  the  slab  is 
of  uniform  thickness,  the  maximum  bending  moment  only  need  be 
considered. 
Where  the  reinforcement  is  continuous  the  bars  should  evidently 
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cross  the  central  layer  in  the  vicinity  of  the  points  of  inflexion, 
which  would  be  located  at  distances  approximately  0.2  I  from  the 
ends  of  the  span  (Art.  101). 


Fig.  274. 


Where  it  becomes  necessary  to  join  the  reinforcement,  the  rods 
may  be  clamped  together,  or  lapped  by  each  other  in  the  concrete, 
a  distance  2  ah  as  indicated  at  the  support  A,  the  bond  in  the  con- 
crete being  relied  upon  to  furnish  the  required  continuity.  In  the 
latter  case  the  overlap  should  be  sufficient  to  provide  a  total  bond 
stress  in  the  length  aL  equal  to  the  total  tension  in  the  rod  at  the 
section  over  the  support. 

Since  the  maximum  bending  moments  in  the  end  spans  of  a  uni- 
formly loaded  continuous  beam  are  greater  than  in  the  interme- 
diate spans  (Art.  121),  the  end  spans  should  be  designed  for  a 
greater  moment  of  resistance.    It  is  customary  to  use  the  equation 


M2  =  16 


(2) 


in  calculating  the  greatest  bending  moment  in  the  end  spans  of  a 
slab  which  is  continuous  over  several  supports.  Owing  to  the 
uncertainty  which  usually  exists  in  regard  to  the  conditions  at 
the  different  supports,  the  calculation  of  bending  moments  by 
more  exact  methods  is  of  little  value  when  the  slab  is  continuous 
over  several  spans. 

When  the  number  of  spans  is  less  than  four,  however,  or  the 
intensity  of  loading  varies  in  different  spans,  the  bending  moments 
should  be  calculated  by  use  of  the  more  exact  fonmulas  for  con- 
tinuous beams,  with  due  allowance  for  the  uncenainty  of  condi- 
tions at  the  supports. 

Slab  supported  on  four  sides.  —  If  a  slab  is  supported  on  four 
sides,  reinforcing  rods  are  used  in  both  the  transverse  and  the 
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lengthwise  directions.  When  the  length  of  the  slab  is  over  twice 
the  width,  the  entire  load  should  be  assumed  to  be  carried  by  the 
transverse  reinforcement.  When  the  ratio  of  length  to  width  is 
less  than  two,  the  stresses  in  the  slab  may  be  estimated  in  the  same 
manner  as  in  the  case  of  the  homogeneous  flat  plate  (Art.  200); 
the  stress  intensities  on  the  cross  sections  at  the  ends  of  a  trans- 
verse strip,  one  unit  wide,  through  the  center,  being  calculated  on 
the  assumption  that  the  load  intensity  on  the  strip  is  equal  to 

a4 

A  ,  ,  A  times  the  total  load  intensity  on  the  slab,  where  a  =  the 
aA  +  bA 

length  and  b  =  the  width  of  the  slab;  and  the  stress  intensities  on 

the  cross  sections  at  the  ends  of  a  longitudinal  strip,  one  unit  wide, 

b4 
being  calculated  for  a  load  intensity   A  ,  ,  A  times  the  total  load 

a*  +  o* 

intensity. 

For  a  square  slab  one-half  of  the  load  would  evidently  be  assumed 
to  be  carried  on  each  set  of  reinforcement. 

Since  the  stress  intensities  in  strips,  parallel  to  and  near  the  sides 
of  the  slab,  will  be  less  than  in  the  strips  through  the  center,  less 
reinforcement  is  required  near  the  sides  than  through  the  center; 
that  is,  the  distance  between  the  rods  may  be  made  larger  as  the 
sides  are  approached.  The  allowable  increase  in  spacing  can 
best  be  determined  by  experiment. 

207.  Rectangular  Beam  Reinforced  for  Tension  and  Com- 
pression. —  In  this  case  reinforcing  bars  are  embedded  in  the 
concrete  near  the  side  of  the  beam  under  compression  as  well  as 
in  the  tension  side.  The  distribution  of  stress  on  the  cross  section 
of  such  a  beam  is  indicated  by  the  sketch  (Fig.  275). 

We  will  follow  the  same  notation  as  in  Art.  (204)  and,  in  addi- 
tion, let. 

A'  =  the  total  area  of  the  cross  section  of  the  reinforcement  on 

the  compression  side, 
d'  =  the  depth  of  the  center  of  gravity  of  the  cross  section  of 

the  compression  reinforcing  bars, 
//  =  the  intensity  of  stress  in  the  compression  reinforcement, 

assumed  to  be  uniform, 
C  =  the  resultant  compressive  stress  in  the  steel, 
p'  =  the  ratio  of  the  steel  area  A'  to  the  effective  area  of  the 

concrete  bd. 
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From  assumptions  (1)  and  (2)  (Art.  203)  we  have,  as  in  the  beam 
reinforced  for  tension  only, 

i-m- ;  « 

and  also,  since  the  tensile  and  compressive  moduli  of  elasticity  axe 

assumed  to  be  equal, 

f/_kd-d' 

/.  "  d-kd w 


Fia.  275. 
Since,  for  a  vertically  loaded  beam,  C  +  C"  «  T,  we  shall  have 


fcbkd 


+f,'A'  =  fJL  (very  nearly), 


(3) 


the  resultant  stress  in  the  concrete  being  calculated  without  de- 
ducting from  the  area  of  the  cross  section  the  space  occupied  by 
the  compression  reinforcement. 

Substituting  the  values  A  =  pbd  and  A'  =  p'bd,  together  with 
the  value  of//  from  (2),  in  equation  (3)  and  transposing  terms/ we 

obtain 

/.  k 


Equating  (1)  and  (4)  and  transposing  terms, 

tf-2»(l-*0[P-P'(^)] 

-2n[p(l-*)-p'(*-f)] 
-  2n(p  +  P'f)~  2n(p  +pr)k; 


(4) 
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and  solving  for  k, 

k=y2n(p  +  p'j)+n*(2>+p')*-n(p+p').    .      (5) 

By  adding  the  moments  of  the  components  of  the  compressive 
stress  about  an  axis  through  the  top  of  the  cross  section  we  obtain 

(C  +  C')*=^Xj +/.W (6) 

Substituting  the  values  of  C  and  C  and  also  the  value  of  /,' 
from  (2),  we  have 

Z  = ■ -• 


*? +»■&£> ' 


and  eliminating/,,  by  substituting  its  value  in  terms  of  fc  from  (1), 
substituting  A'  =  p'bd  and  reducing,  we  obtain 

■—■5 A— M (7) 


Jfc*  +  2p'n(fc-^-) 


It  follows  that 

jd  =  d-z (8) 

and  that  the  moment  of  resistance  is  equal  to 

M  =  Tjd  =  (C  +  C)  jd, (9) 

or, 

*-/.4*l-(^+//A')ja (10) 

Hence, 

/  —  ^  —   ^  (ii\ 

J'~Ajd~pjbd* u; 

and,  substituting//  in  terms  of  fe  and  A'  =  p'bd  and  solving, 

2M 


/«  = 


jbffi[k  +  2p'n(l-£) 


(12) 


The  value  of /« can  evidently  be  obtained  more  easily  from  equa- 
tion (1),  from  which  the  value 

'<=£G4t) <13> 

can  be  computed  after  the  value  of  /«  has  been  found. 
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From  (2)  we  have  for  the  value  of  the  stress  intensity  in  the  com- 
pression reinforcement. 

Shearing  and  Band  Stresses.  —  Since  there  is  assumed  to  be  no 
tension  in  the  concrete  below  the  neutral  layer,  the  distribution 
of  the  shearing  stress  on  any  cross  section  will  be  similar  to  that 
for  the  beam  reinforced  for  tension  only  (Art.  205),  the  shearing 
stress  intensity  being  uniform  below  the  neutral  layer;  and  hence, 
by  the  same  reasoning  as  before, 

-&'> (15) 

and,  for  the  bond  stress  intensity  on  the  tension  reinforcement, 

u=^=m (16) 

As  the  difference  between  the  stress  intensities  in  the  compres- 
sion reinforcing  bars  and  the  adjacent  layers  of  concrete  is  less  than 
the  stress  intensity  in  the  tension  reinforcing  bars,  it  is  unneces- 
sary to  develop  a  formula  for  the  bond  stress  intensity  on  the  com- 
pression steel. 

208.  Tee  Beam.  —  When  a  reinforced  concrete  floor  is  sup- 
ported on  beams  of  the  same  material,  as  indicated  in  Fig.  (274), 
the  beams  and  the  floor  are  bonded  together  so  as  to  form  a  con- 
tinuous structure.  The  bond  is  usually  strengthened  beyond  that 
due  to  the  adhesion  in  the  concrete  alone  by  the  use  of  special  re- 
inforcement. The  floor  slab,  therefore,  forms  the  flange  of  a 
beam,  tee-shaped  in  section,  as  shown  in  Fig.  (276),  which  resists 
the  compressive  stress,  while  the  tensile  stress  is  carried  by  re- 
inforcing bars  placed  near  the  bottom  of  the  web,  or  stem,  of  the 
xee. 

In  the  deduction  of  the  formulas  for  the  maximum  stress  in- 
tensity in  the  concrete  and  the  stress  intensity  in  the  steel  we  will 
follow  the  notation  previously  adopted  and,  in  addition,  let 

b  =  the  width  of  the  flange, 
t  =  the  thickness  of  the  flange, 
V  =  the  width  of  the  web,  or  stem,  of  the  tee. 

In  floQrs  of  ordinary  proportions  it  would  not  be  safe  to  assume 
that  one-half  of  the  entire  slab  on  either  side  of  any  beam  would 
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act  as  a  compression  flange  and  fulfill  the  conditions  stated  in 
Art.  (203) ;  and  no  satisfactory  theory  can  be  developed  to  deter- 
mine just  what  proportion  of  the  floor  slab  can  be  considered  to 
form  a  part  of  the  beam  in  order  that  the  formulas  for  stress  in- 
tensity, deduced  under  the  above-mentioned  conditions,  may  give 
accurate  results. 
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The  rules  which  have  been  proposed  for  obtaining  the  value  of 
b  are,  therefore,  entirely  empirical  and  as  a  result  have  varied  to 
a  large  extent.     Of  these,  the  rule  that 

6  ==5* (1) 

can  be  considered  as  conservative. 

This  rule  should  be  interpreted  to  mean  that  when  the  flange  of 
the  tee  is  a  part  of  a  floor,  b  should  ordinarily  be  taken  equal  to 
approximately  five  times  the  thickness  of  the  slab,  bat  in  case  the 
spans  of  the  floor  slabs  were  very  short,  or  in  the  case  of  a  single 
beam,  having  a  tee  section,  the  width  b  might  evidently  be  less  than 
5  t .  As  less  conservative,  the  rule  that  b  ^  6 1,  or  even  the  rule 
that  b  ^  St}  may  be  quoted. 

After  having  determined  the  value  of  6  the  expressions  for  stress 
intensity  may  be  deduced  under  the  same  assumptions  as  in  the 
preceding  cases.  Two,  or  three,  cases  will  arise,  depending  on  the 
position  of  the  neutral  axis. 

(a)  When  the  neutral  axis  lies  in  the  flange  of  (he  tee.  —  When  the 
thickness  of  the  flange  t  is  large,  in  proportion  to  the  depth  dt  the 
neutral  axis  may  be  located  in  the  flange,  the  value  of  kd  being 
less  than  /.  It  is  evident  that,  since  there  is  assumed  to  be  no 
tensile  stress  in  the  concrete,  the  distribution  of  stress  on  any  cross 
section  would  in  this  case  be  identical  with  that  for  a  rectangular 
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beam  of  width  b;  and,  therefore,  the  maximum  stress  intensities 
in  the  concrete  and  the  steel  bars  would  be  given  by  the  equations 
in  Art.  (204). 

(b)  When  the  neutral  axis  lies  in  the  web  near  the  flange  of  the  tee. 
—  This  is  the  condition  which  usually  exists  in  the  tee  beam  and, 
since  the  formulas  for  stress  intensity  are  found  to  be  simplified 
considerably  if  the  compression  stress  in  the  web  between  the 
neutral  axis  and  the  under  side  of  the  flange  is  neglected,  it  is 
customary  to  deduce  the  equations  on  the  assumption  that  the 
entire  compression  stress  on  a  cross  section  is  carried  by  the  flange 
of  the  tee,  as  indicated  (Fig.  276).  The  error  introduced  by 
making  this  assumption  is  evidently  very  small  when  NN  is  near 
the  flange. 

Then,  in  the  same  manner  as  in  the  rectangular  beam  (Art.  204), 
we  have,  from  assumptions  (1)  and  (2)  (Art.  203), 

The  stress  intensity  in  the  concrete  at  the  under  side  of  the  flange 
will  be  equal  to 

'•'-'.^; (3> 

and,  since  T  =  C  for  any  vertically  loaded  beam, 

/.A=^ttc+/c')W=/<w(^=^);.    .    .      (4) 

and  hence 

'2kd-t\ 
2Akd) 


i-*t 


(5) 


Equating  (2)  and  (5)  and  solving  for  kd,  we  have 


.  ,      2ndA+bP  (  . 

M  =  2nA+2bt (6) 

Since  the  value  of  z  will  evidently  be  equal  to  the  distance  from 
the  top  of  the  beam  to  the  center  of  gravity  of  the  trapezoid,  repre- 
senting the  variation  in  the  stress  intensity  over  the  flange,  we  shall 
have 

__   2  X3"h   2    X  3  _(/e  +  2/cQ<. 
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and,  substituting  the  value  of  /«.'  from  (3)  and  reducing, 

t     Skd-2t 
*~3X   2kd-t KO 

Having  the  value  of  z,  we  obtain 

jd  =  d-z; (8) 

and,  substituting  the  values  of  T  and  C  in  the  equation 

M  =  Tjd  =  Cjd, (9) 

we  have 

M^fAjd^mi^—^jjd (10) 

Solving  for  /.  and  fc, 

*-& <"> 

and 

2  MM  . 

Jc      (2  fed  -  t)  btfd K    ' 

From  equation  (2)  we  obtain,  as  in  previous  cases,  the  expres- 
sion 

'•-£(rh}' (13) 

from  which  the  value  of  fc  can  be  found  after  the  value  of  /«  is 
known. 

(c)  When  the  compression  in  the  web  is  not  negligible.  —  If  the 
flange  of  the  tee  is  comparatively  small,  the  neutral  axis  may  lie 
so  far  below  the  under  side  of  the  flange  that  a  considerable  error 
will  be  introduced,  if  the  compression  stress  in  the  web  is  neglected, 
and  the  following  equations,  derived  by  allowing  for  the  stress  in 
the  web,  will  give  more  accurate  results. 

Equations  (2)  and  (3)  will  hold  true  for  this  case,  as  before,  but 
equation  (4)  will  be  modified  to  the  form 

/ 

Solving  for  y  and  equating  to  (2),  we  have 

b'kd  .  (b-b')t(2kd-t)         /1-V 
2A 

which  reduces  to  the  form 

b'(Jcd)*  +  2[nA  +  (b-b^Qkd  =  2ndA  +  (6  -  b')?; 


,  (b-b')t(2kd-t)  _     fl-k\ 
+  2Akd  ~n\    k    J 


t 
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and,  solving  for  kd, 

Um)/2*dA +(6-6Q *  +  (nA+(b-V) ij_  nA+(6-6Q  ^    (lg) 

By  taking  moments  of  the  components  of  the  compression  stress, 
about  an  axis  through  the  top  of  the  flange,  we  obtain,  for  the  dis- 
tance of  the  center  of  the  compressive  stress  from  the  top  of  the 

beam, 

fjb'kd ^kd,frh      h,u/2hd-t\  _,  t(Zkd-2t\ 

9  _  ~2~X  3  +fc(b~b)t[~2kr)X3\2kd-  t) 


fjb'kd 


+  ,  „  -  „ ,  (^ 


which  reduces  to 


y(*d)»  +  (6-y)(3M-2<)f 
3[6>(W)t  +  (6-6/)(2W-0fl'      "     " 

Having  the  values  of  k  and  z,  the  values  of  jd}  /,  and  fe  can  be 
found  from  (8),  (11)  and  (13). 

Shearing  and  Bond  Stresses.  —  Since  there  is  assumed  to  be  no 
tension  in  the  concrete,  the  distribution  of  the  shearing  stress  will 
be  similar  to  that  in  the  rectangular  beam,  the  shearing  stress  in- 
tensity on  any  cross  section  being  uniform  between  the  neutral 
axis  and  the  center  of  the  tension  reinforcement.  Hence,  by  the 
same  reasoning  as  in  Art.  (205),  we  shall  have  for  the  value  of  the 
maximum  shearing  stress  intensity  on  any  cross  section 

v  =  hTd; (17) 

and,  for  the  bond  stress  intensity, 

*-r5-j8xb (18) 

Bending  Moments.  —  When  a  concrete  floor  beam,  or  girder,  is 
supported  at  more  than  two  points  the  reinforcement  is  usually 
arranged  to  resist  negative  bending  over  the  intermediate  supports; 
and,  under  uniform  loading,  the  bending  moments  should  be  cal- 
culated in  the  same  manner  as  for  the  continuous  floor  slab  (Art. 
206).  When  the  beam  is  continuous  over  several  spans  and  the 
loading  is  uniform,  the  greatest  bending  moment  in  any  inter- 
mediate span  may  be  taken  equal  to 

M-% d9) 
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and  in  the  end  spans  the  greatest  bending  moment  may  be  assumed 
to  be  equal  to 

M  =  ^ (20) 

For  a  continuous  beam  having  three  spans,  or  two  only,  or  when 
the  loading  is  not  uniform,  the  bending  moments  should  be  esti- 
mated by  use  of  the  more  exact  equations  for  continuous  beams. 
The  values  in  (19)  and  (20)  represent  the  bending  moments  at  the 
ends  of  the  spans;  but  it  is  customary  to  design  the  middle  cross 
section  for  a  moment  of  resistance  equal  to  the  bending  moments 
given  by  these  equations.  The  value  of  I  is  ordinarily  taken  equal 
to  the  distance  from  center  to  center  of  the  supports,  unless  the 
clear  span  between  the  supports  is  considerably  less  than  this 
distance,  when  a  smaller  value  for  I  may  be  allowed. 

Stresses  at  a  Section  Over  a  Support. — The  reinforcement  re- 
quired to  resist  the  negative  bending  moment  over  a  support  of  a 
continuous  floor  beam  may  be  provided  by  bending  up  one-half  of 
the  reinforcing  bars  in  the  spans  on  each  side  of  the  support,  as 
indicated  at  the  support  B  (Fig.  277),  the  remainder  of  the  bars 
being  run  through  the  support  on  the  lower  side  of  the  beam.  If 
the  bars  are  symmetrically  arranged  this  will  provide,  at  sections 
near  a  support,  equal  amounts  of  tension  and  concession  rein- 
forcement,  as  shown  in  the  section  A  -A ;  the  total  area  of  each  set 
of  reinforcing  bars  being  the  same  as  that  of  the  tension  reinforce- 
ment at  the  section  C-Cf  which  would  be  similar  to  the  cross 
section  represented  in  Fig.  (276). 
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Since  it  is  assumed  that  the  concrete  does  not  resist  tension, 
the  section  A-A  is  equivalent  to  that  of  a  rectangular  beam,  re- 
inforced for  both  tension  and  compression  (Fig.  275).  The  moment 
of  resistance  of  this  section  must  evidently  be  as  great  as,  or 
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greater  than,  the  moment  of  resistance  of  the  tee  section  at  C-C. 
The  stress  intensities  at  the  section  A-A  can  be  obtained  by  use 
of  the  equations  in  Art.  (207),  the  width  of  the  beam  being  equal 
to  b',  the  effective  depth  equal  to  d,  and  the  distance  from  the  com- 
pression side  of  the  beam  to  the  center  of  the  compression  rein- 
forcement equal  to  d'. 

The  bent-up  rods  should  cross  the  neutral  layer  near  the  points 
of  inflexion,  at  distances  0.2 I  to  0.25 1  from  the  supports.  When 
the  bond  in  the  concrete  is  relied  upon  to  develop  the  full 
strength  of  the  steel  at  the  section  over  the  supports,  the  over- 
lap of  the  rods  on  the  tension  side  may  be  estimated  from  the 
expression 

«"&• <21) 

and  that  of  the  rods  on  the  compression  side  from  the  expression 

f'Af 

where  u*  =■  the  allowable  intensity  of  the  bond  stress  on  the  rods. 

In  any  case  the  overlap  must  be  great  enough  to  provide  suffi- 
cient reinforcement  throughout  the  portion  of  the  beam  in  which 
negative  bending  may  exist. 

209.  Web  Reinforcement.  —  In  each  of  the  cases  which  have 
been  considered  tensile  stresses  in  the  concrete  have  been  assumed 
to  be  negligible;  and  the  only  stress  which  has  been  considered  as 
existing,  on  the  portion  of  a  cross  section  between  the  neutral 
axis  and  the  tension  reinforcement,  has  been  a  vertical  shearing 
stress,  of  uniform  intensity  v.  This  stress  must  be  accompanied 
by  a  shearing  stress  of  equal  intensity  on  any  longitudinal  layer, 
intersecting  the  cross  section. 

If  the  assumptions  of  the  theory  are  adhered  to,  therefore,  the 
state  of  stress  at  any  point  below  the  neutral  layer  should  be  con- 
sidered similar  to  that  existing  at  the  neutral  layer  in  any  homo- 
geneous beam  (Art.  92) ;  that  is,  at  any  point  between  the  neutral 
layer  and  the  tension  reinforcement,  the  planes  of  principal  stress 
would  make  angles  of  45°  with  the  vertical  and  the  stress  intensi- 
ties on  each  of  these  planes  would  be  equal  to  v,  the  stress  on  one 
plane  being  tension  and  on  the  other,  compression. 

If  the  concrete  does  not  resist  tension,  it  is  evident  that  special 
reinforcement,  in  addition  to  the  longitudinal  bars,  will  be  ro- 
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quired  to  resist  the  tensile  stresses  on  the  diagonal  planes.  This 
secondary  reinforcement  may  consist  of  small  rods,  bent  into 
special  forms,  which  for  convenience  are  placed  in  vertical  planes, 
at  distances  s  apart,  as  indicated  in  Fig.  (277).  Sometimes  the 
secondary  reinforcement  is  inclined  at  45°  with  the  vertical,  in  the 
direction  of  the  diagonal  tensile  stress;  which  would  evidently  be 
a  more  efficient  arrangement,  if  this  stress  alone  were  to  be 
considered. 

When  the  secondary  reinforcing  units  are  vertical,  the  rods  may 
be  bent  into  stirrup  shaped  forms,  or  into  forms  with  four  vertical 
parts,  as  indicated  in  the  cross  section  A-A  (Fig.  277).  The  spaces 
between  two  adjacent  units  may  be  found  on  the  assumption  that 
each  unit  supports  a  stress 

F  =  t*W2, (1) 

equal  to  the  total  tension  on  a  plane  at  45°  with  the  horizontal,  of 

width  V  and  length  equal  to  s  V2,  the  diagonal  distance  between 

the  units.    The  diagonal  force  F  would  produce  a  combination  of 

tension  and  shear  at  any  section  through  the  vertical  reinforcing 

unit,  the  total  tensile  stress  component  on  the  section  of  the  unit 

being  equal  to 

P  =  Fcos45°  =  tA'* (2) 

If  the  allowable  value  of  P  is  known,  the  proper  spacing  of  the 
secondary  reinforcing  units  in  any  portion  of  the  span  can  be  found 
from  (2),  when  the  average  value  of  v  for  that  portion  is  known, 
provided  the  assumption  that  the  concrete  does  not  resist  tension 
is  consistently  adhered  to. 

The  value  of  P  must  be  determined  more  or  less  arbitrarily;  but, 
since  each  reinforcing  unit  is  subjected  to  a  combination  of  equal 
shear  and  tension,  we  may  assume 

P  =  0.6  f,n'a, (3) 

where  n'  =  the  number  of  vertical  parts  in  the  unit  and  a  =  the 
area  of  the  cross  section  of  a  single  part,  provided  there  is  a  suffi- 
cient bond  between  the  unit  and  the  concrete.  For  rough,  or  de- 
formed, rods  with  the  ends  bent  over,  as  indicated  (Fig.  277),  there 
will  probably  be  a  sufficient  bond  if 

^50' (4) 

where  do  =  the  diameter  of  the  rod.  If  square  rods  are  used  do 
will  represent  the  side  of  the  square. 
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It  is  evident  from  (2)  that  the  required  spacing  of  the  reinforc- 
ing units  will  increase  as  v  diminishes.  In  the  tee  beam  the  web 
reinforcement  serves  the  double  purpose  of  resisting  the  diagonal 
tension  and  strengthening  the  bond  between  the  flange  and  the 
web;  and  hence  it  is  customary  in  such  a  beam  to  limit  the  maxi- 
mum value  of  s,  a  common  rule  being 

•  *\d (5) 

On  account  of  the  approximations  in  the  theory,  all  of  the  fore- 
going equations  must  be  regarded  as  empirical,  to  a  greater  extent 
even  than  those  in  the  preceding  articles,  and  subject  to  modifica- 
tion to  suit  the  conditions  under  which  they  are  used.  One  modi- 
fication may  be  mentioned;  namely,  that  of  replacing  v  in  (2)  with 
a  value  v'  =  v  —  c,  where  c  is  a  small  value  for  a  tensile  stress  in- 
tensity which  the  concrete  alone  is  assumed  to  resist. 

Although  the  tee  beam  has  been  taken  as  an  illustration,  since 
it  is  in  beams  of  this  type  that  web  reinforcement  is  nearly  always 
required,  it  is  evident  that  the  foregoing  method  of  computing  the 
spacing  of  the  web  reinforcement  could  be  applied  with  equal 
facility  to  a  rectangular  beam,  if  necessary. 

210.  Deflection  of  Reinforced  Concrete  Beams.  —  A  general 
equation  for  the  elastic  curve  of  a  reinforced  concrete  beam,  which 
is  of  uniform  dimensions  and  uniformly  reinforced  throughout,  can 
be  deduced  in  the  following  manner. 

If  we  let  r  =  the  radius  of  curvature  at  any  point  in  the  elastic 
curve  and  follow  the  notation  previously  adopted,  we  shall  have, 
as  in  the  common  beam  theory  (Art.  95), 

1 *__ L m 

r     d-fcd     E,d{l-k) w 

The  equation  for  the  stress  intensity  in  the  tension  reinforcement, 
in  each  of  the  cases  considered,  has  been  found  to  be  in  the  form 

,       M  . 
f-  =  Afd' 


and,  substituting  this  value  of/,  in  (1),  we  have 

1  M 


r     EjLjcP  (1  -  jfc) 


(2) 


where 
Therefore, 
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As  in  the  ordinary  beam  theory,  -  =  -^  ;  henee  we  may  write 

cPv  _           M           _  M  ,„. 

dx*~  E.Aj<P(l-k)~  B' w 

B  =  E9Aj<P  (1  —  k)  =  a  constant. 

v  =  ±   ffMdxdx, (4) 

the  constant  B  evidently  taking  the  place  of  the  constant  EI  for 
the  homogeneous  beam  of  uniform  section. 

Hence,  by  substituting  the  value  of  B  for  EI  in  the  formulas  for 
the  maximum  deflection  of  sample  homogeneous  beams  under 
various  load  systems  (Art.  106),  we  may  obtain  the  formulas  for 
computing  the  maximum  deflections  in  simple  reinforced  concrete 
beams,  of  any  type  of  cross  section,  when  subjected  to  similar  load 
systems. 

In  a  continuous  beam,  or  a  beam  fixed  at  the  supports,  how- 
ever, we  have  seen  that  the  arrangement  of  the  longitudinal  rein- 
forcement must  be  varied  to  provide  for  the  tensile  stresses 
throughout  the  span;  and  hence  the  values  of  B  for  the  different 
sections  of  such  a  beam  would  vary  in  such  a  manner  that  an 
accurate  solution  for  the  deflection  would  be  impracticable. 

211.  Columns,  Axial  y  Loaded.  —  The  st:ess  intensities  in  a 
reinforced  concrete  column  can  be  readily  determined  under  the 
assumptions  made  in  developing  the  theory  for  reinforced  concrete 
beams  (Art.  203).  When  the  resultant  of  the  load  coincides  with 
the  axis  of  the  column,  it  is  evident  that  the  stress  intensities  in 
both  the  concrete  and  the  reinforcing  bars  will  be  uniform.  We 
will  adopt  the  following  notation: 

A  =  the  total  area  of  the  cross  section  of  the  column, 
A,  =  the  total  area  of  the  cross  section  of  the  reinforcing  bars, 
Ac  =  the  net  area  of  the  cross  section  of  the  concrete,  allowing 
for  the  space  occupied  by  the  reinforcement, 

Po  =  the  ratio  of  the  area  A,  to  the  area  A, 

fc  =  the  stress  intensity  in  the  concrete, 

fa  =  the  stress  intensity  in  the  reinforcing  bars, 

R  =  the  resultant  axial  load, 

Ea  =  the  modulus  of  elasticity  of  the  steel  reinforcement, 
Ec  =  the  modulus  of  elasticity  of  the  concrete, 

n  =  the  ratio  of  E9  to  Ee. 


528 


APPLIED  MECHANICS 


Under  the  assumptions  mentioned,  the  longitudinal  strain  in  the 
concrete  must  be  equal  to  that  in  the  reinforcement;  and  hence 

E,        Ee 

and,  therefore, 

f.  =  *fe (1) 

For  equilibrium 

R=fA,+foAe;  ...    (2) 

and,  substituting  the  value  of  /,  from  (1) 
and  solving  for  /<.,  we  have 

fe=s  Ac  +  nA.'    •    "    '      (3) 
If  desired  (3)  may  be  expressed  in  terms 

of  the  total  area  A  and  the  ratio  p0  =  ~r  >  m 

which  case,  by  substituting  Ae  =  A  —  A9> 
we  have 

R 


.._*.. 


Fig.  278. 


/.- 


A  [1  +  p0(n  -  I)]*  • 


(4) 


The  sketch  (Fig.  278)  represents  a  square  column,  but  the 
foregoing  equations  will  evidently  apply  to  an  axially  loaded 
column  having  a  cross  section  of  any  shape. 

The  allowable  value  of  the  working  stress  intensity  fe  will  de- 
pend to  a  certain  extent  on  the  ratio  of  the  unsupported  length  of 
the  column  to  the  width  b  of  the  cross  section;  but,  for  ratios  of 

r  less  than  a  certain  quantity,  say 

^  =§  16,  or  20, 

we  may  assume  the  working  stress  intensity  to  be  constant,  as  in 
the  case  of  the  homogeneous  column. 

212.  Colunins,  Eccentrically  Loaded.  —  Two  cases  will  be  con- 
sidered, based  on  the  conditions  stated  in  Art.  (203).  In  both  cases 
the  cross  sections  will  be  square,  or  rectangular,  and  the  reinforce- 
ment will  be  assumed  to  be  symmetrically  arranged,  so  that  the 
center  of  the  reinforcement  will  coincide  with  the  center  of  the 
concrete.    If  the  resultant  of  the  external  forces,  acting  on  the 
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column,  is  not  normal  to  the  section  it  will  be  resolved  into  ft 
normal  component  A.  and  a  shearing  component,  the  latter 
evidently  having  no  effect  on  the  normal  stress  intensity  at  any 
point. 

(a)  When  the  neutral  axis  NN  lies  within  the  boundary  of  the 
cross  section  (Fig.  279).  —  We  will  adopt  the  following  notation, 
the  dimensions  of  the  cross  section  being 
indicated  in  the  sketch : 

A  =  the  area  of  the  cross  section  of 
the  reinforcing  bars  which  are 
in  tension, 
A'  =  the  area  of  the  reinforcing  bars 

which  are  in  compression, 
/,  =  the  intensity  of  stress  in  the  ten- 
sion reinforcement, 
/,'  =  the  intensity  of  stress  in  the  com* 

pression  reinforcement, 
/„  =  the  maximum  compressive  stress 

intensity  in  the  concrete, 
e  =  the  eccentricity  of  the  load,  that 
is,  the  distance  between  the  re- 
sultant normal  force  R*  and 
the  center  of  the  cross  section, 
fc  =  the  ratio  of  the  distance  of  the ' 

neutral  axis  from  the  compression  side  to  the  total 
depth  of  the  section  h, 

A  A' 

p  =  rrand  P'  —  y.>  which  are  the  ratios  of  the  areas  of  the 

tension  and  compression  reinforcing  bars,  respectively, 

to  the  total  area  of  the  cross  section. 
For  a  symmetrical  section  A  =  A '  and  hence  p  =  p'.  Since  the 
stress  intensity  in  any  reinforcing  bar  would  be  n  times  the  stress 
intensity  which  would  exist  in  the  surrounding  concrete,  provided 
the  concrete  were  assumed  to  resist  tension  as  well  as  compression 
and  the  ratio  of  the  moduli  of  elasticity  were  the  same  for  tension 
as  for  compression,  we  may  write 

L  si 

n      d  —  kh  ,      n_  _  kh  —  d'  m 

/„ =     kh         aD        /„  kh      ' 
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and  hence 

'•'-^"h) (2) 

Since  Rn  must  equal  the  resultant  normal  stress  on  the  section, 
we  have 

Rn  =  ^  +f.'A'  -  /.A  (very  nearly),  ...       (3) 

the  stress  on  the  concrete  being  calculated  without  deducting  the 
area  of  the  cross  section  of  the  reinforcing  bars. 

Since  the  bending  moment  will  be  equal  to  the  moment  of  resist- 
ance, we  shall  have,  making  the  same  approximation  as  in  (3), 

M  =  Rne  =  ^  g  -  f )  +f.'A'a  +f.Aa.   .     .       (4) 

Substituting  the  values  of/,  and/,'  from  (1)  and  (2),  and  putting 
A'  =  A  =  pftA  in  (3)  and  (4)  and  reducing,  we  obtain 

- /«**  [g  +  P»  (2  -  j)] (5) 

and 

=  ^[2pna«+^(3-2fc)] (6) 

Solving  (6)  for  Rn  and  equating  to  (5),  we  have 

which  reduces  to 

from  which  the  value  of  k  may  be  obtained. 

Having  the  value  of  A;,  we  can  obtain  from  (5)  or  (6)  the  value 
of  the  maximum  stress  intensity  in  the  concrete, 

2Rnk = 12  Mk (  . 

fe     bh[k2  +  2pn(2k-  1)]      b [24 pna2  +  kW (3  -  2 k)] '     W 
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The  stress  intensities  in  the  reinforcing  bars  can  be  determined 
from  (1)  and  (2)  after  the  value  of/,  has  been  found. 

(b)  When  the  neutral  axis  NN  lies  outside  of  the  boundary  of 
the  cross  section  (Fig.  280). 

Using  a  notation  similar  to  that  in 
the  preceding  case  and  oaaiiming  A  — 
A', 

k  (L 

n      kh  —  d  ,      n       kh~  A' 

"ST    "nd    7.~-BT- 


the  stress  intensity  /,  being  compression 
instead  of  tension  in  this  case. 
Hence 

f.-nf.(i- 

khl'   • 

■     (9) 

*'-*(- 

kh)   • 

■     (10) 

and  the  stress  intensity  in  the  concrete, 
at  the  side  of  the  cross  section  nearest 
the  neutral  axis,  will  be  equal  to  FlG'  280- 

'■'-'•(V)->-M) <"> 

The  resultant  stress  on  the  section  will  evidently  be  equal  to 

«-  - 1 (ft  +ft')  bh  +f.'A'  +fU  (very  nearly),    .    (12) 

the  stress  on  the  concrete  being  calculated  without  deducting  the 
area  of  the  reinforcement  from  the  cross  section  of  the  concrete. 
The  bending  moment,  making  the  same  approximation,  will  be 
equal  to 

M-R*  =  \uc-ff>bhx.\+f.'A'a-fAa.    .    (13) 

Substituting  the  values  of /,',/,  and/,',  from  (9),  (10)  and  (11), 
and  putting  A'  m  A  -  pbk  in  (12)  and  (13)  and  reducing,  we 
obtain 

«.-$(l-{)»+*(l-  §),»  +  *(!-  *),» 

-.M*(l+2p»)(l-Jj) (14) 
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and 


M  =  Rne  = 


_    MA2 


12  A; 


+  an 


'*[(-S-(-h)] 


"i2Tt[24'm°'  +  *'] <15> 

Solving  (15)  for  #n  and  equating  to  (14),  we  have 

^[2ipna*  +  h>]  =  fM(l+2pn)(l  -±) 

from  which  we  obtain 

*~12c*(l+2pn)+2 U°; 

Solving  (14)  or  (15)  we  have,  for  the  value  of  the  maximum  stress 
intensity  in  the  concrete, 

2  R  k  12  M  k 

fe  =  6fc[(l+2pn)(2Jb-l)J  =  b&lpna*~+N] '  ' '     (17) 

The  stress  intensities  in  the  steel  bars  can  be  determined  from  (9) 

and  (10)  after  the  value  of  fe  is  known. 

(c)  Columns  with  eight  reinforcing  bars, 
symmetrically  arranged.  —  The  formulas 
for  k  and  fe  in  the  two  preceding  cases 
may  be  readily  modified  to  suit  the 
arrangement   of   the  reinforcing  bars, 
shown  in  the  cross  section  Fig.  (281a), 
for  the  case  where  the  neutral  axis  is 
within  the  boundary  of  the  cross  section 
and  the  distribution  of  stress  is  similar 
to  that  shown  in  Fig.  (281c),  or,  for  the 
(b)  case  in  which  the  neutral  axis  is  outside 
of  the  section  and  the  stress  distribution 
is  similar  to  that  shown  in  Fig.  (2816). 
Assuming  the  bars  to  be  of  the  same 
size,  we  will  use  the  same  notation  as 
before  and,  in  addition,  let  A"  =  the 
total  area  of  the  tv  o  bars  in  the  central 
plane  through  0  and  /,"  =  the  intensity 
ot  the  compression  stress  in  these  two 
bars. 
Then  in  either  of  the  cases  mentioned 


Fig.  281. 


A"  =  !A'  =  !A=!pWi 


(18) 
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and 

kh-- 

'•"-^-HT-^-A)-     •   •   '   (19) 

Proceeding  in  the  same  manner  as  in  Case  (a),  we  shall  have  for 
the  resultant  of  the  normal  stress  on  the  cross  section,  when  the 
stress  distribution  is  similar  to  that  indicated  in  Fig.  (281c), 

Rn  -&£+/. 'A'  +f»A"  -f.A  =/c6Ag+|pn(2  -i)];    (20) 

the  bending  moment  being  represented  by  equation  (6),  as  before. 
Solving  (6)  for  Rni  equating  to  (20)  and  reducing,,  we  have 

*+3(|_^+I^,ip(?|.'+2e),    .   (21) 

from  which  the  value  of  k  may  be  obtained.    Having  the  value 
of  k,  the  value  of  fe  may  be  obtained  from  (20). 

Similarly,  when  the  stress  distribution  is  similar  to  that  indi- 
cated in  Fig.  (2816),  the  resultant  normal  stress  on  the  cross  section 
will  be  equal  to 

Rn=\  (/«+//)  bh+f.'A'+f."A"+fjL  =fj>h(l+  |pn)(l  -^) ;  (22) 

the  bending  moment  being  represented  by  (15),  as  before. 

Solving  (15)  for  Rn,  equating  to  (22)  and  then  solving  for  k}  we 
have 

h_     **"  +  »+* (^ 

12eAfl  +|pnj 

Having  the  value  of  k,  the  value  of  fe  may  be  obtained  from 
(22). 

(d)  Columns  with  more  than  eight  reinforcing  bars.  —  If  desired 
expressions  for  the  values  of  A:  and  fe  may  be  readily  obtained  for 
square,  or  rectangular,  columns  reinforced  with  more  than  eight 
bars,  symmetrically  arranged,  by  the  same  method  as  that  em- 
ployed in  Case  (c). 

(e)  Unsymmetrical  reinforcement.  —  When  the  reinforcing  bars 
are  not  symmetrically  arranged,  the  true  central  axis  of  the  column 
will  not  pass  through  the  geometric  center  of  the  square,  or 
rectangle,  but  through  a  point  which  may  be  called  the  center  of 
gravity  of  the  equivalent  cross  section;  that  is,  the  center  of 
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gravity  of  the  cross  section  which  would  be  formed  if  the  cross 
section  of  the  reinforcing  bars  were  replaced  with  n  times  the  area 
in  concrete.  For  illustration;  if  in  Case  (a)  the  area  A1  were  not 
equal  to  A  (Fig.  279) ,  the  distance  u  to  the  true  center  of  gravity 

of  the  cross  section  would  not  be  equal  to  =,  but  could  be  found 
from  the  equation 

bhX^  +  nA'd'  +  nAd 

u=       bh  +  nA'  +  nA        (24) 

In  such  a  case  the  fundamental  equation  for  Rn  (equation  3) 
would  remain  unchanged,  but  the  equation  for  M  (equation  4) 
would  be  written  in  the  form 

M  =  ^  (u  -  j )  +  f/A '  (u  -  d')  +f9A(d-u).      (25) 

By  substituting  the  values  of  /,  and  //,  from  (1)  and  (2),  and 
the  values  ot  A'  and  A,  in  terms  of  6,  h,  p'  and  p,  in  (3)  and  (25), 
expressions  for  the  values  of  A;  and  fc  can  be  obtained  in  the  same 
manner  as  in  Case  (a). 

Expressions  for  the  value  of  M ,  similar  to  (25),  could  evidently 
be  written  for  each  of  the  other  cases  considered ;  and  expressions  for 
the  maximum  stress  intensity  in  the  concrete  obtained  in  the  same 
manner. 

(f )  Alternative  method.  —  In  cases  where  the  neutral  axis  of  the 
resultant  stress  lies  outside  of  the  cross  section,  a  solution  can  be 
made  by  adapting  the  formula  for  the  maximum  stress,  due  to  com- 
bined axial  compression  and  bending  in  a  homogeneous  column, 
(Art.  126)  to  the  conditions  in  the  concrete  column  as  follows: 
Let  Ao  =  the  area  of  the  equivalent  cross  section,  mentioned 
under  Case  (e),  obtained  by  replacing  the  cross 
section  of  the  reinforcing  steel  with  n  times  its  area 
in  concrete,  and 
7o  =  the  moment  of  inertia  of  the  equivalent  section  about 
an  axis  through  its  center  of  gravity,  perpendicular 

to  the  plane  of  bending. 
The  formula 

/.-£  +  ir W 

would  then  give  the  correct  value  of  the  maximum  stress  intensity 
in  the  concrete,  provided  the  neutral  axis  of  the  resultant  stress 
were  outside  of  the  section,  as  shown  in  Figs.  (280)  or  (2816). 
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For  a  cross  section  similar  to  that  in  Fig.  (280)  the  value  of  u 
would  be  given  by  (24);  the  area  of  the  equivalent  cross  section 

A0  =  bh  +  nA'  +  nA (27) 

and  the  moment  of  inertia  of  the  equivalent  cross  section 

/o  =  T  +  &  (^y^J+ n^' (u  -  d')2  +  nA  (d  -  u)8.     (28) 

When  A  =  A',  u  =  ^ ,  and  (28)  would  reduce  to 

Jo  =  ^  +  2na*A (29) 

The  minimum  stress  intensity  on  the  cross  section  would  be  equal 
to 

//-f?-Mfi^j4 (30) 

A  negative  result,  obtained  by  the  solution  of  (30),  would  indicate 
that  the  neutral  axis  was  inside  of  the  boundary  of  the  section,  in 
which  case  the  formulas  for/c  and//  would  not  be  correct.  If, 
however,  the  negative  value  for  /«'  were  small,  as  compared  to  the 
value  of /c,  given  by  (26),  the  latter  could  be  considered  sufficiently 
accurate  for  ordinary  purposes. 

This  method  has  the  advantage  of  being  applicable  to  columns 
having  circular,  or  other  shaped,  cross  sections,  where  a  solution 
by  the  method  used  in  Cases  (a),  (b)  and  (c)  would  be  much  more 
complex. 

213.  Hooped  Reinforcement.  —  Concrete  columns  of  circular 
section  are  frequently  reinforced  with  steel  hoops,  or  bands,  or  a 
continuous  rod  wound  into  the  form  of  a  helix,  embedded  near,  the 
surface.  This  reinforcement  would  resist  to  a  certain  extent  the 
lateral  expansion,  which  accompanies  the  longitudinal  compression 
in  the  concrete  (Art.  5) ;  in  other  words,  the  hoops  would  prevent 
a  certain  amount  of  lateral  strain  and  reduce,  by  a  corresponding 
amount,  the  compression  strain  in  the  direction  of  the  axis  of  the 
column. 

This  reduction  in  strain  is  very  small  for  loads  within  the  working 
load;  but  experiments  have  shown  that  the  ultimate  strength  of 
concrete  columns  has  been  considerably  increased  by  the  use  of 
this  reinforcement. 

The  effect  of  hoop  reinforcement  may  be  allowed  for  by  using 


536  APPLIED  MECHANICS 

a  higher  value  for  the  working  stress  intensity  fe  than  that  used 
for  columns  with  longitudinal  reinforcement  only.  The  allowable 
increase  in  the  value  of  fc  should  be  determined  from  a  comparison 
of  the  results  of  experiments  on  the  strengths  of  the  two  types  of 
columns,  rather  than  from  any  theory  built  upon  the  relation 
of  the  lateral  and  longitudinal  strains. 

214.  Floor  Slabs  Supported  on  Columns,  without  Beams  or 
Girders.  —  A  system  of  reinforced  concrete  floor  construction, 
which  does  away  with  the  necessity  of  floor  beams,  or  girders,  was 
originated  by  C.  A.  P.  Turner.     In  this  system,  frequently  called 
the  mushroom  system,  the  floor  slab  is  supported  directly  on  the 
tops  of  columns,  which  are  specially  formed  for  the  purpose,  and  is 
reinforced  by  sets  of  rods  run- 
ning in  four  directions,  as  indi- 
cated in  Fig.  (282). 

Methods  of  determining  the 
stresses  in  such  a  slab  have  been 
I  proposed,  which  are  based  on 
the  theory  for  determining  the 
stresses  in  a  homogeneous  cir- 
cular flat  plate,  supported  at  the 
center  and  subjected  to  uniform 
load,  combined  with  a  load  at 
the  circumference;  the  radius  of 

I — | | — |  the  circle  being  taken  equal  to 

L     \    /  \    /       tne  mean  distance  of  an  assumed 

I  J  I f         line  of  inflexion  in  the  portion 

p,0  282.  °f  ^e  &^  surrounding  a  col- 

umn. 
On  account  of  the  lack  of  homogeneity  in  the  slab,  such  a  method 
is  at  best  very  approximate  and  a  better  method  in  this  case  would 
appear  to  be  a  purely  empirical  one,  based  on  the  results  of  experi- 
ments made  to  determine  the  ultimate  strength  of  slabs  of  this 
type  under  actual  working  conditions ;  supplemented  by  measure- 
ments of  the  deflections  of  the  slabs  under  series  of  loads,  both  be- 
low and  above  the  allowable  working  load. 

216.  Problems.  —  Reinforced  Concrete  Beams  and  Columns. 
—  For  the  sake  of  brevity  all  quantities  in  the  following  problems 
will  be  expressed,  as  far  as  possible,  by  the  symbols  adopted  in  the 
different  cases  which  have  been  considered. 
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Problem  1. 

A  rectangular  concrete  beam,  having  the  dimensions,  b  -  10",  d  «  12", 
is  reinforced  on  the  tension  side  only  with  2  steel  bars,  f  "  square,  and  loaded 
with  a  uniformly  distributed  load  of  500  lbs.  per  ft.  If  the  span  is  16  ft.  and 
the  beam  is  assumed  to  be  freely  supported  at  the  ends,  determine  the  values 
of  f$,  fc,  v  and  u,  assuming  n  =  15. 

Problem  2. 

Find  the  proper  size  and  spacing  of  the  reinforcement  for  a  concrete  floor 
slab,  supported  on  two  sides  only  and  having  a  span  of  15  ft.,  assuming  d  =  5", 
/,  =  16,000  lbs.  per  sq.  in.,  fc  =  700  lbs.  per  sq.  in.,  n  =  15. 

Problem  3.  , 

Determine  the  safe  uniform  load,  in  lbs.  per  sq.  ft.,  including  the  weight  of 
the  slab,  for  the  floor  in  Problem  (2),  assuming  the  slab  to  be  continuous  over 
the  supports,  with  the  reinforcement  arranged  as  indicated  in  Fig.  (274);  and 
calculate  the  values  of  v  and  u  under  this  load. 

Problem  4. 

A  concrete  floor,  supported  on  concrete  girders,  as  indicated  in  Fig.  (274), 
which  are  spaced  15  ft.  on  centers  and  reinforced  with  4  steel  bars  1}"  square, 
has  the  following  dimensions:  span  of  girders  =  24  ft.,  t  =  6",  b'  =  15", 
d  =  22".  If  the  total  load  on  the  floor,  including  the  weight  of  the  floor  and 
girders,  averages  150  lbs.  per  sq.  ft.,  calculate  the  values  of  f$,  fc,  v  and  u, 

assuming  n  =  15  and  M  =  -r^r- 

Problem  5. 

Calculate  the  size  and  required  spacing  of  the  web  reinforcing  units  in  the 
girders  in  Problem  (4),  assuming  the  allowable  values,  /,  =  16,000  lbs.  per  sq. 
in.,  fc  =  650  lbs.  per  sq.  in.,  t;  —  120  lbs.  per  sq.  in. 

Problem  6. 

Calculate  the  values  of /c,  /,  and  /,'  at  the  sections  at  the  ends  of  floor  girders 
in  Problem  (4),  assuming  one-half  of  the  reinforcing  rods  in  each  span  to  be 
bent  up  and  carried  over  the  supports,  as  indicated  in  Fig.  (277),  the  distance 
from  the  centers  of  the  rods  to  the  top  of  the  floor  being  2}",  and  the  distance 
of  the  centers  of  the  rods  on  the  lower  side  from  the  under  side  of  the  beam 
being  assumed  to  be  2}". 

Problem  7. 

Determine  the  values  of  fe  and  /,  due  to  an  axial  load  of  200,000  lbs.  on  a 
concrete  column,  having  a  cross  section  16"  X  16",  reinforced  with  eight 
}"  square  bars,  arranged  as  shown  in  Fig.  (281a),  the  bars  being  placed  with 
centers  2"  inside  of  the  column.    Assume  n  —  15. 

Problem  8. 

Determine  the  values  of  fe,  f$  and//  for  the  column  in  Problem  (7),  Aaaiiming 
the  column  to  be  subjected  to  an  eccentric  load  of  120,000  lbs.,  acting  through 
a  principal  axis  at  a  distance  e  =  2"  from  the  center.    Assume  n  =»  15. 
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Problem  9. 

Solve  Problem  (8)  assuming  the  column  to  be  subjected  to  a  load  of  80,0OC 
lbs.,  with  an  eccentricity  e  »  6". 

Problem  10. 

Determine  the  allowable  load  on  a  concrete  column  16"  square,  reinforced 
with  eight  1"  square  bars,  arranged  as  in  Problem  (7),  with  centers  2"  from 
the  sides  of  the  column;  assuming  fc  —  650  lbs.  per  sq.  in.  and  n  «  15: 

(a)  When  the  load  is  central; 

(b)  When  the  load  has  an  eccentricity  of  1"; 

(c)  When  the  load  has  an  eccentricity  of  8". 
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in  a  continuous  beam 270 

Arch,  braced 439 

equilibrium  curve  of 449 

inverted 446 

linear 449 

solid \ 439 

three  hinged 440 

three  hinged  circular 461 

two  hinged 441 

with  fixed  ends 446 

Arches  and  catenaries 439 

Arches  and  catenaries,  problems 461 

Assumptions  of  the  theory  of  beams 107 

Assumptions  and  conditions,  reinforced  concrete  beams  and  columns. . .  506 

Assumptions  and  limitations  of  theory  of  curved  bars 410 

Axial  and  tran verse  loads,  beams  and  columns 293 

Axial  compression 78 

Axial  tension 77 

Axially  loaded  columns 527 

Axis,  neutral 93 

of  beam 181 

of  coil 392 

Bar  of  unsymmetrical  cross  section  subjected  to  ordinary  bending 325 

Bar  of  unsymmetrical  cross  section  subjected  to  simple  bending 322 

Bars,  curved 410 

of  non-circular  section  subjected  to  torsion 381 

Beam,  axis  of 181 

built-in 103 

cantilever 103 

continuous 104 

curved 410 

539 
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Beam,  defined 103 

girders 104 

resilience  of,  due  to  bending 234 

simple 103 

Beams,  built-in 205 

continuous 258 

deflection  of 181 

design  of,  for  fiber  stress 149 

flexure  of 181 

of  non-uniform  cross  section,  deflection  of 217 

of  uniform  section,  fiber  stresses  in,  problems 150 

of  uniform  strength 157, 217 

of  varying  cross  section 155 

of  varying  cross  section,  fiber  stresses  in,  problems 159 

principle  of  least  work,  as  applied  to 241 

principle  stresses  in 174 

problems,  deflection  of 251 

stresses  in,  definitions 103 

trussed 307 

which  are  statically  indeterminate,  determination  of  supporting 

forces 213 

with  fixed  ends <♦. 205 

Bearing  pressure,  intensity  of 84 

uniform 83 

Bending  and  end  pressure,  or  tension,  combined  with  torsion 391 

Bending  and  torsion,  combined 385 

Bending,  defined 103 

ordinary 109 

ordinary,  general  formulas  for  slope  and  deflection 188 

simple 104 

theory  of  uniform  or  simple 107 

uniform 104 

uniform,  general  formulas  for  slope  and  deflection 186 

unsymmetrical 321 

which  produces  stress  intensities  above  the  elastic  limit 145 

Bending  moment 106, 112 

convention  of  signs 106 

Bending  moment  and  shearing  force  diagrams,  combined 136 

problems 121, 138 

Bending  moment  diagram,  slope  and  deflection  from 225 

Bending  moments 522 

and  reactions,  determination  of,  at  the  supports  of  a  continuous 

beam 279 

and  shearing  forces  at  two  different  cross  sections,  relation  of .  .  .  119 

approximate  method  of  determining,  continuous  beams 279 

shearing  forces  and  loads,  graphical  representation  of 116 

shearing  forces  and  loads,  relations  of 116 

Braced  arch 439 
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Breaking  strength 13 

Brittleness 2 

Built-in  beam • 103 

Built-in  beams 205 

Butt-joint,  double  riveted 90 

single  riveted 89 

Cable,  tramway 453 

Cantilever  beam 103 

Carriage  spring 435 

Catenary,  common 449 

defined 447 

transformed 451 

Catenaries  and  arches 439 

problems 461 

Center,  of  pressure 94 

of  stress 93 

Centrally  loaded,  circular  flat  plate 489 

Chain,  links 432 

Chain,  riveting 88 

Change  of  volume  under  stress 8 

Circular  flat  plate,  centrally  loaded 489 

fixed  at  the  circumference 490 

freely  supported  at  the  circumference 493 

Circular  flat  plate,  uniformly  loaded 481 

fixed  at  the  circumference 482 

freely  supported  at  the  circumference 488 

supported  at  the  center • 494 

Circular  ring 426 

Close  coiled  spring 393, 399 

Coefficient  of  linear  expansion 23 

Coefficients  for  shearing  force  and  bending  moments  at  supports  of  con- 
tinuous beams  of  equal  spans,  uniformly  distributed  load .  278 

Coil,  axis  of 392 

diameter  of 392 

Column,  defined 346 

Column,  formula: 

Empirical  of  Gordon  or  Rankine  type 358 

Euler's,  long  columns 348 

Gordon's 354 

Parabolic 359 

Rankine's 357 

Straight-line 360 

Columns,  axially  loaded 527 

eccentrically  loaded 528 

Columns  and  struts 346 

problems 372 

Combined  stresses,  truss  members  subjected  to 305 
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Combined  axial  and  lateral  loading,  strut  and  tie,  subjected  to 365 

Combined  direct  and  bending  stresses  in  unsymmetrical  ban 326 

Combined  shearing  force  and  bending  moment  diagrams 136 

problems 138 

Combined  stresses 292 

problems 312 

resilience  due  to 304 

S-polygon  for 335 

Combined  torsion,  and  bending 385 

Combined  torsion  and  end  pressure,  or  tension 389 

Combined  torsion,  bending  and  end  pressure,  or  tension 391 

Common  catenary 449 

Complex  stress 3 

Components  of  strain 66 

Compression,  axial 78 

Compressive  strain 6 

Compressive  stresses,  relation  of,  to  strains  above  the  elastic  limit 19 

Conditions  and  assumptions,  reinforced  concrete  beams  and  columns. . .  506 

Conjugate  stresses 53 

ratio  of 60 

Construction  of  S-polygon. 333 

Continuous  beam,  approximate  method  of  determining  shearing  force  and 

bending  moment 279 

determination  of  the  bending  moments  and  reactions  at  the 

supports 270 

Continuous  beams 104,  258 

determination  of  the  greatest  fiber  stress  and  greatest  deflection .  272 
of  equal  spans,  uniformly  loaded,  coefficients  for  shearing  forces 

and  bending  moments  at  supports 278 

problems 280 

with  equal  spans  and  loads  uniformly  distributed 274 

Convention  of  signs  for,  bending  moment 106 

curvature 411 

shearing  force 112 

stress  and  strain 411 

Cords,  flexible 446 

Core  of  the  section 336 

Critical  load 350 

Cross  section,  defined 410 

Curvature,  convention  of  signs 411 

transverse 249 

Curved  bar  subjective  to,  ordinary  bending 415 

uniform  bending 410 

Curved  bars,  assumptions  and  limitations  of  theory  of 410 

flexure  of 420 

problems 437 

Curved  beam,  defined 410 

Cylinder,  thick  hollow 473 


INDEX  543 

FAGS 

Cylinder,  thin  hollow  circular 79 

thin  hollow  oval 467 

Cylinders  and  plates,  problems 503 

Deflection  and  slope,  from  elastic  curve 184 

from  bending  moment  diagram 225 

general  formulas,  ordinary  bending 188 

general  formulas,  uniform  bending 186 

loads  considered  separately 203 

loads  considered  simultaneously 201 

Deflection,  determined  from  resilience. . ., 238 

due  to  shearing 244 

greatest,  in  terms  of  the  greatest  bending  moment  or  the  greatest 

fiber  stress 220 

Deflection  of  beams 181 

allowable  for  floors 221 

of  non-uniform  cross  section 217 

problems 251 

reinforced  concrete 526 

Deformation,  load,  diagrams 16 

Design  of  beams  for  fiber  stress 140 

Determination  of  supporting  forces  for  beams  which  are  statically  inde- 
terminate   213 

Determination  of  the  greatest  fiber  stress  and  greatest  deflection  of  con- 
tinuous beams 272 

Determination  of  the  bending  moments  and  reactions  at  the  supports  of 

any  continuous  beam 270 

Diagram,  of  outside  fiber  stress 156 

stress-strain 13 

Diagrams,  load-deformation 16 

Diameter  of  coil 392 

Differential  equation  of  elastic  curve 181 

Dilatation 66 

Direct  stress,  effect  of  an  impact,  producing  a 28 

Distributed  loads,  ordinary  bending,  under 114 

Double  shear 83 

Driven  diameters  of  rivets 86 

Ductility 2 

Ductility  in  torsion 379 

Ductility,  measure  of 16 

Eccentric  load,  long  columns  under 371 

Eccentric  loading 296 

columns 365, 528 

Eccentricity,  maximum,  without  reversing  stress 299 

Effect  of,  an  impact  producing  a  direct  stress  rate  of  application  of  the 

load  on  the  maximum  stress  intensity 29 

shape  of  test  piece  on  tensile  properties 18 

stress  above  the  elastic  limit 23 
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Effect  of,  temperature  and  load  changes 452 

varying  stresses 30 

Efficiency  of  a  riveted  joint 87 

Elastic  curve,  defined 181 

differential  equation  of 181 

slope  and  deflection  from 184 

Elastic  limit 13 

bending  which  produces  stress  intensity  above  the 145 

effect  of  stress  above  the 23 

in  torsion 378 

relation  of  compressive  stresses  to  strains  above  the 19 

relation  of  tensile  stresses  to  strains  above  the 12 

torque  at  the 378 

Elastic,  limits 9 

strain 23 

Elasticity 2 

modulus  of 10 

shearing  modulus  of 11 

Ellipse  of  stress 45, 46 

Empirical  formulas  of  the  Gordon,  or  Rankine,  type 358 

End  pressure  and  torsion,  or  tension,  combined 389 

End  tension 80 

Equal  principal  stresses 48,  54 

Equal  strength,  cross  sections  of 159 

Equations  of  equilibrium 73 

Equilibrium,  curve  of  arch 449 

equations  of 73 

polygon 447 

Euler's  theory,  long  columns 348 

Extension 64 

Extension,  simple 6, 65 

Factor  of  safety 33 

Fatigue ' 32 

of  the  material 32 

Fiber  stress 109 

design  of  beams  for 149 

working  outside 148 

Fiber  stresses  in  beams,  of  uniform  section,  problems 150 

of  varying  sections,  problems 159 

Fixed  ends,  beams  with 205 

Flat  circular  plate,  centrally  loaded 489 

fixed  at  the  circumference 490 

freely  supported  at  the  circumference 493 

Flat  circular  plate,  uniformly  loaded 481 

fixed  at  the  circumference 482 

freely  supported  at  the  circumference 488 

supported  at  the  center 494 
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Flat  square  and  rectangular  plates,  centrally  loaded 502 

fixed  at  the  edges 602 

freely  supported  at  the  edges 603 

Flat  square  and  rectangular  plates,  uniformly  loaded 406 

fixed  at  the  edges 497, 600 

freely  supported  at  the  edges 501 

Flexible,  cords 446 

trough 457 

Flexure,  defined 103 

general  theory  of 321 

general,  problems 336 

limitations  of  the  theory  of 260 

of  beams 181 

of  curved  bars 420 

Floor  beams,  allowable  deflection  of 221 

Floor  slabs 513 

supported  on  columns  without  beams  or  girders 536 

Forces,  supporting,  defined 103 

Formulas,  for  bending  moments  and  deflections,  summary  of 223 

for  slope  and  deflection,  general,  uniform  bending 186 

General  flexure,  problems 336 

General  formulas  for  slope  and  deflection,  ordinary  bending 188 

uniform  bending 186 

General  relations  of  stresses  and  strains 75 

General  theory  of  flexure 321 

Girders,  beams 104 

plate 104 

Gordon's  formulas  for  columns 354 

Graphical  representation  of,  normal  stress 140, 417 

loads,  shearing  forces  and  bending  moments 116 

longitudinal  shearing  stress 167 

Greatest  deflection  in  terms  of  the  greatest  bending  moment  or  the 

greatest  fiber  stress 220 

Greatest  fiber  stress,  resilience  in  terms  of 236 

and  greatest  deflection  for  continuous  beams,  determination  of . .  272 

Greatest  outside  fiber  stress 139 

4 

Hardness 2 

Helical  spring  subjected  to,  a  combined  axial  load  and  twist 400 

an  axial  load 392 

an  axial  twist 398 

Hollow  circular  shaft 380, 388 

Hook 426 

Hooke's  law 10 

Hooks,  stresses  in 311 

Hoop  tension 80 

Hooped  reinforcement 535 

Hysteresis  of  strain 25 
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Impact  producing  a  direct  stress,  effect  of 28 

Inertia,  principal  axes  of 321 

principal  moments  of 321 

Intensities  of  stress  on  different  planes  through  a  point  in  a  bar  sub- 
jected to  uniform  tension 41 

Intensity  of  bearing  pressure 84 

Intensity  of  stress 4 

at  a  point 39 

on  different  planes  through  a  point  in  any  body  subjected  to  plane 

stress 43 

Intensity  of  shearing  stress,  on  a  cross  section  of  a  beam 165 

per  unit  of  depth 166 

Inverted  arch 446 

Joint,  lap  of 84 

structural 92 

Joints,  riveted 84 

Lap-joint,  double  riveted 87 

single  riveted 85 

Lap  of  joint,  defined 84 

Lateral  deflection 389 

Law,  Hooke's 10 

Least  work,  principle  of,  as  applied  to  beams 241 

solution  of  trussed  beams  by  method  of 309 

Limitations,  of  theory  of  beams 104 

of  theory  of  flexure 250 

Limits,  elastic 9 

Linear  arch 449 

Linear  expansion,  coefficient  of 23 

lines,  section  moduli 329 

links,  chain 432 

Load,  critical 350 

changes  and  effect  of  temperature 452 

deformation  diagrams 16 

deformation  diagrams  for  torsion 378 

suddenly  applied 29 

Loading,  eccentric 296 

Loads,  axial  and  transverse 293 

defined 103 

oblique 300 

parallel  to  the  axis 296 

shearing  forces  and  bending  moments,  graphical  representation  of  116 

shearing  forces  and  bending  moments,  relation  of 116 

transverse,  not  in  same  plane 302 

Longitudinal  shearing 161 

ix>ngitudinal  shearing  stress,  graphical  representation  of  the 167 

maximum  intensity  of 163 

per  unit  of  length 163 
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Longitudinal  shearing  stresses  in  beams,  problems 169 

Long  columns,  Euler's  theory 348 

under  eccentric  load 371 

Long  thin  rods 347 

Malleability 2 

Materials,  properties  of 2 

strength  of 1 

Maximum  eccentricity  without  reversing  stress 299 

Maximum  intensity  of  longitudinal  shearing  stress 163 

Maximum  obliquity,  of  stress 55 

planes  of 49 

Maximum  shear,  planes  of 49 

Maximum  stress  intensity,  variation  with  radius  of  curvature 419 

Measure  of  ductility 16 

Moduli  of  elasticity 10 

Modulus  of  elasticity 14 

shearing 11 

units  of 11 

Modulus  of  elasticity  and  modulus  of  rigidity,  relation  between 72 

Modulus,  of  resilience 27 

of  rigidity 11 

of  rupture,  transverse 147 

of  rupture  in  torsion 379 

Young's 11 

Moment  of  resistance 106,  111 

in  torsion 377 

problems 144 

Neutral  axis 93 

Non-uniform  cross  section,  deflection  of  beams  of 217 

Normal  stress,  graphical  representation  of  the 140 

Notation  of  stress 40 

Oblique,  loads 300 

stress 4 

Obliquity,  maximum 55 

planes  of  maximum 49 

Open  coiled  spring 394,  399 

Ordinary  bending 109 

bar  of  unsymmetrical  cross  section  subjected  to 325 

curved  bars  subjected  to 415 

general  formulas  for  slope  and  deflection 188 

theory  of 113 

under  distributed  loads 114 

Outside  fiber  stress 109 

diagram  of 156 

Overstrain 24 
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Parabolic  formulas 359 

Permanent  strain  or  set 23 

Physical  properties  of  materials,  problems 34 

Pitch  of  rivets 84 

Plane  strain • 64 

Plane  stress 39 

strain  accompanying 71 

stress  intensities  on  different  planes  through  a  point  in  any  body 

subjected  to 43 

Plane  of  stress 39 

principal  stresses  in  terms  of  the  stresses  on  any  two  planes  per- 
pendicular to  the 55 

Planes  of  maximum  shear  and  maximum  obliquity 49 

Planes  of  stress,  principal 75 

Planes  on  which  there  is  no  shear 45 

Plasticity 2 

Plate  girders 104 

Pois8on's  ratio 8 

Polygon,  equilibrium 447 

section  moduli 331 

Pressure,  center  of 94 

intensity  of  bearing 84 

uniform  internal  and  external 79, 81 

Principal  axes,  of  inertia 321 

of  strain 75 

Principal  moments  of  inertia 321 

Principal  planes  of  stress 45, 75 

Principal  strains 69, 75, 388 

strain  components  in  terms  of 70 

Principal  stresses 45, 75 

equal 54 

in  beams 174 

in  beams,  problems 177 

in  terms  of  the  stresses  on  any  two  coordinate  planes  at  right  angles 

to  the  plane  of  stress 51 

in  terms  of  the  stresses  on  any  two  planes  perpendicular  to  the 

plane  of  stress 55 

open  coiled  spring 395 

resultant  stress  on  any  plane  in  terms  of  the 53 

stress  components  on  any  plane  in  terms  of 47 

Principle  of  least  work  as  applied  to  beams 241 

Principle,  Saint- Venant's 78 

Problems,  arches  and  catenaries 461 

columns  and  struts 372 

combined  shearing  force  and  bending  moment  diagrams 138 

combined  stresses 312 

continuous  beams 280 

curved  bars 437 
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Problems,  cylinders  and  plates 503 

deflection  of  beams 251 

fiber  stresses  in  beams  of  uniform  section 150 

fiber  stresses  in  beams  of  varying  sections 159 

general  flexure 336 

longitudinal  shearing  stresses  in  beams 169 

moment  of  resistance 144 

physical  properties  of  materials 34 

reinforced  concrete  beams  and  columns 536 

shafting  and  springs 403 

shearing  force  and  bending  moment 121 

'  stresses  at  a  point 61 

stresses  in  beams,  principal  stresses 177 

uniform  and  uniformly  varying  stress. 97 

Proof  resilience 27 

Properties  of  materials 2 

Rankine's,  graphical  solution 59 

formulas  for  columns 357 

Rate  of  application  of  load,  effect  on  maximum  intensity 29 

Ratio,  of  conjugate  stresses 60 

Poisson's 8 

Reactions,  defined 103 

Reactions  and  bending  moments,  determination  of,  at  the  supports  of  any 

continuous  beam 270 

Rectangular  beams,  reinforced  for  tension  only 507 

Rectangular  cross  section,  tube  of 470 

Rectangular  flat  plate,  fixed  at  the  edges 502 

freely  supported  at  the  edges 503 

Rectangular  and  square  flat  plates  uniformly  loaded 496 

Reinforced  concrete  beam,  deflection  of 526 

Reinforced  concrete  beams  and  columns 506 

problems 536 

Relation  between,  stresses  and  strains 71 

the  modulus  of  elasticity  and  modulus  of  rigidity 72 

Relation  of,  bending  moments,  shearing  forces  and  loads 116 

compressive  stresses  to  strains  above  the  elastic  limit 19 

intensities  of  shearing  stress  on  the  X  and  Y  planes 41 

shearing  forces  and  bending  moments  at  two  different  cross  sec- 
tions   119 

tensile  stresses  and  strains  above  the  elastic  limit 12 

Resilience,  defined 25 

deflection  determined  from 238 

due  to  combined  stresses 304 

in  torsion 384 

in  terms  of  the  greatest  fiber  stress 236 

modulus  of 27 

of  a  beam  due  to  bending 234 
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Resilience,  proof 27 

shearing 243 

working 34 

Resistance  to  shear Ill 

Resultant  stress 93 

Resultant  stress  on  any  plane  in  terms  of  the  principal  stresses 53 

Rigidity,  modulus  of 11 

torsional 378 

Ring,  circular 426 

Riveting,  chain 88 

zigzag 88 

Rivets,  driven  diameter  of 86 

normal  diameter  of 86 

pitch  of 84 

Riveted  joint,  efficiency  of 87 

strength  of  a 87 

Riveted  joints 84 

Rupture,  modulus  of , 147 

Safety,  factor  of 33 

Saint-Venant's  principle 75 

Section,  core  of  the 236 

Section  moduli,  lines 329 

polygon 331 

Section  modulus 140 

units  of 140 

Set  in  torsion 378 

Set  or  strain,  permanent 23 

Shafting  and  springs 375 

problems 403 

Shafting,  transmission  of  power  by 379 

Shafts,  hollow  circular 380 

Shear,  single 83 

double 83 

planes  on  which  there  is  no 45 

planes  of  maximum 49 

stress-strain  relation  in 22 

Shearing  and  bond  stresses 511, 518, 522 

Shearing,  deflection  due  to 244 

Shearing  force 112 

and  bending  moment,  problems 121 

and  bending  moment  diagrams,  combined 136 

and  bending  moment  diagrams,  combined,  problems 138 

convention  of  signs  for 112 

Shearing  forces,  and  bending  moments  at  two  different  cross  sections, 

relations  of 119 

approximate  method  of  determining  for  continuous  beams 279 
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Shearing  forces,  bending  moments  and  loads,  graphical  representation  of  116 

bending  moments  and  loads,  relations  of 116 

Shearing,  longitudinal / 161 

modulus  of  elasticity 11 

resilience 243 

strain 7,  64 

strength 22 

Shearing  stress Ill 

longitudinal  per  unit  of  length 163 

on  the  cross  section  of  a  beam,  intensity  of 165 

per  unit  of  depth,  intensity  of 166 

relation  of  intensities  on  the  X  and  Y  planes 41 

uniform 82 

Simple  beam 103 

Simple  bending 104 

bar  of  unsymmetrical  crass  section  subjected  to 322 

Simple  or  uniform  bending 105 

theory  of 107 

Simple,  extension 6, 65 

i    stress  or  stresses 3 

Single  riveted,  butt-joint 89 

lap  joint 85 

Single  shear 83 

Slab,  supported  on  four  sides 514 

supported  on  two  sides 513 

Slope  and  deflection,  from  clastic  curve 184 

from  the  bending  moment  diagram 225 

general  formulas  for  ordinary  bending 188 

general  formulas  for  uniform  bending 186 

loads  considered  separately 203 

loads  considered  simultaneously 201 

Solid  arch 439 

Sphere,  thick  hollow 81, 478 

Spiral  spring 433 

Spring,  carriage 435 

close  coiled 393, 399 

helical,  subjected  to  axial  load 392 

helical,  subjected  to  axial  twist 398 

helical,  subjected  to  a  combined  axial  load  and  twist 400 

of  hollow  circular  section 401 

of  non-circular  section 401 

open  coiled 394, 399 

spiral 433 

time  of  oscillation  of 401 

Springs  and  shafting 375 

problems 403 

S-polygon,  construction  of  the 333 

for  combined  stresses 335 
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Square  flat  plates,  centrally  loaded 502 

fixed  at  the  edges 502 

freely  supported  at  the  edges 502 

Square  flat  plates,  uniformly  loaded 496 

fixed  at  the  edges 500 

freely  supported  at  the  edges 500 

Stiffness 181 

Straight  line  formulas 360 

Strain,  accompanying  plane  stress 71 

analysis  of 64 

and  stress,  convention  of  signs  for  curvature 411 

at  a  point 64 

components  in  terms  of  principal  strains 70 

components  of 66 

compressive 6 

defined 5 

elastic 23 

hysteresis  of 25 

or  set,  permanent 23 

plane 64 

shearing 7, 64 

stress  diagram 43 

tensile 5 

units  of 67 

Strains,  principal 60,  75 

principal  axes  of 75 

Strains  and  stresses,  due  to  change  of  temperature 22 

general  relations  of 75 

relations  between , 71 

Strength,  breaking 13 

of  a  riveted  joint 87 

of  materials 1 

shearing 22 

ultimate 13 

working 33 

Stress,  analysis  of 39 

and  strain,  convention  of  signs 411 

at  a  point 39 

at  a  point,  problems 61 

beyond  the  elastic  limit  in  torsion 379 

center  of 93 

complex 3 

components  on  any  plane  in  terms  of  the  principal  stresses 47 

defined 3 

diagram 447 

diagram  of  outside  fiber 156 

ellipse  of 45, 46 

fiber 109 
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Stress,  graphical  representation  of  normal 140 

graphical  representation  of  longitudinal  shearing 167 

greatest  outside  fiber 139 

intensity  of 4 

intensity  of,  at  a  point 39 

intensities  on  different  planes  through  a  point  in  any  body  sub- 
jected to  plane  stress 43 

longitudinal  shearing,  maximum  intensity  of 163 

longitudinal  shearing,  per  unit  of  length 163 

notation  of 40 

oblique , 4 

on  a  cross  section  of  a  beam,  intensity  of  shearing 165 

outside  fiber 109 

per  unit  of  depth,  intensity  of  shearing 166 

plane 39 

plane  of 39 

principal  planes  of 45 

relation  of  intensities  of  shearing  on  the  X  and  Y  planes 41 

resultant 93 

simple 3 

strain  diagram 13 

strain,  relation  in  shear 22 

uniform 77 

uniform  shearing 82 

uniformly  varying 93 

uniformly  varying,  whose  resultant  is  a  couple 94 

units  of 4 

Stresses  and  strains,  due  to  change  of  temperature 22 

general  relations  of 75 

relation  between 71 

Stresses,  at  a  section  over  a  support 523 

conjugate 53 

combined 292 

combined,  resilience  due  to 304 

combined,  truss  members  subjected  to 305 

equal  principal 48, 54 

in  beams,  definitions 103 

in  beams,  principal  stresses,  problems 177 

in  hooks 211 

principal 45, 75 

principal,  in  beams 174 

principal,  in  terms  of  the  stresses  on  any  two  coordinate  planes  at 

right  angles  to  the  plane  of  stress 51 

ratio  of  conjugate 60 

shearing  and  bond 511 

Structural  joint 92 

Strut,  denned 346 

or  tie,  subjected  to  combined  axial  and  lateral  loading 365 
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Strut,  and  columns 346 

Suddenly  applied  load 29 

Summary,  formulas  for  bending  moments  and  deflections 223 

Supporting  forces,  denned 103 

determination  of,  for  beams  which  are  statically  indeterminate . .  213 

Tee  beams 518 

Temperature  and  load  changes,  effects  of 452 

Temperature,  strains  and  stresses  due  to  change  of 22 

Tensile  properties,  effect  of  shape  of  test  piece  on 18 

Tensile  strain .  .  .♦ 5 

Tensile  stresses,  relation  of,  to  strains  above  the  elastic  limit 12 

Tension,  axial 77 

end 80 

*         hoop 80 

Test  pieces,  effect  of  shape  of,  on  tensile  properties 18 

Theorem  of  three  moments 259 

Theory  of  flexure,  limitations  of  the 250 

Theory  of  beams,  assumptions  of 107 

limitations  of 104 

Theory  of,  ordinary  bending 113 

simple  or  uniform  bending 107 

Thick,  hollow  cylinder 473 

hollow  sphere 478 

Thin,  hollow  cylinder 79 

hollow  sphere 81 

oval  cylinder 467 

Three  hinged,  arch 440 

circular  arch 461 

Three  moments,  the  theorem  of 259 

Time  of  oscillation  of  a  spring 401 

Torque  at  the  elastic  limit 378 

Torque,  or  twisting  moment 377 

Torsion  and  bending,  combined 385 

Torsion  and  end  pressure,  or  tension,  combined 389 

Torsion,  bending  and  end  pressure,  or  tension,  combined 391 

Torsion,  ductility  in 379 

elastic  limit  in 378 

in  bars  of  non-circular  section 381 

load-deformation  diagram  for 378 

modulus  of  rupture  in 379 

moment  of  resistance  in 377 

resilience  in 384 

set  in 378 

stress  beyond  the  elastic  limit  in 379 

yield  point  in 378 

Torsional  rigidity 378 

Total  stress 4 
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Tramway  cable 453 

Transmission  of  power  by  shafting 379 

Transformed  catenary 461 

Transverse  and  axial  loads 293 

Transverse  curvature 249 

Transverse  loads  not  in  same  plane 302 

Trough,  flexible 457 

Trussed  beams 307 

solution  by  method  of  least  work 309 

Trussed  members  subjected  to  combined  stresses 305 

Tube  of  rectangular  cross  section 470 

Twisting  moment,  or  torque 377 

Two  hinged  arch 441 

Ultimate  strength 13 

Uniform  and  uniformly  varying  stress 77 

problems 97 

Uniform  bearing  pressure 83 

Uniform  bending 104, 105 

curved  bars,  subjected  to 410 

general  formulas  for  slope  and  deflection  due  to 186 

theory  of 107 

Uniform,  external  pressure 81 

internal  pressure 79 

Uniform  strength,  beams  of 217 

Uniform  stress 77 

Uniform  shearing  stress 82 

Uniform  tension,  stress  intensities  on  different  planes  through  a  point  in 

a  bar  subjected  to 41 

Uniformly  varying  stress 93 

whose  resultant  is  a  couple 94 

Unit  stress 4 

Units  of,  modulus  of  elasticity 11 

modulus  of  rigidity 11 

section  modulus 140 

strain 6, 7 

stress 4 

stress  intensity 4 

Unsymmetrical  bars,  combined  direct  and  bending  stresses  in 326 

Unsymmetrical  bending 321 

Variation  in  maximum  stress  intensity  with  radius  of  curvature 419 

Varying  cross  section,  beams  of 155 

Varying  stress,  uniformly 93 

Volume,  change  of,  under  stress 8 

Web  reinforcement 524 

Wire 392 
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Working,  load 33 

outside  fiber  stress 148 

resilience 34 

strength 33, 148 

Yield  point 12 

in  torsion 378 

Young's  modulus 11 

Zigsag  riveting 88 


